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PREFACE TO THE FIRST EDITION 


Seed UC OTA cis ee ae ag BS ie as PT 2 a ie ea 2 PEE SE ls OS Et RT a ei 


; This book on Modern Abstract Algebra has. been written for the use of 
_ the students of Honours and Post-Graduate classes of Indian Universities. 


The subject matter has been discussed in such a simple way that the 

~ studerits will find no difficulty to understand it. The book contains a large 

number of" fully worked ‘out examples. The students should first try to 

' understand the theorems and then they should try to solve the problems 
independently. Definitions should be read again:and again. 

Suggestions for the improvement of the book will be gratefully received. 


-The Authors 


ALTA yt CG PO TAS FOU RP ds MIs eh TS FLY RS EE RAE Te Mal PEA Pr TTI POSE PO Pe a ig ha TY SS Re 


PREFACE TO THE LATEST EDITION 


aa ee A ee A te Te A tA rl eG PM SS RTE Pt EN SE NR ES A RT Pa tag WL a AT 


In this edition the’ book has been thoroughly revised. Suggestions for 
further improvement of the book will be gratefully received. 


~The Authors 
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_ SYMBOLS AND THEIR MEANINGS 
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Meaning 


- “there exists” 


“forevery” . 
“implies” 


“implies and is implied by” or “if and only if” or “iff” 


“and” 


“ ” 


or 


“belongs to” 


_ “does not belong to” 


“is a subset of” | 

“is a super-set of” 

“ is a proper subset of” 
“such that 


' “union” 


“intersection” 


“the null set” 


“ the set of all natural numbers” 
“set of integers” ‘| - 


-“ set.of all rational numbers” 
“set of real numbers” . 


“set of positive integers © 


“set of positive real numbers” 


“set of positive rational numbers” 


‘“set of non-zero integers” 


“set of non-zero rational numbers” 


- “set of non-zero real numbers” — 


“set of non-zero complex numbers” 
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Some Basic Set Theoretic 
_ Concepts 


81. Mathematical Logic. We: express our . ideas by means 

‘of sentences. In mathematics we are concerned only with those 

“sentences which can be judged to be either true or false but not 
both. Such sentences are called statements. 


The following are statements : 
(i) New Delhi is the capital of India (being true). 
(ii) 8 is greater than 12 (being false). 
The following are not statements:: 
(£) How are you? 
(ii) The liar says, ‘‘I always tell a lie”’. 


‘We shall use the letters p,q, r,5 etc. to denote arbitrary 
statements. We assign to the statement p the letter T when p is 
true and the letter F when it is false. Both F and 7 are called the 
truth values of p. 

Some symbols and notations. The following symbols are very 
helpful to express our ideas in a compact form : 

(i) The symbol ¥. It is used to stand for ‘‘For all” or “For 
every’. It is called the universal quantifier. 

For example, -¥ real ‘humber x, we have x* > 0. 

(if) The symbol 3. It is used to stand for ‘There exists’’. It 
is called the existential quantifter. 

(iii) The symbol |. It is used to stand for ‘‘such that”. 
Sometimes such that is also denoted by : or by s.t. 

(lv) The symbol . When two or more statements are joined 
by the word ‘‘or’’, the compound statement so formed is called a 
disjunction. The symbol \ represents the connective ‘‘or’’. Thu 
the statement p V gis read as ‘p org’. The statement p V q is 
true if either p or g or both p and q are true. If both p and g are 
false, the statement p V q is false. — 

(v) The symbol A. When two or more statements are joined 
by the word “‘and’’, the compound statement so formed is called 
‘a conjunction. The symbol used for conjunction is VY. Thus the 
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statement p A q is read as ‘p and q’. The statement p A qis true 
ifand only if both p and g are true. In other words p A q@is 
false if p is false or q is false or both are false. 

(vi) The symbol =. If p and g are two statements. such that 
_ the truth of p implies that of q; we write 

P => q (one way implication). 

It is read as ‘p implies q’. For example, x=4 => x*=16. 

We shall assume that the statement p = q is false only when. 
p is true and q is false. In other words a true statement can imply 
.only a true statement while a false statement can imply a true 
statement or a false statement. | 

(vii) The symbol <. It is used to stand for ‘implies and ts 
implied by’ or if and only if. Sometimes iffis also used to stand 
_. for ‘if and only if’. If the truth of the. statement p implies that 
of g and also the truth of g implies that of p we write 

p <> q (both way implication). 

For example, X+2=9 <> X57. 

The statement p < qistrue only wher p and gare either 
both true or both false. It is false when one of the statemerts is 
true and the other is false. 

(viii) Negation of a Statement. Associated with each state- 
ment is another statement called its negation. The negation of 
a statement p is denoted by ‘—p’ or ‘~p’. For example, if p is 
the statement “x is 3”, then ~p is the statement “‘x is not 3” 

The negation of a true statement is false and the negation 
of a false statement is true. 

Tautologies. A statement is called a tautology if it is always 
true. We shall give below some examples of tautologies, 

Example 1. . The statement (p A q) = p is a tautology. 

We shall prepare the truth table for the statement (pA q)=p. 


PAQ>p 


a bee 


ASN 


We observe that the statement (p A q)=>p has its truth value 
T for all its entries in the truth table. Thus it is always true. 
Hence it is a tautology. 
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Example 2. The statement~(p (A a) <>(~p V ~q) is a tau- 
tology. a. A 


Trath table for~(p A q) <> (~p V ~9) 


PAG ec A al» | be V~g 


F 
T 
T 
r 


T Zz F 
F | T 
F | T 
F | T 


ce Bee 
Myst hy 
a, 


“Since the sonreapondiig entries under the columis ae Aq) 
‘and ~p V.~g are identical, therefore the statements ~(p A q)> 
(~p V ~q) and (~p V ~q) > ~(p A Q) are both. tautologies. 
Hence the statement ~(p A g)<>(~p V ~@) is a tautology. : 
Tautologies are very helpful to us whenever we are to deduce 
some new statement from some given statements. If the statement 
p=>q is a tautology we can safely conclude the truth of g from the 
truth of p. We shall now give alist of some important tautologies. 


(i) pV pp; Pp A PP. (Idempotent laws) 
(it) p A q=>p;(p A Q)>4- (Laws of simplification) 
(iii) p>. (p V 9); 9> (PV 9). (Laws of addition) 


(i) (PN g)<(q V Pp): (p A (9 A p) (Commutative laws) 
(*») ~(p A-g)<>(~p V ~9) t 
~(p V 9)<(~P A ~9) 
Ree ee aed 
PV (QVre(PVOVe 
(vil) p A(QVN(p AQ V (PA Bh | 
PV (@Ar)o(p Vg) A (pV r)f (Distributive laws) 
(viil) p<>~(~p). (Law of double negation) 
(ix) p V~p. (Law of the exclusive middle) - 
(x) (p=>q)<>(~q>~>p). (Law of the’ contrapositive) 
(xt) PA Ar)(p AQ) A (PA Yr). 


§2. Aset. Members ofa set. (Meerut 1977) 


The concept of set is fundamental in all branches of mathe-- 
matics. <A set is any well-defined class or collection of objects. 
By a well-defined collection we mean that there exists a rule with 
the help of which it is possible to tell whether a given 


(De-Morgan’s laws) 


(Associative laws) 
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object belongs or does not belong to the given collection. The 
objects i in sets may be anything, numbers, people, mountains, 
rivers etc. The objects constituting the set are called elements or 
“aembers of the set. 


The following are some of the. examples of sets : 
(i) The numbers 2, 4, 6 and 1. 
(ti) The countries India, Burma and Afghanistan. 
(iit) The rivers in India. — 

_ (iv) The set of all triangles in a plane. 
(v) The numbers ], 3, 5, 7,.. 


: We shall denote the sets by capital letters A, B, C, X, Y, Z, 
etc, and their efements by small letters a, 5, c, d, x, y, z etc. 
If an object x isa member of a set A, then we write. 
xE A, 
which may be read-as ‘‘x belongs to A” or “x is an element of 
the set A’’, If, on the other hand, an n object x is not a member of 
a set 4, then we write 
x €& A, 
which can also be read as ‘*x is not an element of the set A”. | 
It is a common practice in mathematics to put a vertical line» 
“|? or ‘/”? through a symbol to indicate the Opposite or negative 
of that symbol. 


A set may be described by actually listing the objects belong- 
ing to it. For example, let the elements of the set 4 be a, e, i, 0, 
u; then we write A={a, e, i, o, u}. Here the elements are separa- 
ted by commas and are enclosed'in brackets { }. We shall always 
use these brackets only. This is called the tabular form of the set. 

A set may also be specified by stating properties which its 
elements must satisfy. We use some letter, say x, to represent an 
arbitrary element of the set. The set is then described as follows : 

A={x : P (x)} and we say that A is the set consisting of the 
elements x such that x satisfies the property P(x). The symbol 

3°" is read “such that”. Thus the set A consisting of the elements 
a, é, i, o, u may be written in this notation as follows: 

A={x:xisavowelin the English alphabet}. This way of 
describing a set is called the set builder form of a set. 

Finite and Infinite Sets. A set is said to-be figite if it consists 
ofa specific number of different elements, i.e., if icounting the 
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end. Otherwise a set is infinite. . . | , 
_ Example 1. Let A be the yet of the days of the week. Ther 
A is finite. . at ; 

Example 2, Let B{I, 3, §, 7,...}. Then Bis infinite. 

§ 3. Some Sets of Numbers. Although in much of our study 
of sets we shall not be concerned with the type of elements, ‘sets 
of numbers will naturally appear in most of the examples and 
problems. We shall now give a list of important sets of numbers 
along with the symbols we shall often ‘use to denote them. 

(i) The set N={I, 2, 3, 4, 5,...}-Of all natural numbers, The 
natural numbers are also called counting numbers. The number 0 
is not an element of the set of natural nunbers. 4 

(ti) The set I={...,—3, —2, —1, 0,'1, 2, 3,...} Of all integers. 
The integers are also called whole numbers." 

(iii) The set I,={1, 2, 3, 4, ..} of all positive integers. The 
number 0 is neither positive nor negative. : 

(iv) The set Q={x : x=p/q, where p and q are integers and 
q0} of all rational numbers. . 

(vy) The set Q, of all non-zero rational numbers. 

(vi) The set R of all real numbers ie., ‘ 

=={x : X¥=a. bd bgbs...By...}, - 
where a & Tand b’s-are any of 0, 1, 2, 3,...,.9 ;# can de as large 
_ @s we please and can go upto infinity. Here every real number 
has been expressed in the form of decinials with ten as base. 

(vii) The set C of all complex numbers, i e.,. C={x: x=a+ib, 


different members of the set the counting process can come to an 


where a and b are real numbers and /=4/(—1)}. 

§ 4. Equality of Sets. Definition. Two sets A and B are said 
to be equal iff every element of A is an element of B and also every 
element of B is an element of A. We write “A=B” if the sets A 
and B are equal and ‘‘A+B” if the sets A and B are not equal. 

Symbolically, d=Bifxe Aomxe B. | 

The statement given in‘the definition of the equality of-two 
sets is also known as the axiom of extension. _ Be 

Example 1. Let A=({I, 2, 3, 4}:and B=(2, 1, 3, 4}. 

The by the axiom of extension, 4=8 since each element of 
A belongs to B and each element of B belongs to A. Here we see 
that a change in the order in which the ‘elements of a set are tabu- 
lated is immaterial. ° 
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Example 2. Let A={2, 3, 4} and B={3, 2, 2, 3, 4}. 
Then A=B sinc: each element of 4 is in Band each element 
of B-is in A. Here we see that a sct does not change ifone or more 
of its elements are repeated. It is for this reason that while descri- 
bing a set we do. not repeat any element. Sometimes we even de- - 
fine a set as cry well-defined class or collection of distinct objects”. 


_ Example 3.. Let A={l, 2, 3} and B=({I, 2, 4, 3, 5}. 

Then A#B, since 4 © Bbut 4 ¢& A. 

‘Example 4. Let A={a}. Then ax{a}. Here a is an element | 
of the set A. There is a basic difference between an element a 
and the set {a}. 


$5. Null Set.. The set which contains vo element at all is 
called the null set. This set is sometimes also called the empty set 
or the void set. It is denoted by the symbol 2 
A set which has at least one element is called a non-empty set. 
Singleton. A set consisting of a single element is called a 
singleton. Thus {a} is a singleton. 
Example 1. Let A={x : x*®+1=0 and x is real}. 
Since there is no real number which satisfies the equation 
x-+-1==0, therefore the set A is empty. 
Example 2. Let A={x: x isa straight line passing through 
three distinct points on a circle}. Then A is the null set. 
Example 3. Let A={0}. Then the set A is not null as it 
contains one element, i:e., 0. Here A is a singleton. Bimlleey {a} 
_is not a null set. - It is also a singleton. 
The null set @ is unique é.e., there exists only one set con- 
taining no elements. Therefore the word ‘the’ is used before an 
empty set. 


§ 6.: Subsets ofa set. (Meerut 1976) 
If A, B are sets such that every element of A is also an element 
of B, then A is said to be a subset of B. In other words, A is a 
subset of Bifx e A+xeB. For example, if B={x, y, 2, t} 
nd 4={x,;y}, then Ais a subset of B. Similarly C={x} and 
D={x, y, tf, are also subsets of B. In particular, a itself i is also 
-a'subset of B, . 
. | When.A isa subset . of B,. we denote this oreonenP by 
writing ~-.-. ACB, 
* which is read! as ‘A is a subset of B’ or ‘A is contained in B’. 
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If 4.¢ B, then B is called a super set of A and we write 

| | BQA, | 
which is reed as ‘B is a superset of A’ or ‘B contains A’. 

If A is not a subset of B, we write , 

Ag¢ B, 
which is read as ‘A is not a subset of B’. 

Similarly B Ais read as ‘B is not a super-set of 4’. 

Proper subsets of a set. From the definition. of a subset, it 
is obvious that every set is a subset of itself, i.e. AG A. If A is 
any set then 4.is called an improper subset of A. We call Ba pro- 
per subset of A if first, B is a subset of A and, secondly, if Bis 
ae equal to 4... Briefly, B is a proper subset of A, if Bc A and 

+A 


If Bisa proper subset of A, we shall write BC A. 

When we write B C A, then both the possibilities that 8 is 
a proper subset of A and B=A, are included in it. Some authors, 
however, denote ‘B is a subset of A’ by BC A: ‘Thus in our 
notation BC A and i in their notation B C 4 will have the same 
meaning. \ 

‘If we are to prove that A¢ B, then we should prove that 
there exists at least one element x such that x © A but x & B. 
Thus the set A={1, 2, 6} is not a subset of B={l, 2, 3, 4, 5} since 
6 & Abut 6 & B. 

_ Disjoint sets. [f two sets A and B have no elements. in 1 common; 
i.e, if no element of A is in B and no element of B isin A, then we. 
say that A.and B are disjvint, or mutually exclusive. The sets 

A={l, 3, 7, 8}.and B={2, 4, 7, 11} are not disjoint, since the ele- 
ment 7 is common to both 4.and B. On the other hand, the sets 
C=={a, 6, c} and D={x, y, z} are disjoint, since they have no ele- 
ments in common. 

We shall now give some theorems on subsets. 

Theorem 1. [fA is any set, then @ © A, ie., the empty set is 
a subset of every set. 

Proof. Let us assume that @ ¢ A. Then, by our definitio ) 
of a subset 3 at least one. element x such thatx Ee @ butx ¢& 
But ¥ x, x @'@ since @ is the null set. Therefore 3 no element 
x such that xe @ and x@ 4. Thus our assumption that 
@ ¢ Ais wrong. Hence we must have 9:°C A. 

Theorem 2. If A and Bare sets, then A=B. if ACB arid 
BCA. 

~Froot If A=B, then by the Axiom of Extension every ele- 
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ment of A is an element of B and every element of Bis anclement — 
of A. Hence AG Band BC A. 

Conversely, if d ¢ Band BC A, thenevery element of 4 is 
an element of B and every element of B is an element of A. 
Hence, by the axiom of extension, A=B. 

Theorem 3. [f A is a subset of B and B isa subset of C, then 
A is a subset of C, that is[AC B, BQ C])= ACC. 

Proof. Let x be an arbitrary element of the set A. Since 
AG B, therefore x € A> x & B. But BCC (by the hypothesis). 
ThereforexE B>xEC. ThuxednxeEc. Hence by 
our definition of a subset 4 & C. 

§ 7. Class of sets or family of sets, If the elements of a set 
“za sets themselves, then such a set is said to be a ‘class of sets’ 
or a ‘family of sets’. In order to avoid confusion we will some- 
times use script letters 4, B, C etc. to denote families of sets since 
capital letters denote their elements. 

Example. The set A—{ 2, {a}, {6}, {a, 5}} is a class of sets. 
Its members are 2, {a}, {5}, {a, 5} which are sets themselves. 

Important. It should be noted that € connects an element 
and a set, while © connects two sets. Thus if A={r, s, t}, then 

r © A,{r} © A are correct statements, while r © A and {r} & A 

are incorrect statements. 


§ 8. Power set. Jf S is any set, then the family of all the 
subsets of S is called the’; power set of S. 

The power set of S is denoted by P(S). Symbolically, 
P(S)={T: T © S}. Obviously @ and S are both elements of 
P(S).  ° 
Example. Let S={a, b, c}, then 

P (S)={2, {a}, {b}, {c}, {a, 5}, (a, c}, (6, c, {@, 5, c}}. 
Theorem. (/f a finite set S hasn elements, then the power set 
of S has 2" elements. 

' Proof. Let us form all the subsets of the set s. There are — 
sub-sets consisting of r elements where r=0, 1, 2,. oagl 

Since the set S.has n elements, therefore no sub-set of S can 
have more than 7 elements. Hence the total number of sub-sets 
of S i.c., the total number of elements in P (S) 

mali 8C ah. bOC, +... (1+ 12", 

Thus the power set of S has 2" elements. This is perhaps the 

. motivation for the name power set. . 
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§9. Universal Set. In any application of set theory, all the 
sets under consideration will likely be sub-sets of a fixed set. We 
call this set the universal set or untverse of discourse and denote it 


by the capital letter U. Thus a non-empty set of which all the sets 
under consideration are subsets is called the universal set. 


Example 1. All people in the world constitute the universal 
ee in any study of human population. 


” Example 2. In plane geometry, Be universal set consists of 
all the points in the plane. 


§ 10. Venn-Euler Diagrams. We often use pictures in mathe- 
matics to help in our thinking. We consider a pictorial represen- 
_ tation of sets also. These pictures consist of rectangles and closed 
curves usually circles. These combinations of rectangles and circles 

are called Venn-Euler diagrams or simply, Venn-diagrams. 


in Venn-diagrams a universal set U is represented by a large 
rectangle and its sub-sets are represented by circular. areas drawn . 
within the rectangle. If a set B is a subset of A, the circle repre- 
senting B is drawn inside the circle representing 4. If the sets A 
and B are equal; then the same circle represents both A and B. 
If the sets A and B are disjoint, then the circles representing A 
and B are drawn, in such a way that they have no common area. 
If the sets A and B are not disjoint, the circles representing A and 
B are drawn in such a way that they have some area common to 
both. 

When we represent a universal set U by a rectangle, we write 
‘U’ in one corner of that rectangle. Similarly we write ‘A’ within 
the circle representing the set A. 7 


$i Union of Sets. Definition. | (Meerut 1976) 


Let A and B be two sets. The union of A and B is the set of all 
elements which are in set A orin B. We denote cash union of A 
and B by 

AUB | 
which is usually read as ‘“‘4 union 8”. | sO 
Symbolically, AUB={x:x G Aorx & Bh. 


It should be noted here that we take standard mathematical 
usage of ‘‘or’’. When we say that x © Aorx © B we do not 
exclude the possibility that x isa member of both A and B. 
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Example 1. Let A={a, , c, d} and B={ f, b, d, g}. 
Then AU B={a,b, ¢, d, f, gy} 0s 
Example 2. If A={1, 2, 3, 5, 6, 8} and B={0, 2, 4; 7, 9}, 
then AU B={0, 1, 2, 3, 4, 5, 6, 7, 8, 9}. . 
Example 3. If A={a, b, c, d} and B={a, 5}, i.e, BC A 
then AU B={a, b, c, d}= A. | 
.. Example 4. If A is the set of all male students jn a college 
‘ and B is the set of all the students in that college, then 
AU B=B. ee 
Example 5. If A={I, 3, 5,...} and B={2' 4, 6, ..}, then 
AU &={I, 2, 3, 4, 5, 6, ...}. 
In the adjoining Venn diagram the 
union of two sets A and B is shown 
with shaded area. 


$12. Intersection of Sets. ; 
Definition: (Meerut 1976) wie! 
Let A and-B be two sets. The intersection of A and B-is the set 
of att elements which are both in A and B. We denote the inter- 
section of A and B by oe * 
: ANB. 
which is usually read as ‘4 intersection 8”. Symbolically, 
| AN) B={x:xG@Aandxe By 
or “ Af) B={xtx EA, x © Bh. . 
It should be noted here that the comma has the same mean- 
ing as ‘‘and’’. . 
Example 1. Let A={a, 4, c, d} and B={ f, b, a, g}. 
Then Af) B={a, d}. 
Example 2. Let 4={1, 3, 7, 8} and B={2, 4, 9, L1}. 
Then A (| B=, since the sets A and B are disjoint. 
- Important /t, can be easily seen that two sets A and B are 
disjoint if. and only if Af) B=@. 
_ Example 3. If A={I, 2, 4, 6, 8} and B={2, 4, 8 i.e., BC A, 
then A |) B={2, 4, 33=B. | 
Example 4. If A is the set of the students of acollege reading 
chemistry and B is the set of the students of the same college 
reading mathematics, then Af) B is the set of the students reading 
mathematics and chemistry both. 
_ Example 5. if A={x: 0 < x < 3} and B={x:l exe 3 
then Af) B={x: l <x < 3}. : 
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Tn the following Venn diagram, the intersection of two sets 
A and B is shown with shaded area : 
A () B shaded. 


.§ 13. Difference of two Sets. (Meerut 1977). “The di ifference of 
two sets A and B in that order is the set of elements : which belong 
to A but which do not belong to Bo 


We denote the difference of Aand B by 
A~B or A- B | 
which is read as “‘A difference B” or “A minus 8B”, Symbolically, 
A—B={x: x S/ A and x & B}. A—B is also called the complement 
of B with respect to A. 
ane Let A={a, b, c, d} and B={ f, b, d, g}. Then 
A—B={a, c} and B—A={f, g}. Obviously A—BAB— A. 


In the {adjoining Venn diagram, 
_ area corresponding to A—B has been 
. Shaded by horizontal lines and the 
dotted area represents B—A. 


Complement of a set relative to the universal set. (Meerut 77) 


The compiement of a set A with re espect to the universal set.U ts 
the difference of the universal set U and A. We denote the comple- 
ment of A with aa to U by’A’ or by A." - 

Thus 4’= ={xi xe Uand x & A} 
or simply, pai x & A} if the universal. set is understood. 

Obviously (4')’=A, @'=U, U=sg. 


Example. Let the set of natural numbers N=(1, 2, 3; 3, 
be the universal set and let 4=({1, 3, 5, 7,...}. Then 
A’ ={2, 4, 6, 8,...} 
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Symmetric difference of two sets. 


Definition. Suppose A and B are two sets. Then the set 
(4—B) U (B—A) is called the symmetric difference of the sets A 
and B and is denoted by AAB. 

‘§ 14. Index Set. Often a non-empty set, say 7, has the pro- 
" perty, that to each ‘ET there corresponds a set C;. For example, 
if T={a, b, c, d}, then the four corresponding sets are Cz, Cs-Ccy 
Ca If T={1, 2, 3,..., a}, then the n corresponding sets are Ci, Cs, 
w+ Cy. We say that each t©T indexes the sets C, and when T is 
used in this sense we call 7 an index set. 

Let A be the collection of sets such that to each saeiaber t of 
T there corresponds a member A, of A. Then A is called an in- 
dexed family of sets and 7 is called an index set. Symbolically, 
we write ={4,:t © T}. 

§ 15. Atblteary Union of Sets. Let 7 be an index set and 
suppose that v t © 7, C,, is aset. The union of the sets C,, to 
be denoted by 


U Cc 
teT 
is the set of all elements re are in C,; for some t & T. Symboli- 
ay U G(x: x & C, for some t & 7}. 


teT 
Example. Let the index set T={a, b, c, d} and let Co={I, 2}, 
Co={l, 2, 3, 4}, Co={3, 4, 5}, Cu={l, 3, 5, 7}. 
Then U C.={l, 2, 3, 4, 5, 7}. 
teT 
If T={1, 2, 3,..., m}, we may write the union of the sets C, as 
follows : 


v Ci={x: x © Cy, for at least one i}. 


In case the index set Tis a singleton, say Pan{a}, then we 
agree that “US C=C. 
teT) 

$16. Arbitrary intersection of sets. Let Tbe an index set 
‘and suppose that ¥ ¢ © 7, C,isaset. The intersection of the 
sets C,, to be denoted by ‘ 


ter 
is the set of all elements which are in C, for each ¢ e f. 
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Symbolically we C={x : x & C, for each ¢ & 7}.. 


Example. If eo b, c, d} ‘and Co=(1, 2, 3}, Cy=={2, 3, 4, 5}, 
Ce-{2, 3, 5, 7}, Ca=={l, 2, 3, 5}, then if ae 3}. 


If T={I, 2, 3,...,.n}, we may write a intersection of the sets 
C, as follows : 


\ A Ci={x: x EC; for all ’s}. 


In case the sia set Tisa singleton, say T={4}, then we 
agree that M C;= 
teT 


§ 17. Laws of Algebra of Sets. if A, B and C are any sets, 
then - 


4 BH 8 4008 | Commutative laws. 

(ii) , U a ae 5 BAC and \ Associative laws. 

(tii) ; A a 2 ang | Idempotent laws. 

(iv) ; t . = oa AGEL andl Distributive laws. 
—() — A-(BU C)=(A—B) N (A—C) and 


A—(B (\ C)=(A—B) U (A—C). \ De-Morgan s laws. 
(vi) If A and B are subsets of a universal set U, then 
(AU BY=A' Nl B a Another form of De-Morgan’s. . 
(A f\ BY=A' U B’. laws. 
We shall prove some of these laws. The. others may be 
proved similary. 


‘L. To prove that A U B=BU A. 2 
Proof. We have xG@AU BoxeGAorxe B 
<xEB or xEA. 
{Refer that p V geoqg V pisa tautology] 


<xXGBUA. 
Consequently, AU BEBUA and BUAGA Us B. 
Hence AUB=BUA. 


2. To prove that AN(BNC)=(AN BNC. 
Proof. We-have x@A()\(BNC) 
> x © A-and xE(BNC) 
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<xEA and (xGB and xEC) 
<>(xEA and x&B) and xeC 
(Refer that p A (GA r)<>(p Aq) Arisa incicieeyi 
<xXG AN) B and xEC 
xG(ANB)NC.. 
Consequently, AN(BNC) € (AN B)NC and 
(ANB)NC & AN(BNC) 
Hence AN (BN C)=(AA B) nc. 
3. To prove that AN(BUC)=(AN B)UCANC) ie., the inter- 
Section of sets distributes over the union of sets. 
(Dibrugarh 1967; Madras 74) 
Proof. We have x=AN(BUC) 
xed and xe(BUC) 
<xGA and (xeB or xEC) 
<>(xGA and xGB) or (xEA and xEC) 
[Refer that p A (qVr)<(pAq) V (p A r) is a tautology] 
<xEGAN Bor xGANC 
<xE(AN B) U (ANC). 
_ Consequently 4 ) (B U C) G (A N B) U (A £1 C) and also 
(AN B)U(A NC) & AN(BUC). 
Hence 4f\(BUC)= (AN B)U(ANC).. 
4. To prove that _A- —(BUC)=(A—B)N(A—C). 
(Punjab 1976) 


Proof. We have xeA—(BUC) 
< xGA and x € BUC. 
<> xGA and~(xeEB or xEC) 
<> xGA and (x@B and x€C) 
(Refer that ~ (pV qg)~p A~qisa tautology} 
<> (xGA and xB) and (xGA and: xEC) 
[Refer that p A (qAr)<=(pAq) A (pAr) is a tautology) 
<> x@(A—B) and xe(A—C) 
< xe(A—B) 1 (A—C). 
Hence A—(BUC)=(A—B)N(A—C). 
5. To prove that if 4 and ZB are subsets of a universal set U, 
then (AU B)’=A'N)B’. (Kolhapur 1973) 
Proof. We have 
xE(AU BY <exEAUBeox£A and xEB 
<x A’ and xEB' =~ xEA'NB. 
Hence (AU B)’=A'() B’. 
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§ 18. Cartesian Product of two Sets. Let A and B be two 
given sets. Leta@Aand bEB. Then (a, 6) denotes what we 
may call an ordered pair. The object a is called: first co-ordinate 
of the ordered pair (a, 5) and the objett 5 is called its second: 
co-ordinate. ; 

If (a, 6) and (c, d) are two ordered pairs, then (a, b)=(c, @) 
iff a=c and b=d. Thus the ordered pairs (2,5) and (2, 5) are 
equal while the ordered pairs (2, 5) and (5, 2) are different. Here 
we must note the distinction between the set {2,5} and the 
ordered pair (2, 5). We have {5, 2}=={2, 5}, but (2, 5)4(5, 2)... 

Definition. If A‘and B-are sets, the set of all distinct ordered 
Pairs whose first coordinate is an element of A and whose second — 
coordinate is an element of B is called the cartesian product of A 
and B (in that order) and is denoted by Ax B. Symbolically, 

. Ax B={(a, b): aA and b=B}. 7 eo 

Example. Let A={a, b, c} and B={p, q}. a -. 

Then Ax B=({(a, P), (a, 9), (6, P), (6, 9), (c, p); (¢, 9)}. 

Also Bx A=({(p, a), (p, b), (p, ¢), (g, a), (q, b), (q, €)}. 

_ We observe that the sets A4xB and BxA are not equal. 
Hence in general, Ax BA BX A. . 

Ifset A has elements and’ B has m elements, then the 
product set Ax B has nm elements. 

If either A or B is a null-set, then we agree that Ax B=@. 
If either A or B is infinite and the other is not empty, then Ax B 
is infinite. _. . | 

Product set inGeneral. We may generalise the definition of 
the product of sets. Let A, As,..., An be 2 given sets. The set of 
ordered n-tuples (a;, a¢,..., 4.) where a, & Ai, QE Ag,..., An An 
is called the cartesian product of A,, A,..., A, and is denoted by 

Ay X AgX AyX AyX ix An 


Solved Examples 


Ex. 1. If A and B are any sets, then prove that 
(i) AGQAY Band BC AUB. 
(ii) AC B=AUB=B. (iii) A-BCA. 
(iv) (A+B) A=A. (vy) (A-B) N B=g. 
Solution. . (i) Let x be any arbitrary element of the set A. 
Then xEA >. xGA or xEB . | 
: (Refer that p > pV qis a tautology] 
> xSAUB. 
Therefore AC A UB. 
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Similarly, we can prove that BC AUB. 
(ii) Suppose ACB, then to prove that AU B=B. 
We have x¢:AU B>xGA or xEB 
=> xeGBorxeB 
(° AGB, therefore xeA> xEB) 


> xEB. {. Pp or p>p) 
Consequently AUBCB. 
But BEAUB. [see part (i) of this Ex.) 
~ Hence AGB> AUB=B 


(iii) Let x be an arbitrary element of the set _ B. Then 
xGA—B>xeEA and x&B 
. >xXGA, (Refer that pAq=p is a tautology] 
Consequently A— BCA. 
(iv) By part (iii) of this Ex. we have A—BCA. 
Therefore by part (ii) of this Ex., we have (A—B) U A=A. 
(v) We have xe (A—B)NB 
=> xGA—Band xeB 
=> (xeA and x@B) and xeB 
=> xeA and (xeB and xe B) 
=> xeBand xeB 
‘{. pAq > qisa tautology] 
But there is no element x which satisfies both xe B and x&B. 
Therefore there is no element. in (A—B)NB. 


Ex.2. If A and Bare sets, then prove that 
A—B, Af\B and B—A are pairwise disjoint. 
(Gorakhpur 1970) 


Solution. First we shall prove that A—B and Af)B are 
disjoint i.e.,(A—B)N(AN B)=@. We have 
x@(A—B) 1) (AN B)=> xe(A—B) and xe (ANB) 

=> (xEA and x€B) and (xEA and xEB). 

But there is no element x which satisfies both xe B and xEB. 

Therefore there is no element in the set (A— B)( (ANB) i.e., 
(A—B) N (AN B)=P. 

Now we shall prove that B—A‘and Af) B are disjoint 
i.e., (B—A)N(AN B)=G. 

We have x@(B—A)1(AN B) 

=> x@(B—A) and xe(ANB) 
=> (xEB and x€ A) and (xe A and xe). 
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But there is no element x such that x@A and xE A 
Therefore there is no element in the set 
(B—A)N (ANB) ie., (B-4)N(AN B)x 2. 
Finally we shall prove that . 
(A— —B)N(B—-A)=2. 
We have x & (A—B)(N\(B—A) 
> x @ A—Band xeB—A 
> (xeA and x€B) and (xe@B and x@A).- 
But there i is no element x which satisfies both x@B and xeB 
or which satisfies both x@Aand x¢@A. Therefore (A—#)N(B—A) 
has no element i.e., (A— B)N)(B-/)= DS. 


Ex. 3. Prove that. (A—B)U(B—A)=(AUB)— —(ANB). 
Solution. We have xe(A—B)U(B—A) 
<> x & (A—B)orxe(B—A) - | 
<> (xEA and xB) or (xEB and x& A) 
<> [(xEA and xB) or xEB] and [(xEA and x&B) or XEA]” 
<> [xeEB or (xEA and x¢B)] and [x@A or (xG@A and x€3B))- 
<> ((xE@B or x] A) and (xEB or xEB)) and 
(xe Aor xeGA) and (xGA or xEB)} 
<> ((xE4 or xe B) and (xEB or x@B)) 
and ((x@A or.xe@A) and (xéA or x¢B)) 
_ <> XGAUB and xG@ANB <> xE(AU B)—(AN B). 
Hence (A—B)U(B—A)=(AUB)—(AN 3B). 


Ex. 4. Prove that AQ(B—C)=(A N B)—(ANC). 
Solution. We have xe Af) (B—C) 
=> xGA ahd xe B-—C 
=> xGA and (xeB and x€C) 
=> (xE@A and xEB) and xEC 
=> xGAf)\B and xEC 
=> x@Af)B and ae Ate 


> xe(AN.B)— _(ANO). 
AN(B—C)E(AN B)—(ANC). (1) 
eee ye(ANB)—(ANC) . 
=> yeAf)B and y@ ANC ae. 
=> (yEA and.y@B) and yYEANC 
=> (yEA and yEB) and yEC © 
i. yeA and yeANe > yeC] 


xEC > xEANC]. 


Sa 
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> y&A and (yEB and yEC) 
> yEA and ye=(B—C) 
> yEAN(B—C). 
(AN B)—(ANC)GAN(B—C). ++«(2) 
From (1) and (2), we get (AN B)—(A No= Af\(B—C). 
Ex. 5. If AA B=(A4—B)U(B—A), show that 
- AN(BAC)=(AN B)A(ARC). (Banaras 1968) 


Solution. We have Af\(BAC) 


=AN[(B—C)u(C—a)] > — 


=[AN(B—C)]ULAN(C—B)) (Distributive Law) 
=[(4N B)—(ANC)UMANC)—(AN B)) (See Ex.,4). 
=(ANB)A(ANC). .. [by def. of A] 


_ Ex. 6. If A, B and C are sets, prove that 


AX(BNC)=(Ax B)M(AXC). | 
Solution. Let (x, y) be an arbitrary element of the set 
_ AX(BNC). 
Then (x, yYEGAX(BNC) 


‘<> XGA and yYEBNC 


<> xGA and (yEB and yEC) 

<> (xGA and y&B) and (xEA and yEC) . 
[Refer that pA(qgAr) = (PAQ)A(pA?r) is a tautology] 

<> (x, y)E(Ax B) and (x, y)E(AXC) 

<> (x, y)E(AX B)N(AXC). 

Hence Ax(BNC)=(AxB)N(AxC). 


Exercises 
If A and B are any sets, prove that 
(i) AN BGA and ANBCB. (ii) AGB => ANB=A. 
(iii) AN(AUB)=AU(ANB)=A. 
If A and B are subsets of a set X, then prove that 


ACB > X—BCX—A. (Meerut 1973) 
If A, B and € are any sets, prove that 
(i), AU(BNC)=(AUB)N(AUC). (Madras 1974) 


_ Gi) AN(B-C)= 402)= Cc. 


Prove that - 

(i) AAB=(AUB)—(ANB), (i) A— —B=4A(AN 8), 

where A stands for symmetric difference. 

Prove that ACB and CCD = (AxC)G(BxD). 

Prove that Ax(BUC)=(Ax B)U(AXC). . 

If A= ={1, 2, 3, 4,5, 6, 7, 8, 9}, B={2, 3, 4, 5}, 
c={2, 4, 6, 8} and oa 5, 6, 7}, 
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find (i) BUC, (ii) BND, (iii) verify that (BUC)U(AUD)=4. 

- (Kolhapur 1973) 
8. Which of the following statements are true? Give reasons 

to support your answer. 

(i) -{(0}=@, where @ denotes the null set. 

(ii) {s, r, t, r}={r, t, s}. 

(iii) If AGB, then BUA=A. 

(iv) If ACB, then AN (A—B)=G. 

(v) ANB= @ implies either A= or B=. 


Answers 


7. (i) BUC={2, 3, 4, 5, 6,8}, (ii) BND=(4, 5}. 
8. (i) false, (ii) true, (iii) not true, (iv) true, (v) not true. 


§ 19. Functions or Mappings. Let A and B be any two non- 
empty sets. Let 4={a, b, c} and B={x, y, z, t}. Suppose by some. 
rule or other, we assign to each element of Aa unique element of 
B. Let a be associated to x, b be associated to y and c be associa- 
ted to x. The set {(a, x), (b, y), (c, x)} of such assignments is called 
a fanction from Ato B. If we denote this set by f, then we. write 

f:A>B . 
which js read-as “fis a function of A to B” or “fis a mapping 
from A to B”. 

Fanction. Definition. (Kolhapur 1973) 

Let A and B be two given sets. Suppose there exists a corres: 
pondence, denoted by f, which associates to each member of A a 
unique member of B. Then f is called a function ora mapping from 
Ato B. The mapping f of A to Bis denoted by 


7 f 
Jf: A—>Bor by A>B. 


_ Range and Domain of a function. Suppose f is a function 
from A.to B. The set A is called the domain of the function f, and © 
Bis called the co-domain of f, The element’ y@B which the 
mapping / associates to an element xGA is denoted by f(x) and 
is called the f-image of x or the value of the function f for x. The 
element x may be referred ‘to as the pre-image of f(x). - Each 
element of A has a unique image and each element of B neéd not 
~appéar as the image of an element in 4. There can be more than 
one elements of A which have the same image in B. We. define 
the range of f to consist of those elements in B which appear as 
the image of at least one element in A. Hence, we often speak of 
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the range of a function as the image of its domain. We denote the 
range of f: A->B by f(A). Thus f(A)={ f(x) : xe4}. Obviously 
SAB. 

Image of a subset. Definition. Let f be a function of A to B. 

Let X be any subset of A. Then the set Y={y : yEB and y=f(x) 
Sor some x@X} is called the image of X under f and we write 
f(X)=Y¥. (Meerut 1979) 

Fanctions as sets of ordered pairs. If A and B are any two 
non-empty sets, then a function f from Ato Bis a subset f of 
AxB satisfying the following conditions : 

(i) ¥ aca, (a, bef for some DEB ; 

(ii) (a, bef and (a, b’)Ef > b=5'. 

The first condition ensures that we have a rule which assigns 
to each element a&A some element b&B. Thus each element in 
A will have image. The second condition guarantees that the 
image is unique. Accordingly f is a function from A to B. 

Example 1. Let A={a, b, c} and B={x, y, z}. Then 

f={((a, x); (8, y)> (a, 2), (ec, z)} 
is not a function from A to B. The reason is that two elements, x 
-and zB are assigned to the same element ae A. 


Example 2. Let A={I, 2, 3} and B={I, 2, 3, 4, 5, 6}. Let f 
assign to each member in A its square. Then/fis nota function 


from A to B since no member of B is assigned to the element 
3EA. 

Example 3, Let Ate b, c,d}. and B={a, b,c}. Then 
f={(a, b), (b, c), (c, c), (d, by} isa function from A to B, since to 
each element &.A we have assigned a unique element of B. Here 
fa)=b, f(b)=c, f(c)=e, and f(d)=b. The domain of fis the set 

A and the range of fi.e., KA)= {b,. ch. 

‘Transformations or operators. If. the domain and co-domain 
of a function f are both the same set, say ie 4A>A, then f is . 
often called an operator or transformation of A. | 

Equality of two fanctioiis, Definitions. Two futictions f and, g. 
of A->B are said to be equal iff ‘f)=elx). At XGA and we write 
f=g. For two unequal mappings from A to B, there must exist 
at least one element x@A such that fe) #8(x). _ 

Diagrammatic representation of a faiiction. Sometimes a func. 
tion may be represented by @ diagram | as will be obvious from 
‘the following example : 
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Let A={a, b, c, d}and B={t, x, y, z}. Let f : A->B be defined 
by the correspondence f(a)=y, f(b)=x, f(c)=z and f(d)=y. ; 

_ We represent the two sets 4 and B A B 
by the interiors of two circles. The ee 
function f{: 4->B is represented. by bs Pes) 
means of a collection of arrows joining ¢ 
the points which represent the elements of ‘4 to points represen- 
ting the corresponding elements of 3B, By the definition of func- 
tion, it is obvious that , 

(i) every point in A is joined to some point in B by an arrow; 

(i) a point in 4 cannot be joined to two or more distinct. 
pointsin BB; o 

(iii) two or more points in A may be joined to the same point 
__ (iv) there may be some points in B which are not joined to 
any point in A. 

§20. Types of Functions. 2 

‘Into’ or ‘Onto’ Mappings. (Indore 1970; Meerut 77) 

If the mapping f : A->B is such that there is at least. one ele- 
ment in B which is not the f-image of any element in A, then we say 
_ that fis a mapping of A ‘into’ B. In this case the range of fis a 
proper subset of the co-domain of f i.e. S(AYCB. Thus .in ‘into’ 
mappings at least one element of the co-domain B is left. unco- 
‘vered by the f-images of the domain A. 

If the ‘mapping f : AB is such that each element tn B is the 
Ff-image of at least one element in A, then we say that f is a mapping 
of A ‘onto’ B. In this case the range of f is equal to the co-domain 
of fi.e., f(A)=B. Thus in ‘onto’ mappings the co-domain Bis 


completely covered by the f-images of the domain A. If f is a mapp- 
ing of A onto B, we write | 


Remark. It should be noted that in common use whenever 
we say that fis a mapping of 4 into B, we usually include in it 
the possibility that the mapping f may be onto B also. ; 

‘One-one’ or ‘Many-one’ mappings. A mapping f: A->B is 
said.to be one-one or one-to-one (abbreviated 1-1) if different ele. 
ments in A have different f-images in B i.e., if : 

Ff (x)=f(x') > x=x! (x and x'GA). 
In one-one mappings an element in B has only one pre-image 
in A. If fis a one-one mapping of A to B, write 


S : st 
1- 
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A mapping f : A->B is said to be many-one if two (or more 

than two) distinct elements in A have the same f-image in B i.e. 
of (X)H=f(x"), FX’. 

In many-one mappings some elements in B have more than 
one pre-image in A. 

One-one onto mappings. Jf f: A->B is 1-1 and onto B, then 
f is called a one-to-one correspondence between A and B. 

One-one onto mapping is sometimes also known as bijection. 
‘If f  A->B is 1-1-and onto B, we write . 
\ onto 


f: A———>B. 
1-1 


Two sets A and Bare said to have the same number of ele- 
ments iff a one-to-one mapping of A onto B exists. Such sets are 
said to be cardinally equivalent. Cardinally equivalent sets are to 
have the same cardinal number or the same cardinality. 

Disgrammatic representation of different types of mappings. 
(Meerut 1970) 


1. The mapping f : AB in the 
adjoining diagram is many-one into. 
Two or more points in A are joined 
. to the same point in B and there are 
 -gome points in B which are not joined 
to any point in A. 

2. The mapping g : PQ in the 
adjoining diagram is one-one into. 
Different points in P are joined to 
different points in Q and there are 
some points in Q which are not joined 
to any point in P. 

3. The mapping 4 : S->T in the 
adjoining diagram is many-one onto. 

‘Each point in T is joined to at least 


one point in S and two or more 
points in S are joined to the same 


point in 7. Many-one onto 
4. The mapping i: X->Y in the 
adjoining diagram is one-one onto. l 


Different points in X are joined to 
different points in Y and no point in 


Y is left vacant. 
One-one onto 
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How to prove that a given function f is one-one ? 
If we are given a function f-and we are to Prove that it is 


one-one, we can do so by showing that if f(x,)=/(x) then x;=%4, 
where x; and x, are arbitrary elements of the domain of f. We 
can also prove it by showing that if x,34x,, then (41) Ff (xa). 

How to prove that a given function / : 4->B ts onto 7? 

To prove that / is onto, we show that if y © B, 3 xeGA4 such 
that y=f(x). Then yE Boy © f(A). Having chosen y arbi- 
trarily, every element of B is an element. of -{(4) and hence 
BC f(A). But f(A) CB. Therefore B=f(A) and the function f 
is onto B. 


_ Identity Mapping. Let A be any set. Let the function f : A->A 
be defined by the formula f(x)=x ¥ xGA, that is, let each element 
of A be mapped on itself. Then f is called the identity Sunction, or 
the identity transformation on A. We dénote this function by J,, 
Thus if J, denotes the identity mapping of a set 4, we have 

Th (x)ex 4 XE A. 


Example. Let 4=({I1, 2, 3,.4, 5}. Then f={U1, , (2, 2), 

(3, 3), (4,.4), (5, 5)} is an identity mapping of A. 
“Identity -mapping is always one-one and onto. 

Constant function. A function f: A>B is called a constant 
Junction if the same element b © B is assigned to every element in 
A. In other words, f : 4A->5.is a constant function if the range of 
Ff consists of only one element. 


Example. Let f: R->R be defined by the formula S(x)=5. 
Then / is a constant function since $ is assigned to every element. 


_ Restriction and extension of a function, fon a 
If f ; X->Y and AGX, then the mapping g : A->Y defined by | 
| — &&*)=f(x) ¥ xe A | 
is called the restriction of f to A and is often denoted by fA. 
Also f is called an extension of g. 


§ 21. Inverse image of an element. Let J be a function of A 
to B and let 5&B. Then the inverse image of the element 5 under 
f denoted by f-! (5) ) 
consists of those elements in 4 which have } as their f-image. 
Symbolically, if f : A->B, then f-'(b)={x 2 x & A and f(x)=b}. 

J is read as “*f inverse”. f-1 (4) is always a subset of A. 
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Example 1. Let A={a, b, ¢, d, e}, and B=o{x, y, 2}. 
Let f: d>Bbedefined by = . 
S={(a, x), (b, x), (¢, ¥)s (a, x), (e, Y)}- 
. Then f-? (z) is the null set @, since no element of 4 has z as 
__ dite f-imagé. 7 
f-} (y)={c, e} since both c and e have y as their f-image. 
Also f-? (x)={a,5,d oe 
. Example 2. Let R be the set of real numbers and let f : R>R 
be defined by the formula f(x)=x*. Then f- (9)={3, —3}, since 
9 is the f-image of both 3 and —3 and there is no other real num- 
ber whose square is 9.. Also we observe that f-! (—5)=@, since 
there is no real number whose square is —5. 

Inverse image of a subset. Let f: A->B and let C be a subset 
of Bie. C & B. Then the inverse image of C under f, denoted by 
‘f-1(C), consists of those elements in 4 which are mapped into 

some element in C. Symbolically,. i 
fi (C)atxixedandf(x)eC}. 
f-? (C) is always a subset of A. In particular f [f(A)]=4, 
where f(A) is the range of the function f: AB. Also f-! (B)=4. 
§ 22. Inverse function. Let f : 4—>B be a one-one onto mapp- 
ing. Let 5 be any arbitrary element of B. Since the. mapping f is 
onto B, therefore there will be at least one element in 4, say @, 
such that b=f(a), bE Bae A. . 
Since the mapping f is also one-one, therefore there will be 
only one element a in 4 such that b=f(a). Let us denote a by 
f-(6). Thus we see that iff: A->B is one-one onto we can define 
a new correspondence, denoted by f-, which associates to each 
element in B a unique element in A. Accordingly f-! is a function 
of Bto A. | . : 
Hence, if f : A>B is one-one onto, then f-!: B>A. The 
mapping f~?.is called the inverse mapping of the mapping f. 
Definition. _ Let f : A->B be a one-one onto mapping. Then 
the mapping, f-! : B->A, which associates to each element b&B the 
element a & A, such.that f (a)=b, is-called the inverse mapping of 
the mapping f : A>B. 
Only one-one and onto mappings possess inverse mappings. 
If the mapping f : 4->B is not onto, the correspondence f-' will 
not be a mapping from B to 4. The reason is that in this case 
there will be some elements in B which will have no f-image in 
A.. Again if f : A->B is not one-one, even then the ‘correspon- 
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dence f-) will not be a mapping from Bto A. The reason is that 
in this case some elements in B will be associated to more than 
on:: element in A. Thus in this case some elements in B will not 
have a unique f-)-image in A. 

Theorem 1. Let A and B be two sets. If f : A->B is one-one 
onto, then f-! : B->A is also one-one onto. 

Proof. First, let us prove that the mapping f7} is one-one. 
Let y, and ys be any two elements of B. 

Suppose f-(y:)=x1, and f- (ys)=x2 where x1, X2 © 4. 
Then by the definition of the mapping f71,f(x)=)1» and 


f (%2)=a. 
Now f-! (91) =f7? (ye) > %1=%s 
=> f (x1)=f (*s) (. fisa mapping from 4 to B} 
~ > Wi=Ja- 
”. The mapping / is one-one. - 


Now to prove that the mapping f- is onto A. Let x be any 
arbitrary element of 4. Since fis a mapping from Ato B, there- 
fore there exists an element y  B such that y= f(x) or x=f-" (y). 
Thus x is the f-)-image of the element yEB. Hence the mapping 
f7 is also onto. | Ae Ot 

‘Theorem 2. If f : A->B be one-one and onto, then the inverse 
mapping of f is unique. oy 

Proof. Let f : A->B be one-one and onto. Let g: B->A and 
h: BA be two inverse mappings of A. To prove that g=A. 

Let 6 be any arbitrary element © B. Let g(b)=a, and 
h(b)=ay. Since g is an inverse mapping of f, therefore, 

g (b)=a, > f (ai:)=5. Also since his an inverse mapping of f, 
therefore h (b)=as > f(ae)=5. But fisa one-one mapping. 
o. Sf (a.)=8 and f (as)=b > a1=4e => g(b)=h (b). Hence g=h. 

§ 23. Intervals defined as Sets of Real Numbers. Some sets 
of real numbers occur very frequently. Consider the following 
sets of real numbers : 

| A={x :xER and 2 <x <7} 
B={x:xeGRand2<x< 7}. 
C={x:xGRand2<x 7} 
D={x:xERand2 <x% < T}. 

Such sets are called intervals. 

The set A is a closed interval and is denoted by A=[2, 7]. 
The set B is an open interval and is denoted by B=(2, 7). The set 
C is an open closed interval and.is denoted by C=(2, 7]. The set 
D is a closed open interval and is denoted by D=(2, 7). 
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Solved Examples 

Ex. 1: Decide whether or not the following are functions from 
A to B where A={I, 2, 3, 4, 5} and B={a, b, c, d, e}. ; 

If they are functions, give the range of each. If they are not, 
tell, why ? 

() f={(I, a), (2, b), (3, 5), (5, e)}. 

(i) g={(1, e), (5, d), (3, a), (2, b), (1, d), (4, a)}. 

(ili) h={(5, a), (1, e), (4, 8), (3, ¢), (2, @)}. 

Solution. (i) Since the element 4 G 4 is not associated to 
any element © 3B, therefore fis not a function from A to B. 

(ii) The element | & A is associated to two different elements 
eandd € B. Therefore g is not a function from A to B. 

(iii) Each element of 4 is associated to a unique element of B. 
Therefore h is a function from A>B. The range of his the set 
of the h-images of all elements of 4. So range of h=h (A) 
={a, e, b,c, d}=B. . . 

 Ex.2. Let A={—2, —1,0, 1, 2}. Let the function f: A->R 
be defined by the formula f (x)=x?+1. Find the range of f. 

Solution. The range of f consists of those elements of R 
which appear as f-images of different elements of A. So we calcu- 
late the f-image.of each element of A. 

f (—2)=(—2 +155, f (-1)=(—1)?+1=2, 

f 0)=(0P +1=1, f (1)=(1)?+1=141=2, 

SJ (2)=(2)?+1=44 15. 

Thus the range of f is the set {5, 2, 1, 2, 5}, Ze. the set 
{5, 2, 1}. | 

Ex. 3. Each of the following formulas defines a Junction from 
RioR. Find the range of each function. . 

(i) f(x)=x*, (ii) g (x)=sin x, (iii) h (x)=x?+1. 

Solution. (i) We know that every real number a has a real 
cube root ~/(a). Therefore ifa be any arbitrary element € R, 
then f (4/a)=(¥/a)'=a ie, YaER is the pre-image of aER. 
Since a@ is any arbitrary element & R, therefore the range of fis 
R. This function will be an onto function. 

(ii) The sine of any real number lies in the closed interval 
[—1, 1]. Also, all the numbers in this interval will be the sine of 
some real numbers. Hence the range of g is the closed interval 
{—1!,1]. This function will be an into function. 

(iii) If we add 1 to the square of each real number, we get 
the set of numbers which are greater than or equal to 1. Let y be 
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any real number greater than or equal to | and let y=A(x)=x?+1. 
Then x=-++/(y—1) are also real numbers. 

Thus every real number which is greater than or equal to 1 
is the h-image of some or other real number. Hence the range of 
h is the infinite interval [1, :00). 

Ex. 4. Let Q be the set of rational numbers. Let {:Q>-Q be 
defined by f (x)=2x+3, (x EQ). Show that f ts one-one. Also 
find a formula that defines the inverse function f-*. 

Solation. Let m and 7 be-any two different elements in Q. 
Then mfn=>2mF42n=2m+342n+3=f (m)Ff (n). 

Thus different elements in Q have uierent f-images in Q 
Hence f is one-one. 

Let y be any arbitrary element in Q. If y=f ae a we 
have x=(y—3)/2 which is also a rational number. 


' Thus f (4)=» i.e. any arbitrary element yin Q is the 


f-image of the element (y—3)/2EQ. Hence f is onto. 

Since f : Q->Q is one-one onto, therefore f has an inverse 
function f-? : Q>Q. 

Let y be the image of x under the function f. Then 
y=f (x)=2x+3. Consequently, x will be the image of y under 
the inverse function f-' i.e., x=f-'(y). Solving for x in terms of 
y in the equation aga we get x=(y—3)/2. 


Thus f= »(yEQ) is the formula defining the inverse 


function f-! : Q>Q. 

Note. In order to prove that the mapping / is one-one, we 
can also argue like this. Let #: and m be anytwo elements in Q. 
Then f (m)=f ()>2m+3=2n4+3>2m=2n>m=n. Therefore f is 
one-one. 

Fx.5. Let X={x :xER and —7/2<x<7/2} ie., let 

X=[—-2/2, 7/2] and 
Y={y: YER and —l<y<l}ie., let Y=[—1, 1]. 
Show that the function f : X->Y defined by 
Sf (x)=sin x, (xEX), is one-one onto. 

Also give the inverse map f-) : Y->X. 

Solution. Let m and x be any two different real numbers 
lying in the closed interval [—7/2, 7/2]. We know that any two 
different real numbers lying in ‘the closed interval [—2/2, 7/2] 
have not the same sine. 
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“- Msn= sin ners n >f(m)<f (n). Hence fi is one-one. 

Again if y is any arbitrary real number lying in the closed 
interval (—!, 1], J a real number x lying in ‘the closed interval - 
([—7/2, 7/2] such that sin x=y. 

Thus every element y in Y is the f-image of some element x 
in X¥. Hence fis onto. . 

Thus f: X->¥-is one-one onto, therefore f has an inverse 


function f-! : Y->X. 
Let y be the image of x under the function f. ‘Then 


y=f (x)=sin x. Consequently, x will be the image of y under the 
inverse function f-! i.e. x=f-"y). Solving for xin terms of y, 
in the equation y=sin x, we get x=sin-! y. Thus f-"(y)=sin— y, 
(ye Y) is the formula defining the inverse sraiclion S71: YX. 


‘Ex. 6. Let C be the set of complex numbers. Prove that the 
map f : CR given by f (z)=| z |, z@C ts neither one-one nor onto. 

Solution. Let z=-x-+-iy be any complex number, where x, 
YER and i=4/(—1). Then | z |=4/(x?+ y%). Also | z| is always” 
@ non-negative real number i i.e.,|Z| > 0. 

if m be any negative real number & R, then there exists no 
complex number zEC such that | z |=m. Thus mis not the f-image 
of any complex number EC. Hence f is not onto but is into. 

Also 2:=524+13EC and z=2—i3EC. Then | 24/3 |=+/13 
and |2—i3|=/13. Thus zz, although | 2, |=| zs| ée., 
FS (2:)=f (2a). Thus we see that two different complex numbers 21 

and z2@C have the same f-image in R. Hence is not. one-one. 


Ex. 7. If S and T are non-empty sets, prove that there exists 
@ one-to-one correspondence between SX T and TxS. 


Solution. If aS and 6&7, then the ordered pair (a, b)ESxXT 
and the ordered pair (b, 2)eTxS. Let f be a mapping from Sx T 
to Tx S defined by the formula 

f(a, b)= (6, a) ¥ (a, bESXT. 

Here f (a, 6) denotes the i image under the mapping / of the 
element (a, b|)ES*x T. 

- Obviously the mapping / is well-defined. 

J is one-one. Let (a, 5), (c,- d)ESx T. Then f (a, b)=/f (ce, d) 

=> (b, a)=(d, c) [by def. of /} 
=» b=d, a=c=>(a, b)=(c, d)>f is one-one. 
Sis onto. Let (y, z) be any element of 7x S, Then ser zeES. 
Therefore (z, y)ESXT. We have f(z, y)=(y, 2). 
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Thus (y, z)E7TXS=>4 (z, y)ESxT such that f(z, y)=(y, Z). 
Therefore f is onto. 

Thusf is a one-one function from Sx TontoTxS. Therefore 
f gives a one-to-one correspondence between Sx T and TxS. 

Ex. 8. Let R be the set of all real numbers. Using the fact 
that every cubic equation with real coefficients has areal root, show 
that x-»>x®—x defines a mapping of R onto R. Is this a one-one 
mapping 2? 

Solution. If x © R, then x*—x & R and is unique. Therefore 
x->x*—x defines a mapping of R to R. 

Let y be any arbitrary element & R i.e., let y be any real 
number. Then x?—x=y is a cubic equation with real coefficients. 
It will have at least one real root. Thus for any y & R there exists 
x & R such that x?—x=y. Therefore x->x®—x defines a mapping 
of R onto R. 

Again 1-*15—1 i.e., 10 and —1>(—1)§—(—1) -t.e. —1>0. | 
Thus the two elements 1 and —1 GR map onto the same element 
0GR. Hence the mapping is not one-one. 

§ 24. Product or Composite of mappings. 

Let f be a function of X to Y and let g be a function of Y to 
Z. Here the domain of the function g is the co-domain of the 
function f. Let x be any arbitrary element in X ie., let x © X. 
Then the image of x under f i.e., f (x) is in Y.. Since g : Y->Z and 
f(x) & Y, therefore we can find the image of f x) under g i.e., we 
can find g [ f (x)] which will be in Z. Also f(x) is unique ‘and 
consequently g [ f (x)] is also unique. Thus we have a rule which 
assigns to each element x © X a unique element g [f(x)] © Z. 
In this way we have a function of X to Z.. This new function is 
called the product function or composite function of f and g and it 
is denoted by (g of’) or (gf). 

Definition. Let f: XY and g: YZ. 

Then the composite of the functions f and g denoted oy (gof ); 
is a mapping of X—>Z given by 

(g of): X->Z such that - 
(g of) (x)=e(f(x)], ¥ x © X. [Jabalpur 1970] 

Example 1. Let X¥=({1, 2, 3,4}, Y={a,6,c,d}and . — 

Z={l, m,n}. Letf: X¥->Y .and g: YZ be defined by | 
f={(1, a), (2, ¢), (3, 5); (4, a)} and g={(a, 1), (6; 1), (¢, ™), (4, m)}. 
Then the composite mapping (g o f ) : X->Z may be computed in 
the following manner : 


of) (ae (fine (al, (eof) 2)=8 L/Rl=8 =m, 
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(g of) (3)=g [ f(3)]=g (6)=1, (g of) (4)=8 [ f(4)]=g(a)=1. 

Thus (go f) : XZ i is givenby 

& of={(I, D, (2, m), (3, ), (4, N}. 

Example 2. Let f: R->R be given by the formula 

f (x)=sin’x, (x & R) 
and-the map =g : R->R be given by the formula 
g (x)=x*, (x © R). 

The composite map (go f): RR is given by the formula 
(g of) (x)=g Lf (x)= (sin x)=(sin x)*=sin® x, (x & R). 

Note. If f: AA and g : A->A, then we can find both the 
composite mappings g o f and fog. Butin general (g 0 f)<(/f 0 g). 
As in example 2, the composite map (f 0 g) : R->R is given by 
the formula ( fo g) (x)= [ g (x)]=f (x*)=sin x?, (x & R). 

We see that (fog): R-R and (gof):R-—->R are defined 
by different formulas. 

§ 25. Some Properties of Composites of Mappings. 

Theorem 1. /f f : XY 5e a one-one and onto mapping, then 

fof-=ly and f- o f=ly, 
waere I and Iy are the identity mappings of the sets X and Y res- 
pectively. (Allahabad 1980) 

Proof. We shall first prove that f-' o f=ly. 

Since f: X->Y and f-!: Y->X, therefore (f-!0f): X>X. 

Let x be any arbitrary element © Y and let f(x)=y, where 
y€@Y. Then by the definition of the mapping f-!, f-! (y)=x. 

We have (f-tof) (x)=f"[f(x)J=f (y)=x. Thus the 
function f-? o f maps every element x © X onto itself. Therefore 
Sf) 0 f=ly. . 

Now we sliall prove that fo f-'=/,. Since f-!: YX and 
f = XY, therefore (fo f-1): YY. 

Let y be any arbitrary element & Y and let f- ( y=x, where 
xEX. Thenf (x)=y. 

We have (fof) (y=fLf (=f (x)=y. ~_ Thus the 
function f o f-! maps every element y © Y onto itself. “Therefore 
fofi=ly, 

Theorem 2. iff: X->Y, then ly o f=f and f 0 Iy=f lLe., the 

_ product of any function with the identity function is the function it- 


self. 
Proof. Let x be any arbitrary element,€ X and let 


S(M=y, (xe X,y © Y). 
Since f: X->Y and.Jy : Y->Y, therefore (Jy: of ):X—Y. 
Wehavea = (/y of) (x)oly, [f(x)]= Ty (y)=y. . 
is [° Jy is the identity mapping of Y) 
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Also S (x)=y. 

Thus ¥ x@X, (ly of) (x)=f(x). Therefore ly 6 f=f. — 

Again since Jy : X¥>X and f: XY, therefore fo [y : XY. 

We have (fo Ix) =f [lx (x)]=f (x) 

[’.” ly is the identity mapping of X] 

Thus ¥ x & X, (fo ly) (x)=f(x). Therefore fo Ir= 

Theorem 3. If f: X-»>Y and g: Y->Z be two one-one onto 
maps, then g of: Kali is also one-one onto and 

(go : Z->X=(f-1 0g): ZX. (Panjab 1970) 

Proof. We aval prove that . 

(i) g o f is one-one, (ii) g o f is onto, (iii) (g of )-!=f-! o g-. 

(i) Let x, and x, be any two elementsin X. The mapping gof 
will be one-one if we show that the images of x; and x, under 
this mapping are equal only if x,»=xg. We have 

(g of) (x1)=(g of) (%) > Bf (=e LF (x2)] 

(by the definition of the composite mapping g o F) 
=f (%:)=f (%2) [*” £1), f (%a) © Y and the mapping 
g: ies is one-one] 
> X1=Xe fi is one-one] 
the mapping g o f is one-one. 

(ii) Let z be any arbitrary element of Z. Since g is an onto 
mapping of Y to Z, therefore J y © Y, such that g (y)=z. Again, 
since fis an onto mapping of X¥ to Y, therefore 3 xeX, such that 
f (x)=y. Thus for every ze@ Z, 3x GX, such that z=g (y) 
=8 [ f (x)]=(g of) (x). Therefore g o f is a mapping of X onto Z. 

Thus g o f is one-one onto and hence is inversible. 

(iii) Let z be any arbitrary element © Z, such that z=g (Y), 
(y © ¥,z © Z). Then y=g-! (2). 

Also let y=f (x), (y © Y,x GX). Then x=/f-? (y). 

We have (g of) (x)=8 [f (x)]=8 (y)=z. 

Since go J is one-one onto, - 

: “ (g of) (x)=z > (go f)"! (z)=x. 

Also (f-* 0g) (z)=f*" [g-} (z)] =f-! (y) =x. 

Thus = ¥ 2 &‘Z, (go f)-" (z)=( f-1 0 g-}) (2). 

Hence the mappings (go f )-! and f-! 0 g-! are equal. 

Thevrem 4, Associativity of Composites of Functions. 

Let f: A->B, g: BC andh: C->D, then 

(ho g)o f=ho (g of). (Jaipar 1970) 

Proof. It can be easily seen that: both (ho ghofand ho (gof) 

are mappings of Ato C. These two mappings will be equal if they 
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assign the same image to each element x in the domain A, ‘i.e., if 
[(h 0 g) of ] (x)=[h o (g of )) (>). 
We have, by definition of composites of mappings, - 
(ho g) of] (x)=(ho 8) [f(*)]=" [8 {f (xp =h (of) @)) 
=[h o (go f)] (x). | | 
Hence (ho g) o f=h o (g of). 

‘Theorem S. Let f: X->Y and g: Y->X. Then g is the inverse 
function of f i.e. g=f-', if the product function (g 0 f): XX is 
identity function on X and ( f 0 g) : Y->Y is the identity. function on 
y. | St, . (Punjab 1970) 

Proof. In order to show that fis invertible, we are to show 
that f is one-one and onto. _ 
(i) fisone-one. Let x,,x,e@ X. Then 
f (md=f (%) > 8 [f(ml=s LF Ga)] 
> (g of) (x1) =(g of) (2) 
=> I (x)=/ (Xe) : 
=> Xy—=Xo. 


’. fisone-one, ~~ ~ a 
(ii) “fis onto. Let y be any element of Y. Since g is a func- 


tion from Y to X, thérefore g (y) € X.- 
Let g(y)=x. Then os 
g (y)=x > fle (YI=S (>) 
- > (fog) (y)=f(*) : , 
=> 1 (y)=f (x) [fo g=T) 
=> y=f (x).. 
_ Thus ye Y = 3 xeX such that f (x)=y. Therefore f is.onto. 
Since fis 1-1 onto, therefore f is invertible i.e., f-? exists. 
(iii) Now we shall prove that f-'=g. We have 
fog=I=>fo(fogj=fiol 
> (fof)og=f > Ilog=f > g=f”. 
Note. In a similar manner we can show that g is also inverti- 
ble and g“?=/. 


(2 g o f=] 


_—— 


_ Exercises | | 

1, Define a ‘function’ giving examples, and distinguish bet- 
ween ‘onto’ and ‘into’ mappings. Give an example of a ‘one-to- 
one correspondence’ after defining it. | 

Let Ry denote the set Of all tion-zero real numbers. Prove that 

the inapf: Ryo->R, given by f(x)=1/x, xER, is both one-one and 
onto. = ——e | Bis (Meerat 1977) 
_ 2, Explain what do you understand by the domain and the 

range ofa mapping. Obtain the domain and the range of the 
mapping 
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Sf: ROR : f (x)=sin x 
where R is the set of real numbers. . [Meerut 1976) 
3. If R is the set of all real nuinbers, show that ¢ : x->x*+-2* 
defines a mapping of R onto R. Is ¢ one-one ? Justify your answer. 

4. Show that the mapping f : RR defined by . 

| fix)=cos x, ¥ xER™' 
is neither one-one nor onto. Modify the domain and co-domain 
‘of this mapping so that it may be both one-one and onto. 

5. Prove the following twe results for a finite set S: 

(i) Iff maps S onto’S then f is one-to-one. 

(ii) If f is a one-one mapping of S into itself, then f is onto. 

Prove, by example, that both (i) and (ii) are false if S is a set 
not having a finite number of elements. 

6. Prove that the mapping f : A>B.is one-one onto if and 
only if there exists a mapping g: B->4 such that-g o fandfog 

are the identity mappings on 4 and B respectively. 

7. Ifthe mapping f: R->R be given by f(x)=4x—1, and 
the mapping g : R->R be given by g(x)=x*+2, then find formu- 
lae defining go f and fo g. (Kolhapur 1973] 

8. If fand g are two mappings from R to R given by 

f (x)=x9+3x4+1, g (x)=2x—3, 


then obtain formulae defining f o g and go g. (Meerat 1973] 
9, Give an example to show that composition of two func-- 
tions is not in general commutative. {Meerat 1974] 
Auswers 


2: Domain f=R, range f=the closed interval (—1, 1). 
- 3. ¢is not one-one. We have ¢(0)=0, ¢(—1)=0. ' 
4. Take X¥={x: xER and —z/2:< x < a/2}as the domain 
of fand Y={y : yER and —1 < y < 1} as the co-domain of f. 
7. (g of) (x)=64x°—48x°+ 12x+1, (fo 8) (x) =4x° +7. 
8. (fog) (x)=4x*—6x%+1, (g.0 8) (x)=4x—-9. 
§ 26. Binary Operation. A binary operation ‘‘o” ona non- 
empty set Aisa mapping which assoclates with each ordered pair 
(a, 6) of elements of A,a uniquely defined element.c G A. Thus 
“9” is a mapping of the product set Ax A fo A. ‘ Symbolically, a 
map 0: Ax A->A, is called a binary operation on, the set A. 
The o-image of the element (2, b)EA x A is denoted by ao b. 
If a set A is closed with respect to the composition o, then 
we say that o is a binary operation on the set A... 
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Example 1. Tse composition of addition is a binary operation 
on the set of even uatural numbers, The sum of two even natural 
numbers. is also an even natural number. Thus the set of even 
natural numbers is closed under the composition of addition. On 
__the other hand, addition is not a binary operation on the set of 


> odd natural numbers. The sum of two odd natural numbers is an 


evea natural number. Thus the sum of two odd natural numbers 
does not belong to the set of odd natural numbers. In this way 
the set of odd natural numbers is not closed under addition. = 
_ . Example 2. The set of natural numbers N is. not closed under 
‘subtraction. For example,4@N and 3 EN, but 3-4¢éN. 
Thus subtraction is not a binary operation on N. On the other 
hand, the students may verify that subtraction is a binary opera- 
tion on_I. 


§ 27. Types of Binary Operations. _ 
Commutative Operations. A binary operation oon a set A is 
called commutative if a o b=6b o a, for every a,b & A. 


Example. Addition and multiplication are commutative 
binary operations on the set of real numbers since 
a+b=b-+a and ab=ba, (for all a, 6 & R).. 
Associative Operations. A binary operation o ona set A is 
called associative if (a 0 b) o c=ao (bo c), (for every a, b, c&A). 


Example 1. Addition .and multiplication are associative 
binary operations on N, since 
- at+(b+c)=(a+6)-+c¢ and a(bc)=(ab) c, (for every a, b, cEN). 
Example 2.. Let o be a binary operation on R defined by 
aob=a+2b for alla,beR. 
Then (ao b)o c=(a+2b) o c=a+-2b+2c, 
“and ao (bo c)=a o (b+2c)—a+2 (b+2c)= :a+2b+-4c. 
= Thus (qo b) 0 cao (b oc), for every a, b,c E R. 
Hence o is not an associative binary operation on R. 
Distributive Operations. Let A be a set on which two binary 
_ operations denoted by o and * are defined.: The sala * is said 
to be left distributive with respect to o if 
ar(boc)=(a * b) 0 (a #0), for all a, b,c Ee A (1). 
‘and is said to be right distributive with respect to o tf : 
4 (boc) #a=(b* a)o (c + a), for all a, b, ced. ...(2) 
When both (1) and (2) hold, we say ee that's is distri- 
butive with respect to o. 
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If o is commutative, then (2) will hold if (1) holds and vice- 
versa, 

Example. For the set R of all real numbers, multiplication 
(*=-) is distributive with respect to addition (o=+-), since 

ac(b-+-c)=aeb+ace and (b-+-c)ea=bea+coa ¥ a,b,c ER. 

But addition is not distributive with respect.to multiplication, 
since a+(b+c)+(a-+-b)+(a+c), for every.a, b,c GR. 

Identity Element. Leto: Ax A-—>A bea binary operation on - 
A. An element e&A is called an Identity element for the operation 


off 
€o0a=aoe=a, for everya & A. 

Example 1. Let Q be the set of all rational numbers. Then 
0 is an identity element for the binary operation of addition on Q 
since 0-++-a=-a+0=a for every a © Q. 

Example 2. For the binary operation of addition on N, there 
is no identity element, but 1 is an identity element. withr. respect 
to multiplication. We have 1ea=ael=a, for every a e-N 

Inversible elements for a binary operation with identity. 

An element a of a set A ts said to be inversible for a binary ope- 
ration o with identity e if 3b & A such that 

aob=e=boa., 

Also then 6 ts said to be an inverse of a and is denoted by a, 

The inversible elements i in A are also called the units in A. 

The identity element is always inversible and is its own in- 
verse, Since eo e=eoe=e. Thus e~!=e, 

_. Example 1. The inverse with respect to addition, or additive 
inverse of x ER is —x, since x+(—x)= (—*)-+x=0, ‘where 0 is 
the additive identity element of R. 
Example 2. For the operation of multiplication on Q, | is 
the identity and every element other than 0 is inversible. 
Example 3. For the operation of multiplication on N, 1 is 
" the identity and no celement except 1 is inversibdle. 


Exercises 


1. Define a binary operation. Show that the relation o given 
by a o b=a? is a binary operation on the set of natural numbers. 
Is this binary operation associative ? _ _  (Kumeyor 1978) 

2. Let S be a non-empty set and o be a binary. operation on 
S defined by x o y=x; x,y © S. 

Determine whether o is commutative and associative. 

(Sambalpar_ 1977) 
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§ 28. Relation. Definition. Let A and B be two sets. A rela- 
tion from A to B ts a subset of AX B. Symbolically, R ts a relation 
from Ato Biff RG.AXB. 

Example 1. Let P be a well-defined set of persons, say, P be 
the set of all persons living in a certain locality of Meerut. Then 
the statement “‘x is a son of y where x, y&P” determines a rela- 
tion in P. If we denote this relation by R, then R will be the set 
of all ordered pairs of people belonging to Pin which the first 
co-ordinate is a son of the second co-ordinate. Obviously R will 
be a subset of Px P. It must be noted that the relation Ris the 
set R and not the verbal phrase, ‘is a son of”. 


Several other relations may be defined in the above set P. 
For example, the statements ‘‘x is a daughter of y”, *x is the 
father of y’’, ‘x is the mother of y’’, “‘x is the husband of y” all 
determine relations in P. 


 Exaiipte 2. Let I be the set of all integers. The statement 
“x is less than y where x, y & I” determines a relation inI. If 
we denote this relation by R, then we may describe the set R in 
the set. builder.notation as R={(x, y): x © Ty E1,x < y}. 
Suppose 2 is a relation and.(x, y) is an element of the rela- 
tion R. If (x, y)ER, then sometimes we write xRy which is read 


as ‘“‘x is-R-related to y”. If (x, ¥) & R, then sometimes we write 
xKy which is read as ‘‘x is not R-related to y”. Let I be the set 


of all integers and let R={(x, y) : x EL yS I, x < y}. Since 2 
is less than 3, therefore the ordered pair (2, 3)E@R and we write 
2R3. On the-other hand.4 isnot less than 3. Therefore the 
ordered-pair (4,.3) € R and we write 473. - 
§ 29, Domain and Range of a relation. Let Rbe a relation 
from A to B, ie. let R be a subset of AxB. The domain D of the 
relation R is: the set of all first elements of the ordered pairs 
which belong to R. Symbolically, 
Dix sx © Aand (x, y) & R for some y © B}. 

_ The range E of the relation R is the set of allsecond elements 

of the ordered pairs which belong to R. Symbolically, 

E={y: y © Band (x, y) © R for some x € 4}. 
Obvioulsly DC A and E © B. ; 
Example. Let A={I, 2, 3, 4} and B=ja, 5, c}. 

Every subset of AxB is a relation from 4 to B. So if 

R={(2, a),.(4, a), (4; )}, then the domain of R is the set {2, 4} 

and the range of R is the set {@, c}. - 
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§ 30. Total number of distinct relations from a set A to a set B. 
Suppose the set A has m elements and the.set B has elements. 
Then the product set A x B will have mn elements. Therefore the 
power set of Ax B i.e., P(AXxB) will have: 2” elements. Thus 
AXB has 2a different subsets. Now every subset of AXB is a 
relation from 4 to B. Hence we shall have 2” different relations 
from A to B. 

§31. Inverse Relation. Definition. Let R be a relation from 
Ato B. The inverse relation of R, denoted by R-' is’a relation 
from B to A defined by 

R1={(y, x): y EB, x E A, (x, YS R}. 

In other words, the inverse relation R-' consists of those 
ordered pairs which when reversed belong to R. Seyoualy xRy 
iff yR-'x. Thus (x, y) & R= (y, x) © Ro. 

Example. Let 4={a, b, c}, B={1, 2, 3} and 

R={(a, 1), (a, 3), (0, 3), (c, 3)}. Then 
Ro ={(1, a), (3, a), (3, b), (3, c)}. 

Theorem. /f R is a relation from A to B, then the domain of R 
fs {dentical with the range of — and the range of R is identical 
with the domain of R7. 

Proof. Let y © domain of R“. Then.y © B, and3 x © A 

such that (y, x) © R-. 
Now (y, x) © Ro! = (x, y) R= y © Range of R. 

Thus y & domain of R~' > y & Range of R. 

domain of R-! © range of R. 

Similarly range of R © domain of R-. 

Hence Domain of R-'=Range of 2. 

Similarly we can prove that Domain of R= Range of Ro, 

Note. If R be a relation from A to B, then it can be easily 
proved that (R71) =R. 

§ 32. Difference between Relations and Functions. 

Suppose A and 2B are two sets. Let f be a function from A to 
B. Then from our definition of function, f is a subset of Ax B in 
which each a@A appears in one and only one ordered pair be- 
longing tof. In other words fis a subset of Ax B satisfying the 
following two conditions : 

(i) for each a & A, (a, b) & f for some DEB, 

(ii) if (a, b) & f and (a, 6‘) & f then b=8’. 

On the other hand every subset of 4x B is a relation from A 
to B. Thus every function is a relation but every relation is not a 
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function. If Ris a relation from A to B then domain of R may be 
~asubset of A. But if fis function from A to B, then domain of 
fis equal to A. In a relation from 4 to B an element of A may be 
related to more than one element in B. Also there may be some 
elements of 4 which may not be related to any element in B. But 
in a function from A to B each element of A must be associated 
to one and only one element of 3B. 
. Example. Let A=({I, 2, 3, 4}, B={a, 8, c}. 
Let _,. R={(1, a), (2, a), (3, 5), (4, 5)}. | 
_ ‘Then Ris a function from A to B. Obviously R is also a rela- 
tion from A to B. But consider the subset S of Ax B given by 
4 S={(I, a), (2, b), (1, ¢), (3, @), (4, b)}. 

Here S-is a relation from Ato B, But S is not a function 
from Ato B. The obvious reason is that the element 1 € A is 
associated to two different elements aandcG@ B. 

§33. Relations ina set. Let Rbe a relation from 4 to B. 

_ If B=A, then. we do not speak that Risa relation from 4 to A, 
but we say that R isa relation in 4. Thus a relation in a set Ais 
a subset of the Cartesian product AX A. 
Identity relation in a set. ~ (Gorakhpur 1970) 
Definition. Let A be a set. The relation I, defined by 
 Iy={(x, y) 1 EA, YSA, x=} is called the identity relation in A. 
Thus the identity relation in a set A is the set of the ordered pairs 
(x, y) of AXA for which x=y. If A={], 2, 3, 4, 5}, then 
L={(1, 1), (2, 2), (3, 3), (4, 4), (3, 5)}- ; 
- Universal relation in aset. Let A be any set and R be the set 
_ AXA. Then Ris called the universal relation in A. 


Void relation in a set. Every subset of Ax A isa relation in 
A. Since @ is also a subset of Ax 4, therefore the null set @ is 
also a relation in A. This relation is called the void relation in 4. 
 §34. Properties of Relations in a Set. We often come across 
the following special types of relations in a set : le 
_ 1. Reflexive relations. Let R be a relation in a set A b.e., let 
R be a subset of AX A. Then Ris called a reflexive relation if 
(a2, a)ER, ¥ aed. 
- Thus R is reflexive if we have aRa, ¥ aGA. 
_ -Arelation R in‘a set A is not reflexive if there is at least one 
' element ae 4, such that (a, a)\ER. 
Example 1. Let 4={1,.2, 3, 4}. Then 
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_ @) The relation R:={(1, 1), (2, 4), (3, 3), (4-1), (4, 4)} in Ao 
is not reflexive since 2&4 and (2,2)@Ri. 

(ii) The relation Ra={(1, 1), (1, 3), (2, 2), (3; 3), (4, 4), (3, 4)} 
in 4 is reflexive since (a, a)@Rz for every. aGA. a 

Example 2. Let N be the set of all natural numbers. The 
relation R in N defined by “x is a divisor of y” is reflexive since 
each natural number is a divisor of itself. It should be noted that 
it is usual to write a |b, a&N, bEN to denote that a is a divisor 
of b. | 

The relation in N defined by “x < y” is not reflexive, since 
a is not less than a for any natural number a.. . 

But the relation in N defined by ‘x < y” is reflexive ‘since 
@<aforeveryaGN. — ; 

2. Symmetric Relations. .Let R be a relation in a set A, i.e., 
let R be a subset of Ax A. Then R is said to be a symmetric relg- . 
tion if (a, b) G R => (b, a) E R. . 

Thus R issymmetric if/we have /Ra whenever we have ab. 

A relation R in a set 4 is not symmetric if there exist .two 
distinct. elements a, b&A, such that aRb, but bRa. 

Example 1. Let L be; the set of all straight lines ina plane. 
The relation R in L defined by “‘x is perpendicular to y” is sym- 
metric, since if straight line a is perpendicular to straight line 4, 
then 5 is also perpendicular to a. Thus aRb>bRa. The relation 
in L defined by “‘x is parallel to y” is also symmetric. => 

Example 2. Let A={I, 2, 3, 4} and R={(1, 2), (3, 4), (2, 1), 
(3, 3)}. Here Swe see that (3, 4) & R but (4, 3)@R. Therefore R 
is not symmetric: On the other hand, the relation Ri ={(1,.1), 
(4, 1), (1, 4)} defined in-4 is symmetric, 

3. Anti-Symmetric relations. Le: R be a relation in a set A 
i.e. let R be a subset of AXA. Then R is said to be an anti-symme- 
trie relation if (a, b)& R and (b, a)E R > a=b. i 

_ Thus 2 is anti-symmetric if we have never both aRb and bRg 
except when a=5b. 

A relation R in a set A is not anti-symmetric if there exist 
elements a@A, bE A, aXb, such that aRband bRa. 

_. Example. Let N be the set of all natural numbers. Let R 


be ‘the relation in N defined by “x is a divisor of y’. Then R is 


anti-symmetric since a | 5 and-b|a => a=b. If jab, we cannot 
have both a | 6 and 6 | a. | 
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4. Transitive Relations. Let Rbearelation ina set A, i.e., 
let R be asubset of AXA. Then R is said to be a transttive relation 
if (a, b) E Rand (b,c) E R= (a, c)ER. 

A relation Rin a set A is not transitive if there exist elements 
a, 6 and c&A, not necessarily distinct, such that 

(a, |) ER, (6,0) € R but (a, c) & R. 

Example 1. Let L be the’set of all straight lines in a plane 
and R be the relation in ZL defined by “x is perpendicular to y”. 
If straight line a is perpendicular to 5 and b is perpendicular to ¢, 
then a is parallel to c, i.e., 2 is not perpendicular to ¢. Thus aRb 
and bRe = age. Hence R is not transitive. 

Example 2. Let N be the set of all natural numbers and let 
R be the relation in N defined by ‘‘x is less than y”. Since a<b 
and b<c => a<ic, therefore R is transitive. 

§35. Equivalence Relations. Definition. 

Let R be a relation ina set A. Then Ris an equivalence rela- 
tion in A iff 

(i) Ris reflexive, i.e, ¥ @& A, aRa. 

(ii) R is symmetric, i.e., a2Rb > bRa. 

(iii) R is transitive, i.e., aRb and b Rc > aRe. 

The equivalence relation is usually denoted by the symbol~. 

Example 1. Let 4 be the set of ail triangles in a plane. Let 
R be the relation in A defined as xRy iff x is congruent to y,xeA, 
yA. Here we observe that 

(i) xRx, for every xEA, since every triangle is congruent to 
itself. Thus R is reflexive. 

(it) xRy > yRx, since if triangle x is congruent to triangle y, 
then y is congruent tox. Thus Ris symmetric. 

(iii) xRy and yRz > xRz, since if triangle x is congruent to 
y, and triangle y is congruent to z, then triangle x is congruent 
to z. Thus R is transitive. 

| Since & is reflexive, symmetric and transitive, therefore R is 
an equivalence relation. | 

Example 2. Let I be the set of allintegers. Let us define a 
relation R in I, such that xRy holds iff x—y is divisible by 5, 
xel, yel, i.e. let R={(x, y) : xeEl, yel, x—y is divisible by 5}. 

Here we have . 

(i) Foreach xel, x—x=0 and 0 is divisible by 5. Thus 
x xel, we have xRx. Therefore R is reflexive. 
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(ii) Suppose xRy; then x—y is divisible by 5 and hence 
(y—x)=—(x—y) is also divisible by 5. Thus xRy => yRx. There- 
fore R is symmetric. 

(iii) Suppose xRy.and yRz; then (x—y) and (y—z) are both 
divisible by 5. Hence 5 is also a divisor of (x—y)+(y—2), i.e., 5 
is also'a divisor of (x—z). Thus xRy and yRz>xRz. Therefore R 
is transitive. 


Since R is reflexive, symmetric and transitive, therefore R is 
~ an equivalence relation. . 
Note. An integer a is said to be congruent to another integer 
b modulo a fixed positive integer m if a—b is divisible by m i.e.,. 
if 3'an integer k such that a—b=mk. Symbolically, we write 
a=b (mod mm). 
’ Thus.in the above example, we have proved that congruence 
modulo 5 is an equivalence relation in the set of all integers. 


§ 36. Equivalence Classes or Equivalence Sets. 


Let A be anon-empty set and let Rbe an equivalence relation in 
A. Further let a be an arbitrary element of A. The elements xGA 
satisfying xRa constitute a subset A. of A, called an equivalence 
class of a with respect to R. We shall denote this equivalence class 
by A, or by [a] or by 4. Thus symbolically, . 

Aq or (a] or @2={x : XGA and (x, a) © Rie., x Bah 

Example 1. Let A be the set of all triangles ina plane and 
let R be an equivalence relation in A defined by ‘‘x is congruent . 
to y’, xEA, yEA- When aA we shall mean by the equiva- 
lence class [a] the set of all triangles of 4 congruent to the triangle 
a. Similarly when 5A we shall mean by.the equivalence class [5} 
the set of-all triangles of A congruent.to the triangle 5. 

Example 2. Let us determine the equivalence classes in the 
set I of all integers with respect to the equivalence relation ‘con- 
gruence modulo 5’. The integers congruent to 0 modulo 5 form an 
equivalence class I). The elements of this class are the multiples 
of 5 i.e.; integers expressible as 5k for some integer k. The integers 
congruent to 1 modulo 5 form another equivalence class h.. The 
elements of this class are those integers which leave remainder 1 
when divided by 5 i.e., the integers expressible as 5k+-1 for some 
integer k. The integers congruent to 2 modulo 5 form. a third 
equivalence class I, This class consists of all integers expressible 
as 5k+2 for some integer k. The integers congruent to 3 modulo 
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5 form a fourth equivalence class Iz. This class consists- of all 
integers expressible as 5k+-3 for some integer k. The: ihtegers 
congruent to 4 modulo 5 form a fifth equivalence class I,. This 
class consists of allintegers which leave remainder 4 when divided 
by 5.i.e., which are expressible as 5k+-4 for some integer k. But 
every integer is expressible as 5k, 5k+1, 5k+2, 5k+3 or 5k+4 
. for some integer X. Thus we see that the set of all integers can be 
divided into the following five equivalence classes with respect to 
the relation congruence modulo 5 : 
. Gi) Ib={.. ae —5, 0, 5, 10,...} 
(ii) L={..., —4, l, 6, il,. | 
iii) Lat. a —3, 2, 7, 12,...}- 
(iv) I;={..., —7, —2, 3, 8, 13,...} 
(v). In={..., —6, —1, 4, 9; 14,...}. 
These classes have the following properties :— 
(i) The set I is the union of these five non-empty classes. 
(ii) Integers in each class have a relation of congruence 
modulo.5 with one another. 
(iii) Integers in different classes do not have a relation of 
congruence modulo 5 with one another. 
(iv) The classes are mutually disjoint i. @., no two of them 
bave any elements in common. 
§ 37. Properties of Equivalence classes. . 
Let A be a non-empty set and let R be an equivalence relation in 
- A. Let aand b be arbitrary slements in A. Then 
(i) aefa]. 
(ii) If bela], then [b]=[a]. 
(iii) (@])=[5] iff (a, b)ER i.e., iff aRb. 
(iv) £tther (a]=[5] or [a]N[b]= i.e., two equivalence classes 
are either disjoint or identical. (Allahabad 1980) 
Proof. 
(i) Since R is. reflexive, we have aRa. But [a]= {x : xGA and 
xRa}. Hence aRa>aec{[a]. 
(ii) We have b&[a)>6Ra. 
Let x be any arbitrary element of (b]. Then xe[(b] > xRb. 
But R is transitive, therefore xRb and bRa > xRa>xe(a]. Thus 
xe[b]>xe[a].' Therefore [5] ¢ [a]. 
“Again let y be any arbitrary element of [a]. Then ye[a]=> yn: 
Since R is symmetric, therefore bRa>aRb, 
Now Ra and aRb=>yRb [°’ R is transitive] 
> yEl5]. 
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Thus ye(a]>ye(b). Therefore [a] C. bh. 
Finally (a] & (5) and [6] ¢ [a] > [2]=[5]. 
(iii) Suppose [a@]=(5]. Then to prove that aRb. 
Since R is reflexive, therefore we have aRa. 
Now -@Ra > ae[a] 
> afb} [° (a]=(61] 
=> aRb. _ 
Thus [a]=[5) > @Rb. 
Converse. Suppose that aRb. Then to prove that [4]=[6]. 
Let x be any arbitrary element of {a}. Then xRa. ‘But it is 
given that aRb. Therefore 
xRa and aRb + xRb [°° Ris transitive] 
=> xe[6]. 
Thus xela]>xe[b). Therefore ‘Tal cS [5]. 
Again let y be any arbitrary | element of [5]. Then 
ye(b]>yRb. 
Now we ere given that aRb. From this we have bRa, since R 
is symmetric. Now 2 
yRb and bRa =yRa . - [v Ris transitive] 
=>ye[a]. . 
Thus ye[b]=ye[e]. Therefore (6) c (a). 
Hence [a] G [b] and [5] & (a]>[a]=[8}. 
Finally, since [aJ=[b]>aRb and aRb=-[a]= [b}, therefore 
[a]=[5] if and only if aRb, 
(iv) If [a] N[b]=G, then we are nothing to prove. So let us 
suppose that (@]N[b)+O@. Then to ‘prove that [a]= [5]. 
Since [e]N(4]142, therefore.there exists an element xGA 
such that xe[a) (5). . 
Now xe[a]n [b]>xela) ¢ and xe@[6] - 
=> xRa and xRb 
=> aRx and xRb 
[Since Ris symmetric, therefore x Ra>aRx] 
= aRb — ('. Ris transitive) 
=> [a]=[5] [by part (iii)]} 
_ Thus [a]N(6]4S >[a}=[5]. 
In other words if (a}4[6), then [2] [5)= g. 


§ 38. Partitions. Definition. 


Let S-be a non-empty set. A set P={A, B, C,.. Y of non-empty 
subsets of S will be called a partition of S if 
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(i) AUBUC...=S i.e., the set S is the union of the sets in P 
aud 
(ii) the in.ersection of every pair of distinct subsets of SEP is 
the null set i.e., if A and BEP then either A=B or AN B=Q. 


Example 1. Consider the set S={I, 2,...9, 10} and its subsets 
B,={l, 3} Be={7, 8, 10}, By={2, 5, 6}, Be={4, 9}. 
The set P={B,, B., Bs,-By} is such that 
(i) ~—-B,, Be, By, By are all non-empty subsets of S.. 
(ii) BiUB:UBsU Bs=S, and 
(iii) For any sets B;, either Bs =B, or BN B=. 
Hence the set {B:, Bz, Bs,-B,} is a partition of S. 


Example 2. Let I be the set of all integers. 
We know that x=y (mod 5) is an equivalence relation in I. 
Consider the set of five equivalence classes Ip, Ih, Iz, Ig, 14, where 
I,={..., —10, —5, 0, 5, 10,...} 
I,={..., —9, —4, 1, 6, I1,...} 
Ig={..., —8, —3, 2, 7, 12,...} 
I;={..., —7, —2, 3, 8, 13,...} 
I,={..., —6, —1, 4, 9, 14,...}.- 
We observe that 
(i) the sets Ip, 1,, Ie, I; and I, are non-empty, 
(ii) the sets I,, Ih, Iz, Is and I, are pairwise disjoint, 
(iii) I=~ILKURULULBUL. 
Hence {Iy, 11, Is, Is, 14} is a partition of I. 


§ 39. Relation induced by a partition of a set. Corresponding 
to any partition of a set S, we can define a relation R-in S by the 
requirement that xRy iff x and y belong to the same subset of S 
belonging to the partition. The relation R is then said to be in- 
duced by the partition. 


Example. Consider the subsets 
A=({3, 6, 9,..., 24}, B={l, 4, 7,...; 25}, 
C={2, 5, 8,..., 23} of S={I, 2, 3, 4,..., 25}. 
Obviously AUBUC=S and AN B=ANC=BNC=@, 
so that {A, B, C} is a partition of S. If R be the relation induced 
by this partition, then we have xRy iff x and y belong to the same 
subset A, B, C. 
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§ 40. Fondamental Theorem on Equivalence Relations. An 
equivalence relation R in a non-empty set S determines a partition 
of S and conversely, a partition of S-defines an equivalence relation 
in S. (Kolhapur 1973) 

Proof. Let R be an equivalence relation in S. Let A be the 
set of equivalence classes of S with respect to R ie., let 

A={[a] : aS} 
where [a]={x : xeS and xRa}. 

Now R is an equivalence relation. Therefore v a © S, we 
have aRa. Hence ac&[a] and thus [a]#C. 

Further every element a of S is an element of the equivalence 
class [a@]in A. From this we conclude that S= U [a]. 

. acs . 

Finally, if [a] and (b] are two equivalence classes then either: 

fa}=[b} or [a] N (b] =O. [For proof see § 37 part iv). 

Hence A is a partition of S. Thus we see that an equivalence 
relation R in S decomposes the set S into equivalence classes any 
two of which are either equal or mutually disjoint. 

Converse. Let P=={Ta, Ts, Tc,...} be any partition of S. If 
Pp, 9 & S, let us define a relation R in S by pRq iff there isa 7; 
in the partition such that p,q © 7). 

Now S=7,U7»UTe.... Therefore ¥ x GS, there exists 
T; © P such that x € T;. 

| Hence x € 7; and x © 7; means xRx. Thus ¥ x € S, we 
have xRx and thus R is reflexive. 

Again if we have xRy, then there exists T; € P such that 
xE Tandy &7;. . 

But x © T;andy © T; > y © T; and x & T; > yRx. 

’ Therefore R is symmetric. . 

Finally suppose xRy and yRz. Then by the - definition of R 

there exist subsets 7, and 7; (not necessarily distinct) such that — 
x,y © T; and y, z © Ty. Since y © T; and also y © Tx, there- 
fore T;)\T:4@. But 7; and 7), belong to a partition of S: There- 
fore T)\Ti#@ implies T;=Tk. Now Tj=Ty implies x, 2 © 7; 
and consequently we have xRz. Thus R is transitive. 

Since R is reflexive, symmetric and transitive, therefore R is 
an equivalence relation. . | 

§ 41. Quotient Set. Definition. 


Let S be any non-empty set and let R be an equivalence relation 
defined in S. The set.of mutually disjoint equivalence classes in 
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which S is partitioned relatively to the equivalence relation R , is. 
said to be the Quotient set S for the equivalence relation R, and ts 


denoted by S/R or by S. 
_ The quotient set of I for the equivalence relation congruence 
modulo 5 is the set 
I/R={I,, I,, Ta, Is, I} 
Or 1/R=({(0), [1], [2], [3], [4]}. 

§ 42. Partial Order Relations. Definition. A relation Rina 
set S ts called a partial order relation iff tt satisfies the following 
three conditions : 

(i) aRa,¥ ae S; (reflexivity}, 

(ii) aRb and bRa > a=5, (anti-symmetry), 

(iii) aRb and bRe = aRe, (transitivity). 

Example. In the set N of all natural numbers, the relation R 
defined by aRb iff a divides 5 is a partial order relation. 

We have, ¥ aE N, aisa divisor of ai.e., aRa. Therefore K 
is reflexive. 

Again, if a is a divisor of 6 then b cannot bea divisor of a 

unless a=b. Thus aRb and bRa > a=b. Therefore R is anti- 
symmetric. 

Finally a is a divisor of 6 and bis a divisor of ¢ implies a is 
a divisor of c. Therefore R is transitive. 

Since R is reflexive, anti-symmetric and transitive, therefore 
Risa Upartial order relation. ‘ 

Exercises 

1. Give an example of a relation which is reflexive but is 
neither symmetric nor transitive. (Meerit 1977) 

2. Give an example of a relation which is, 

(f) reflexive, symmetric but not transitive. (Kolhapur 1973) 

(ii) symmetric and transitive but not reflexive. - 

3. Is the relation ‘is brother of? an equivalents relation on| 

a set of human beings ? Why.? 2 

.4. Let I be the set of all integers. Let m be any fixed posi- 
tive integer. Then an integer a is ‘said to be congruent to another 
integer b modulo m if a—S is divisible by m i.e., if there exists an 
integer k such that a—b= km. Symbolically, we write 

a=b (mod m). 
Show that the relation ‘congruent ‘modulo m’ is an 
_- equivalence relation in the set of integers. . 
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5. Define the terms terse flexi, symmetric and transt- 
tive relations’ and illustrate them’ by examples. Is function a rela- 
tion ? When is a relation in a set an equivalence relation ? Prove 
that any two equivalence classes are either identical or they have 
null intersection. Hence define a quotient set. 

6. Explain fully what you mean by partitions of a set and 
equivalence relation in a set by means of examples: Find all the 
partitions of {1, 2, 3}. 

7. Prove that'the relation of similarity in the set of all 
triangles in a plane is an equivaience relation. 

8. Consider the set.N XN the set of ordered pairs of natural. 
numbers. Let R bé the relation in NxN which is defined by 

(a,b) R (c, d) 
if and only if ‘ts ad==be, 

Prove that R is an equivalence relation and therefore ineuces 
a partition of NXN.  - 

', 9. Show that if Rand R’ are symmetric relations in a set A, 
then R(.) R’' and RUA’ are also symmetric relations in A. 

10. If Rand S are two equivalence relations, then check 
RUS for eS | 

- (i) reflexivity, (ii) transitivity and (iii) symmetry. 

ll. If Rand S are equivalence relations ina set X, prove 
that RMS is an equivalence relation in X. 

_ 12. Define a relation and a function and give examples to 
illustrate the difference between the two. Give an example of a 
relation which is reflexive and transitive but is not symmetric. - 

i Answers * 

1. Let A={l, 2, 3}.. Then the relation R={(I, 1), (2, 3), 
(2, 2), (3, 3), (1, 2)} is reflexive but is neither symmetric nor tran- 
sitive. - 

3. No. Suppose x is a female human being.: Then xX is not 
a brother of x and so xxx. Thus the relation is not reflexive. 
Note that this relation is also not symmetric. 

6. Partitions of {l, 2, 3} are 

(ij) {152.3}, ii) ((1}, (2, BY, li). €€1, 23, BY, 

(iv) {{2, 3}, {1}}, (v) (3,1), {2 

10. RUSi is reflexive and symmetric but is not necessgrily 
transitive. 


2 
Groups 


§ 1. Binary operation on a set. Let Gbe a non-empty set. 
Then GxG={(a, b):@EG,b EG}. If f:GxG—-G, then fis 
said to be a binary operation on the setG. The image of the 
ordered pair (a, 6) under the function f is denoted by af b. Often 
we use symbols +, x, °, 0 etc. to denote binary operations on a 

- set. Thus ‘+-” will be a binary operation on G iff 
at+beG ¥ a,b € Gand a+b is unique. . 
_ Similarly ‘# will be a binary operation on G iff 
axt*beEeGy¥a,b EG anda * bis unique. 

A binary operation on a set G is sometimes also called binary 
composition in the set G. If ‘*’ is a binary composition in G, then 
axbeG ¥ a,b & G. Therefore G is closed with respect to the 
composition denoted by +. . 

If there is a binary composition ina set G, the most 
convenient notation to denote this composition is the multi- 
plicative notation. In this notation if a, b & G, then aeb represents 
the element obtained on multiplying a and 6. We shall often 
omit the dot - placed between aand 6. In other words in 
multiplicative notation we shall simply write ab in place of aeb: 
Thus ab © G ¥ a,b GGif the binary compositionin G has 
been denoted multiplicatively. 


Example. Addition is a binary operation on the set N of 
natural numbers. The sum of two natural numbers is also a 
natural number... Therefore N is closed with respect to addition 
fle., at+beENvabeNn. , 

Subtraction js not a binary operation on N. We have 
4—-7=—3 & N.whereas 4 © N,7 GN. Thus N. is not closed 
with respect to subtraction. But subtraction - is a binary operation 
on the set of integers I. We have a-b GI ¥a,beEL., | 

' Note. In the theory of groups we shall be concerned only 
with binary operations. Therefore we Shall often omit the word 
binary and we shall simply use the word ‘operation’. 


Groups 49 


§ 2. Algebraic structure. Definition. A non-empty set. G 
equipped with one or more binary operations is called an algebraic 
structure. Suppose * is a binary operation on G. Then (G, *) is. 
an algebraic structure. (N, +), (IL +) (I, —), (R, +, °) are all 
algebraic structures. Obviously addition and multiplication ‘are 
both binary Operations on the set R of real.numbers. Therefore 
(R, +, «) is an algebraic.structure equipped with two operations. 


-Seml-Group. Definition. An algebraic structure (G, *) is called 
a semi-group if the binary operation * ts associative in G ie.,.if 
(a+b) *c=a* (b*c) ¥ a,b, cEG. (Rajasthan 1976) 

For example, the set N of all natural numbers is a semi-group 
' with respect to the operation of addition of natural numbers. 
Obviously addition is an associative operation on N. - 

Similarly the algebraic structures (N, ¢), (I, +) and (R, +) 
are also semi-groups. 


§3. Group. Definition. 


(1.A.S, 1969; Vikram 76; Garhwal 76; Poona 73; Kolhapur 73; 
Sagar 77; Guru Nanak 82; Meerut 87) 

Let G be a non-empty set equipped with a binary operation deno- 

ted by « i.e., aeb or more conveniently ab represents the element of 
G obtained by applying the said binary operation between the elements 
a and b of G taken in that order. Then this algebraic structure (G,°) 
__ds a group, if the binary operation + satisfies the following postulates: 


1. Closure property. ies, abEG ¥ G, bEG. 

2. Associativity i.e., (ab) c=a (bc) ¥ a, b, ceG. 

3. Existence of Identity. There exists an element e&G such 
that ea=a=ae ¥ a&GG: The element e is called the Identity. 

4. Existence of inverse. Each element of G possesses inverse. 
In other words a & G => there exists an element b GG such that 
ba=e=ab, The element b is then called the inverse of a and we 
write b=a-'. Thus a-' is an element of G such that a‘a=e=ag", 

Abelian Group or Commaftative Group. Definition. 
(Madras. 1977) 

A group G is said to be abelian or commutative if in addition to 
the above four postulates the following postulate 1s. also satisfled. 

«SS. Comimutativity i.e., ab=ba ¥ a, bEG.- . 


Note 1. According to our definition of a binary operation if 
‘.? ig a binary operation on G, we must have aeb & G, ¥ a, 
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5&G.: Therefore in our definition of a group there is no necessity 
Of mentioning the closure axiom. It issuperfiuous there. We have 
mentioned it there to simply lay emphasis upon the fact that 
while showing the group postulates in a problem the students 
should not forget to saow the closure axiom. - - 
Note 2, A group is not simply.a set but it is an algebraic 
structure i.¢., a set equipped with a binary composition provided 
the composition satisfies certain postulates. If a group consists of 
@ non-empty set G and a binary composition in G, then we shall 


often use the same symbol G to denote the group and the under- 
lined set. ‘ 


.. Note 3.-- In our definition of a group we have denoted the | 
composition in G by multiplicative notation. However we can use 
any symbol like *, o, +etc. to denote the composition. If we use 
the additive notation ‘+’ to denote the composition in G, then 
the inverse of an element a&G is denoted by the symbnl —a i.e., 
we have (—a)+-a=e=a+(—a). | | 

Note 4. If we use multiplicative notation to denote the com- 
position in G, then often we denote the identity by the symbol ‘1’. 
Thus ! is an element of G such that . 

: la=a=al ¥ aGG. 

Also in multiplicative notation we often denote the inverse of 
‘a by I/a. Thus 1/a is an element of G such that + a=l|=a i 

In additive notation, we often denote the identity by the 
Symbol ‘0’. Then 0-is an element of G such that 0+-a=a=a+0. 

‘Note 5. In additive notation the element a+(—)) & G is 
denoted by a—b. In multiplicative notation the element ab-"&G 
is denoted by a/b. | 

§4. Finite and infinite groups. Order ofa finite group. 

. ~ (Rajasthan 1977; Kanpur 80; Meerat 86) 

If in a group G the underlying set G consists of a finite num- 
ber of distinct elements then the group is called a—finite group, 
otherwise an infinite group. The number of elements in a finite 
group is called the order of the group. An infinite group is said to 
be of infinite order. | . 

We shall denote the order of a group G by the symbol o (G). 

It should be noted that the smallest group for a given compo- 
sition is the set {e} consisting of the identity element e alone. 

Some Illustrative Examples. 

Example 1. Show that the sét I of all integers . 
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, —4, —3, —2, —1, 0, 1, 2, 3, 4,.. 
is a group with respect to the operation of addition of integers. 
(Lucknow 1980). 
_ Solation. Closure property. We know that the sum of two 
integers is also an integer‘i.e., a+b5E1 ¥ a, bel. Thus 1 is closed 
with respect to addition. | 

Associativity. We know that addition of integers is an asso- 

ciative composition. Therefore, 
a+(b+c)=(a+b)+e'¥ a, b,c & I. 

Existence of Identity. The number 0G I. Also we have 
0+a=a=a+0 ¥ acl. Therefore the integer 0 is the identity. 

Existence of Inverse. Ifa @ I, then—a EI. Also we nave 
- (~a)+a=0=a+(--a). Thus every’ integer possesses additive 

. inverse. 

Therefore I is a group with respect to addition. Since addition 
of integers is a commutative composition, therefore (I, +-) is.an 
abelian group. Also I contains an infinite number of elements. 
Theréfore (I, +) is an abelian group of infinite order. 

Example 2. Show that the set N of all natural numbers 

1,-2, 3, 4, 5,... 
is not a group. with respect to addition. 

Solution. Addition is obviously a binary composition in N 

i.e., Nis closed with respect to addition. Also addition of natural 
_ numbers is an associative composition. But there exists no-natural 
. number eEN such that e+a=a=a+e ¥ GEN. For the addition | 
of numbers, the number 0 is the identity and O@N. Therefore 
(N, +) is not a group. 

Example 3. Show that the set 

G={..., —4m, —3m, —2m, --m, 0, m, 2m, 3m, 4m,...} . 
of multiples of integers by a fixed integer m is a group with respect 
to addition. 

Solution. Closure property. Let a, 6 be any two elements,of 
G. Then a=rm and b=sm where r and s are some integers. 

Now a-+b=rm-+-sm=(r+s) m. Since r+s is also an integer, 
therefore (r+-s) m i.e., a+beEG. Thus a+beG ¥ a, bEG. There- 
fore G is closed with respect to addition. 

Associativity. The elements of G are all integersand we know 
, that the addition of integers is an associative composition. 
Existence of Identity. OGG and we have 0+a=a=a+0 ¥ 

a&G. Therefore 0 is the identity. 


Sat: hoe 
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Existence of Tuyarse. Let rm be an arbitrary element of G 
where r is some in 'eger. 


Then (—r) meG. | [’.. —r is also an integer) 
Also (—r) m+rm=(—r+r) m=0m=0 
and rm+(—r) m=(r—r) m=0. 


(—7) m is the additive inverse of rm. 

Thus every element of G possesses additive inyerse. 

Hence G is a group with respect to addition. _ 

Example 4. Prove that the set Q, of all non-zero rational num- 
bers forms a group under the operation of multiplication of rational 
numbers. * (Bhagalpur 1971 ; Meerut 74) 

Solution. Closure property. We know that the product of 
two non-zero rational numbers is also a non-zero rational number. 
Therefore Q, is closed with respect to multiplication. 

Associativity. We know that multiplication of rational num- 
bers is an associative composition. 

_ Existence of Identity. The rational number 1G@Qo. Also 
we have  la=a=al ¥ a&Qp. 

" .. The rational number | is the multiplicative identity. 

Existence of Inverse. If a EG Qo, then obviously 1/a & Qo. 
Also (I/a)a=1!=a (t/a). Therefore i/a is the multiplicative 
inverse of a. 

Hence Q, is a group with respect to multiplication. 

‘Since ab=ba¥-a, bEQ,, therefore the group is abelian. 

Note. The set Q of all rational numbers is not a group with 
respect to multiplication. The rational number 0.€ Q, but 3 no 
rational number a&Q such that 0a=1. We know that 
0a=0¥aeQ. Thus the rational number 0 does not possess multi- 


. plicative inverse. 


Example 5. Is the set of all rational numbers x such that 
O<x< 1, a group with a a to ordinary multiplication 2 
(Madras 1975) 
Solution. Let G={x : x is a rational number and 0 < x < Ij. 
Then G is not a group with respect to multiplication. Ifa © G 
and 0 < a < 1, then a does not possess a muti piealive:t inverse 
which is an element of G. 
"Example 6. Show that the set of all positive rational’ numbers 
forms an abelian group under the composition defined by 
a * b==(ab)/2. (Delhi 1970 ; Meerut 71) 
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Solution. Let Q, denote the set of all positive rational num- 
bers. Wedefine an operation * on Q, as follows: * - 
avb=(ab)/2 ¥ a, bEQ,. a 
To show that (Q, *}.is a group: | 
Closure Property. Since for every a, b&Q,, (ab)/2 is glso in 
Q,, therefore Q,. is closed _with respect to the operation *. 
Associativity. Let-a, 6, c@Q,. Then se 
(a+ byee=($) * o=(F) 573(F) =< * (¥) =a+(bec), 
Commutativity. Let a, 5©Q,. Then 
a * b=(ab)/2—(ba)/2=b * a, . 
Existence of Identity. The number 2 will be the identity elc- 
ment if e@Q, and if exa=a=as eva & Q,. 
- Now e * a=a>(ea)/2=a>(a/2) (¢—2)=0 
oo >e=2, since a&Q,>a¥0. 
_ Now 2€Q, and we have 2*a=(2a)/2-a=a+2¥aEQ,. 
2 is the identity element. . 
Existence of Inverse. Let abe any element of.Q,. If the 
number b is to be the inverse of a, then we must have - 
bea=e=2>(ba)/2=2>b=Afa. - 
Now aeQ,=>4/aEQ,.. . 
We have (4/a)*a=4a/2a=2=a+(4/a). 
Therefore 4/a is the inverse of a. Thus each element of Q, is 
inversible. ¥ | 
Hence ‘(Q,, *) is an abelian group. | 
Important Nofe. In the few examples of groups we have jast 
given, the elements of the underlying sets were all numbers. But 
it should not be confused that we can have groups of numbers 
only. In our definition of a group, we have not imposed any res- 
triction on the elements of the set G. The elements of G can be 
numbers, chairs, students, countries or anything. The set G will 
be a group if it is equipped with a binary composition satisfying 
certain postulates. . 
Exercises : . 
1. (i) State the axioms which a set must obey so that it may 
form.a group. : .(Meerat 1979) 
(ii) Show that every group of order 1 is abelian and every 
group of order 2 is also abelian. | 
2. Does the set of all odd integers form a group with respect to 
addition ? | (Meerut 1979) 
Ans. No. a 


$4 


+0.. 
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' Show that the following are groups : 


(i) the set C of all complex numbers with respect to the ope- 
ration of addition of complex numbers. (Rajasthan 1974) 
(ii) the set of all rational numbers with respect to addition. — 
.(Bhagalpur 1971, Meerut 79) 

(iii) the set of all real numbers with respect to addition. 
(iv) the set R, of all non-zero real numbers with respect to 


, multiplication. | 
(v) the set C, of all non-zero complex numbers with respect 
to multiplication. - (Meerut 1979) 


Define the order of a group. Show that the set of all even 
integers with zero is an abelian group with respect to addi- 
tion. . 7 
Show that the set of natural numbers does not form a group 
with addition or multiplication but it forms a semi-group 
with respect to addition as well as multiplication. 


Is the set I of integers 


- ary 3, —2, —1, 0, 1, 2, 3,0. 

a group (i) with respect to- subtraction (ii) with respect.to 
multiplication? | Ans. (i) No. (ii) No. 

Show that the set M of complex numbers z with the condi- 
tion | z |=1 forms a group with respect to the operation of | 
multiplication of complex numbers. 
Show that the set V of all vectors (defined as directed: line. 
segments) forms an infinite abelian group with vector addi- 
tion as composition. 


Show that the set of vectors defined as directed line segments 


..does not form a group (i) with respect to scalar (dot) product, 


(ii) with respect to vector (cross) product. 
Is the set of all even natural numbers a group 


(i) under addition (ii) under multiplication ? 


Ans. (i). No; (ii) No. 
Let Q,. be the set of all positive; rational numbers and +a | 
binary operation on Q, defined by anda Determine the 


identity element in Q, and determine the inverse of a. 
. . _ (Meerut 1982) 
Ans. Identity element is 3, and the inverse of a is 9/a. " 
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12. Show that the set of all positive rational numbers forms an 
abelian group under the composition defined by 
— - @* b= (ab)/4, . (Meerut 1986) 
13. Let R be the set of all real numbers and *a binary operation | 
onR defined by a * b=a+6+ab. Determine ‘the identity 
_ element in R and determine the inverse of a. (Meerut 1976) 
Aus. Identity element js 0; if a4—1, then a= ay 
14. Show that the set of all rational numbers of the form 2 3¢ 
(a, 5 integers) is a group. with respect to multiplication of 
rationals. | 4 
15.°Do the positive irrationals form ‘a group with respect to 
multiplication? Ans, No. 
16. Prove that the set G={(cos 0+ sin 9) : @ runs over all ratio- . 
‘nal numbers} forms an infinite abelian group with respect to 
ordinary multiplication. 


§ 5. Some General Properties of Groups. . 
Suppose our group consists of a non-empty set G equipped 
with a binary operation denoted multiplicatively, . 
Theorem 1. Uniqueness of identity. The identity element in q 
8roup is unique. (Madras 1974; Andhra‘77, Lucknow 80, Sagar 77) 
Proof. Suppose e and e’. are two identity elements of a group 
G. Wehave’ _ | . 
ee’=e if e’ is identity 
and ee’=e' if e is identity. 
But ee’ is a unique element of G. 
Therefore ce’=e and ce'=e' seme’, 
_ Hence the identity element is unique. | 


Theorem 2. Uniqueness(of inverse. The inverse of each ele- 
ment of a group is unique. 

(Madras 1974, Lucknow 80, Meerut 80, Andhra ‘77, Sagar 77) 

Proof. Let a be any element of a group G and let e be the © 
identity element. Suppose 5 and c are two inverses of a i.e., 


ba=e=ab and ca=e=ace.. j 


We have b (ac)=be [‘.' ac=e] 
=b, . ("eis identity] 

Also . (ba) c=ec a {‘° baze] 
=¢, [." eis identity] © 


But ina group composition is associative. ‘Therefore 


b(ac)=(ba)c. Hence b=c, 


a if 
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Note. The identity element is its. own ‘inverse. Since ce=e, 
therefore e~!=e. 


Theorem 3. bs the inverse of a is a, then the inverse of a-! 


is aie, (a= - (Lucknow 1967) 
Proof. If ¢ is ies identity element, we have 

ala=e 4 {by definition of inverse} 

= (a7)! (a~“a)=(a"')“ € {multiplying both sides on the 


left by (a~2)-! which is necessarily an element of G 

because a-! is an element of G] 

=> {(a7')-! a-*] as(a-'y" [°° composition in G is associative 

and e is identity element] 

=> eass(a~) [° (a7 )-? is inverse of a") 
> ‘a=(a-*)-*=> (a7). 


Note. If we had used additive notation to denote the compo- 


“sition in G, the statement of this result would have been 


—(—- —a)=a. 


Theorem 4, To prove.that (ab)"!=b-!a-) ¥- a,b & = ie, the 
inverse of the product of two elements of a group G is the product of 
the inverses taken in the reverse order. 

(Meerut 1975, Vikram 78, Garhwal 76; Kolhapur 73) 


Proof. Suppose a and b are elements of G. If a-! and 5-! are 


‘inverses of a and b respéctively, then 


aa a=e=aa™! where é is the identity element — 
and —sis«é H=e=H='. 

Now (ab) (b-! a-1)=[(ab} b-'] a-? [°.” composition is associative) 
=[@ (bb-1))} a7? _ [by associativity] 
=(ae) a? ['° 5b-!=e] 
=a aq" . {".. ae=a) 

=e [°° aaq'=e] 


Also ae a-') (ab)=b-'{a~! (ab)] [by associativity] 
_ sb" ((a-? a) b)=b-} (eb)=b'b=e. 
Thus we have (b- a a~) (ab)=e= (ab) (b-) a-*). 
by definition of inverse, we have (ab)-!=b-"a~*., - 
If the group is commutative, then we shall have 
(aby ah Iesa-tbe?, since 6-} a~}=:a7! b=, 


Note 1. in additive notation the statement of this theorem 
will be —(a-+6)=(—5)+(—a). 
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Note 2. The rule, given in this theorem is known as the rever- 
sal rule. it can be generalised by induction as follows : 
‘f a,b, c,..., k are in G, then , 
(abc. jk) =ko j-...c71 b= a 
Theorem 5. Cancellation !aws hold i in a group. Jf a, 6, ¢ 
are any elements of G, then | 
©  @absac > b=c - (Left cancellation law) 
and ba=ca => b=c. (Right cancellation law) 
(Allahabad 1970; Berhampur 77) | 
Proof. a & G = 3a" & G such that a! a=e=aa™* where 
e is the identity clement. 
Now ab=ac > a~ (ab)=a™ (ac) (multiplying both sides on | 


. the left by a~*] 
=> (a a) b=(a~ a) € [by associativity] 
=> ebmec —[e attasel 
=> b=c [eis ee 


Also ba=sca => (ba) a~!=(ca) a7? 
> 6 (aaa!) = (aa~!) > be=ce > b= 

_ Note. In additive notation these results can be ailien as 
atb=a+c > b=c and b+a=c+a > b=c: 

Theorem 6. /f a, b are any two elements of a group G, then the 
_ equations ax=b and ya=b have unique solutions in G. 

(Nagput 1975; Madras 77) 

Proof. a G&G = Ja™ © G such that a™’ a=e=aa-! where 
e is the identity element. 

a@eGbeGreaic€GbeG 
>aibeG. {by closure property] 

Now substituting a-! b for x in the left hand ale: of the equa- 

tion ax=b, we have 
a (a™ b)=(aaq') b=eb=5. 

Thus x=a-' 6 is a solution in G of the equation ax=6. 

To show that the solution is unique, let us suppose that x= x1 
and x=, are two solutions of the equation ax=b. Then ax,=6 
and ax,=b. Therefore’ ax,=axs. By left_ cancellation law this 
gives x1=x,. Therefore the solution is unique. 

Now to prove the equation ya=b has a unique solution in 
G. We have G&G, bEG => ba*EG. 

Now (baé')- a=b (a! a)=be=b. 

: y=ba-* is a solution in G of the equation ya=b. 

Suppose’y, and ye are two solarions of this equation. Then 


; 
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yia=b and.ya=b. Therefore y,a=y,a. By right cancellation law 
this gives y,=y,: Therefore the solution is unique. | | 

§ 6. Detinition of a group based upon Left Axioms. Let G be 
_ @ non-empty set equipped: with a binary operation denoted by « i.e., 
a°b or more conveniently ab represents the element of G obtained by 
applying the said binary operation between the elements a and b of 
G taken tn that order. _Then this algebraic. structure (G, e)isa 
group if the binary operation « satisfies the following postulates. 

1. Closure property i.e., abEG ¥ a, bEG. 

2. Associativity i.e, (ab) c=a (bc) ¥.a, bc GG. 

3. Existence of Left Identity. There exists an element e & G 
such that ea=a ¥ .a&G. The element e is called the left identity. 


4. Existeace of Left Inverse. Each element of G possesses left 
inverse. In other words a & G => there exists an element a1 GG 
such that a} a=e, The element a is the left inverse of a. 

We shall now prove that this definition of a group and the 
classical definition of a group given in § 3 are equivalent. Obvi- 
ously if the postulates of a group given in §3 hold good, the 
postulates of a group given in this definition will also hold good. 

If the postulates of a group given in this definition hold good, 
_ then the postulates given in § 3 will also hold good if starting 
witlr left axioms we prove that the left identity is also the right 
identity and the left inverse of an element is also the right 
inverse. First we shall prove the existence of left cancellation 
law and then we shall prove the other two results. 

Theorem 1. (Left Cancellation Law). Ifa, b, ¢ are in G, then. 

ab=ac > b=c, 

Proof. Since a & G, therefore 3 a-' EG such that a-! g:e 
where e is the left identity. 

Now ab=ac => a-! (ab)=a7 (ac) 

=> (aa) b=(a" a) [by associativity] 
=> ehoec {°" a-is left inverse of a] 
| => b=c Cv eis left identity] 

Theorem 2. The left identity is also the right identity i.e., if e 
HS the left identity, then also ae=a ¥ a G. - (Meerut 1968) 

Proof. Let a & G and ¢ be the left identity. Since a possesses 
left inverse, therefore there exists a~? & G such that a-! q=e, 

We have a™' (ae)=(a7? aje {by associativity) 

=ee (‘. a a=e] 
=e ('. eis left identity] 
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=a7! qa, . [°° am! ae] 

Now a=! (ae)=a7-! a > ae=a, by left cancellation law. 

'.. ve is also the right identity. 
. € is also the identity i.e, ea=a=ae ¥ a EG. 
Theorem 3. The left inverse of an element is also its right 
verse i.e., if am) is the id inverse of a, then also-aa“'=e. ’ 
(Kanpur 1980) 
Proof. Let a & Gand e be the identity element. Let a-! be 
‘the left inverse of a i.e.,a-' a=e. To prove that aa“!=e. 


We have a (aa-?)==(a @) a? ' [by associativity] 
=eq-! © [ee at ase] 
=a - -. [" e #8 left identity] 

ar =ae. [*" -eis also.right identity} 

Now ant: '(aa-)=a- e 

=> aai=e, - [by left cancellation law]. 


.. a-lis also the right inverse of a. Hence a-! is the inverse 
of a, i.e., a~' a=e=aaq. 

Note 1. In order to prove that a non-empty. set G equipped 
with a binary operation is a group it is sufficient to prove that the 
operation is associative, the left identity exists and the left 
inverse of each element of G exists. 

Note 2. We can also define a group with the help of right 
axioms only. However we cannot assume ‘the exister-e of left 
identity and the existence of right inverse or we cannot assume 
the existence of right identity and the existence of left inverse. 

Some More Examples on Groups 

Example 1. Show that the set G={a+b./2: a,b &€ Qhisa 
group with respect to addition. (Meerut 1979) 

Solution. Closure Property. Let x, y be any two elements 
of G. Then x=a+6/2, y=c+d/2 where a, 6, c, dE Q. 

Now x+y=(a+6v/2)--(c+dy/2)=(a+ce)+(b+d)+/2. Since 
a+e and b+d are elements of Q, therefore (a-+-c)+(b+4)«/2EG. 
Thus x+y © G ¥ x, y © G. Therefore G is closed with respect 
to addition. 

Associativity. The elements of G are all real numbers and the 
addition of real numbers is associative. 

Existence of left identity. We have 0+0V2EG since 0E&Q. 
If a+64/2:is any element of G, then _- 

(0-+04/2)-+-(a+by/2)=(0+4)+ (0+5)/2=a-+ bv/2. 

*, 0+0+/2 is the left identity. 

Existence of left Inverse. We have 
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ae EG > (—a)+(—5)\/2 & G Siitce. a, b = = > —@, 


Now [(—a)+(— -b)/2)-+la+by/21 | i oes 
=((—a)+a]+[(— b)+5}o/2=0+0+/2=the left identity. 
*. (—a)+(—6)+/2 is‘the left inverse of a+-54/2. 
Hence G is a group with respect to addition. 
Example 2. Do the following sets form groups with respect to 
the binary operation « defined on them as follows : 
) the set 1 of.all integers with operation defined by — 


a + b=a-+-b+l1, (Madras 1975) - 
(iy the set Q, of all rational numbers other than 1, with the 
peration defined by a « b=a+b-ab. (Meerut 1987) 


(iii) the set Q' of all rational\numbers other than —1 with the 
operation defined by a * saa Nabi (I. A. S. 71; Poona 73) 
Solution. 
(i) Closure Property. We have a@E€lIbel>=at+b+!l 
~4,e.,.4* bEI. Therefore I is closed: with respect to the operation +. . 
Associativity. If a, b,c & I, then 
(a * b) *c=(a+b+1) * c=(a+b+1)+c+1l=a+b-+e+2. 
Also a#(b *c)=a+ (b+c+)l)=a+(b+e Seer eens: 
“ (a@eb)ecH=art(bec)¥a,bceEel 
Existence of left identity. ¢ & I will be the left identity if 
exa=a¥yael. 
Now ex a=eta+l. 
. e+a+l=a => e=—1, 
Since —1 € I and we have for any a € I 
(—1) * a=—1+4+44+1=a 
therefore. —1 is the left identity element. 
Existence of left Inverse. If a GI, then d EI will be left 
inverse of a if b * a=—1 (the left identity). 
Now 6 #a=—1 => 6+a+l1=—1 = 6=—2— ~a. 
NowaeGl= —-2-a@aceEl © 
Also (—2—a) * a=(—2—a)+a+-1=—1. 
—2—a is the left inyerse of a. 
“Also a+eb=atb+! =btatleb * G, Therefore the com- 
position is also commutative: _ = 
‘Hence I is an infinite abelian group for the given 
composition. 
{ii) _ Clousfe Property. Let a,b @Q,. Then a and 6 are 
rational numbers such thatjax#1, 641. 


Now a « b=a+6— ab ‘which is also a rational number aT it 
cannot be equalto!, 
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because a+ b—ab=1 > a+b—ab—1=0 => (a—1) (I—b)=0 
=> a=1 or b=1 which is not so. 
' @*beEQ, ¥ a, bEQ:. Hence Q, is closed with respect. 
to the given composition. 

Associativity. If a, 5,cGQ:, then 

( * b) * c=(a+b—ab) « c=(a+b—ab)+c—(a+b—ab) c 

=a+b-+c—ab—ac—be-+-abe. 

Also a « (b « c)=a« (b+c—bc)=a+(b+c—bce)—a (b+e—hc) 

=a+6+-c—ab—ac—be-+ abe. 
ax(b*c)=(a+b)e#c ¥ a, b, cEQ. 

Existence of left Identity.. Let e@Q, i.e., let e be a rational 
number and e-41. Then e¢ will be the left identity iff ¥ a@Q; we 
have e * a=a<>e-+-a - ea=a<>e—ea=0<e(1—a)=0e=0. [Note 
that a2&Q,>a41. Now 0EQ;; so 0 is the left identity. 

Existence of !eft Inverse. Let a&Q, i.e., let a be a rational 
number anda<l. Now b€Q, will be the left inverse ofa iff 


6b a=0 ~ b+a—ba=0 = i ake <> b=, since axl. 


Now ~ is definitely a rational cation Also oan cannot be 


equaltol. Therefore “— E Q, and so it is the left inverse 


of a. 

Also a s b=a+ b-ab=b+a—ba=b «a. . 
the set Q, of all rational numbers except | is an intinite 
abelian group with respect to the given composition. 

(iii) Proceed as in ss (ii). Here 0 is the identity element 


and the inverse of ai is fas) whieh’ exists since a-+1:40 and 


=. - aaa 
Example 3. Prove that the set. of all mxXn matrices having 
their elements as integers {rational or real or complex numbers) is 
an infinite abelian group with respect to addition of matrices. 
Solution. Let + be the set of all mxn matics with their 
‘elements as real numbers. 
Closure Property. IfAGM,BE M, then A+BEM. The 
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reason is that 4+ Bis also a matrix of the type mxn and the 
elements of the matrix A+B are also real numbers since the sum 
of two real numbers is also a real number. Therefore M is closéd ~ 
With respect to addition of matrices. 


_ Associativity. We know that addition of matrices js asso- 
ciative. a 


Existence of left Identity. 1f O be the nul! matrix of the type 
mxnthen OEM. Also if AEM, we have O+A=A. 


The null matrix O is the left identity. 


Existence of left Inverse. If A4@M, then —AGM where —A - 
is the matrix whose elements are the negative of the correspon- 
ding elements of A. Also —A+A=O=the left identity. 

—A is the Jeft inverse of A. 

Also: the additiqn of matrices is commutative and the set M 

is an infinite set. | . 
(M, +) is an infinite abelian group. 


Example 4. Show that the set of all nxn non-singular matrices 
having their elements as rational (real or complex) numbers is an 
pee non-abelian group with respect to matrix multiplication. 

(Berhampur 1977; Meerut 77) 

Solution. A matrix A is said to be non-singular if | A |, Le., 
the determinant of the matrix A is aot equal to zero. 

Let M be the set of all 1 xm non-singular matrices with their 
elements as rational numbers. 

Closure Property. We have AGM =A is of the type nxn, the 
elements of A are all rational numbers and | 4 |0. Similarly let 
BEM. Now AB will be a matrix of the typemxa, the elements 
of AB will all be rational numbers. Also | AB |=| 4 || B]. Since 
| A |40 and | B|40, therefore | AB |40.' Thus ABEM. Therefore 
M is closed with respect to multiplication of matrices. 

Associativity. Multiplication of matrices is associative. 

Existence of left Identity. If / be the unit matrix of the type 
nxn, then the elements of / are all rational numbers. Also | /|=1 
i.e.,#0. Therefore JEM. If AGM, we have [4=A. Therefore / 
is the left identity. 

Existence of left Inverse. We know that every non-singular 
matrix is inversible. Therefore if AGM, there exists a non-singular 
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matrix Ata (Adj. A) with elements as rational numbers 


such that 4-? A=J=the left identity. 

“We know that multiplication of matrices is not in general 
commutative. 

M is an infinite non-abelian group with respect to multi- 

plication of matrices. 

Note. If M is the set of all nxn non-singular matrices with 
their elements as integers, then M 3 not a group with respect to 
matrix multiplication. The reason is that all such matrices are not 


1 2 
inversible. For example the non-singular matrix E A is not 
inversible. 


We have [3 an al-(o i [=the identity slement: 


Since the elements of the matrix [-§ _j] are not all inte- 
4 


gers, therefore this matrix does not belong to the set M. 
Example 5. Show that the set of matrices 
(ee a —sin *| 
A,=| , 
Sin x COS « 
where g is a real number, forms a group under matrix multiplication. 
(Kanpur 1969 ; Allahabad 66) 
Solution. Let G denote the set of matrices 
=(Sin . =a sh where «ER.. 
Sin « COs « 
Here R is the set of real numbers. 
To prove that G is a group with respect to matrix multiplica- 
tion. 
Closure Property. Let A,, As be any two elements of G while 
2,BER. Wehave | 
AAS be om —sin ‘| ER B —sin An 


sin z cos « } {sin B cos B 
cos(x+8) —sin («+ 8) 
=( Sin (a+ 8). cos aA Az48EG, since x+BER. 
Associativity. Matrix multiplication is associative. 


Existence of left Identity. Since OER, therefore 


cos0 —sin 0 
A= ae 6. . “ees o} EG. If A, be any member of G, then 
AyAs= Ansys [A Ase Aaya] 


= A, 
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. Ap is the left identity. | 
_ Existence of left inverse. Let 4,€G. Then A(-.,€G because 
2&R=»>—-ceER. Now 4 
A(-2) An=A(-2)42 - ei AgAg= Ac+el 
=A,=the left identity. 
Av.) is the left inverse of A.. 
Thus each element of G possesses left inverse. Hence G is a 
group under matrix multiplication. . 
Example 6. Let S.be any non-empty set and let A (S) be the 
set of all one-to-one mappings of the set S onto itself. Then show 
that A (S) is a group with respect to composite of mappings as the 
composition. (Banaras 1962) 

Ts it an abelian group ? 

Solution. Let f, g be any two elements of A (S). Then f and 
g are both one-to-one mappings of S onto itself. By the definition 
of composite of two functions fand g denoted by fg, fg is a mapp- 
ing from S to S given by ~ 

( fe) (x)=f [g (x)] ¥ xES. 

Closure Property. We know that if f, g are two one-to-one 
mappings of S onto itself, then the composite mapping fg is also 
a one-to-one mapping of S onto itself. Consequently fg © 4 (S), 
vf, g&A (S) Therefore A(S) is closed with respect to composite 
composition. | 


Associativity. Let f, g, Abe any three elements of A(S). Then 
(fz) h and f (gh) are both mappings from S to S. For every xES, 
we have 
(( fe) 4] (x)==( fe) (h (x)1=S le (h(x) =S {(gh) (x) =C SF (eA) ()- 

(fe) h=f (gh), by def. of equality.of two mappings. 

Existence of left Identity. Let ¢ be the identity function on S, 
ie.. e(x)=x ¥ x ES. Then the mapping e is obviously one-one 
onto. Therefore e G& A(S). If fis any element of A (S), then 

“x & S, we have . 
(of ) (x) =e [f (*)] 
=f (x), since ¢c is identity mapping on S. 
Therefore ef-=f. Thus e@A (S) is the left identity. 

Existence of left Inverse. Let EA (S). Then f is a one-to-one 
mapping of S onto itself. Let y be any element of S. Since 
fis onto S, therefore yeS> 3 xeS such that f(x)=y. Also x 
determined in this way is a unique element of S because / is 
one-one. 
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- Now let us define a mapping f~’ : sbs such that 
Sf” (y)=x if and only if f(x)». 

Then f 1 is also a one-to-one mapping fof Ss onto itself. . 
Therefore f-! € A (S). Let us compute f-* f which’ is a oar rey : 
from S to S. Given x & S, let y= se Then by definition: of f- 
we have f-! (y)=x. 

& (F2) W=f Lf @)=f-} O)=x. 

Thus f-! / is the identity mapping of S i.e. f-? fre. “There: 
fore f-! is the left i inverse of /. 

Hence A(S) is a group with respect to composite composition. 


If the set S' has only one element, then the set A(S) has only. 
one element, and every group of order | is abelian. If the set S has 


two elements, then the set A(S) has also two elements and every 


group of order 2 is abelian. But if the set Shas more than two 
elements, then we shall show that the group A(S) is non-abelian. 
Let x1, X2, x3 be three distinct elements in S. Define the mapping 
$2 SS by f (x1)=22, f (x)=, f (X)=m1f (y=y for any YES 
different from x1, X2, x3. Also define the mapping g : S->S by 
& (Xs)=Xs, 8 (Xs)—=xz and g(yJ=y . | 
for any y & S different from Xs, xs. Obviously {both f and g are 
One-to-one mappings of S onto itself. Thus hoth f and gare in 
A(S). We have 
(ef) (m=2 LS (adl=g (x5) =x. 
Also (fg) (m1)=f [g (m))=Sf (11) =x2 
‘Thus (gf) (x:)#4( fg) (1). Therefore gf#/fg. | 
Hence in this case A S) is a non-abelian group. 


- Example 7. Determine as to whether the following sets. to- 

' ‘gether with the indicated composition constitute groups : 

- * (4): The set-S of all ordered pairs (a, b) of real. numbers for 

which a+0 with respect to the operation x defined by ae 
(a, b)x(c, d)=(ac, be+d). 

. (LA.S. 1969; Madras 714: Kerala 70) 

(fi) The set P (X) of all subsets of a non-empty set X, under 
the composttion * defined by the relation . 

Ax B=A UBY¥ dcx, BC X. ' (Rajasthan 1966) 
_ Solution ( i). 

_ Closure Property. Let (a: 6) and (c, d) be any two methbers 
of s. Then -a0 and c40. Therefore ac<0.. Consequently 
(a, b)x(c, d)=(ac, be+d) is also a member of. S.: ne S is 
closed with respect to the given composition. . rp 
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Associativity. Let (a, b), (c, d) and (e, f) be any three mem- 
bers of S. Then 
[(a, b} x(e, d)] x (e, f )=(ae, bc-+-d)x(e,f) 

=([ac] e, [be+-d] e+f) 
==(ace, bee-+de+f ). 

Also (a, b)xL(c, d)x(e, f )=(a, b)x(ce, de+f ) 
=(a [ce], b [ce]+-de-+/ ) 
==(ace, bee-+-de+/). 

Hence the given composition Xx is associative. 


Existence of. Left Identity. Suppose (x, y) is an element of S 
such that (%, y) x(a, b)=(a, b) ¥ (a, 5) € S. 
_. Then (xa, ya+56)=(a, 5). 

Hence xa=a and ya+b=b. 

These give x=1 and y=0. [Note that a0] 

Therefore (1, 0) is the left identity. 


Existence of Left Inverse. Let (a, 5) be any member of S. Let 
(x, y) be a member of S such that (x, y) x(a, b)=(1, 0). 

Then (xa, ya+56)=(!, 0). Hence xa=1, ya-+-b=0. 

These give x=1/a, y= —b/a. 

Since me therefore x and y are real eae 

Also x= iH. Thus (. _ a) is the left inverse of (a, 5). 

‘Hence S i is a‘group,. 

Note. In the above group, we have . 

(a, b) x (c, d)=(ac, be-+-d) 

and , (c, d)x(a, b)=(ca, da--b). 

Thus, in general, (a, b) x (c, d)#(c, d)x(a, 5) i.e., the compo- 
sition.is not commutative and hence the group is not abelian. 


(ii) Closure property. Let A and B be any two members of 
P(X). Then AC XY, BEX. We have A * B=A J B which is 
also a subset of XY. Thus. A * B is also a member of P(X). There- 
fore P(X) i is closed with respect to the given operation. : 


‘Asseciativity. We aoe that the union of sets is an. associa- 
tive operation. saa Ges 


Existence of Left lacing ‘the émpty set Bi is.a stibbet of X. 
Therefore @ is a member of P(X). ‘If A is any member of P(X), 
- we have & * A= U A=.‘ Therefore @ is the left identity. 
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Existence of left inverse. Let A be any non-empty member of 
P(X) Le., let 4 X and Ax. Now for every member Sof 
P(X), we have S * A=S  A#Q. Therefore no member S of 
- P(X) can be the left inverse of A. Hence P(X). is not a group 
under the composition of union. © 

Example 8. Let G be a set of elements on which an algebraic 
' operation x is defined such that axb & G for all a,b GG. Prove 
that G {s an abelian group for this operation if the following postu: 
lates are satisfied : 

(i) (axb)xc==ax(exb) for all a, b,c & G; 

(ii) There exists a left identity e G G such that exa=a for 
alla & G; and 

(ili) Corresponding to every element a & G, there exists a left 
inverse a“! & G such that a“*xa=e. (Kerala 1970) 

Solation. Let a, b be any two elements of G. By given pos- 
tulate (ii) left-identity e is an element of G. Applying given pos- 
tulate (i) for the elements e, a and b of G, we have 

(exa)xb=ex(bxa) 
> axb=bxa [’." eis the left identity means exa=a 
, _ and ex(bxa)=b Xa] 

Thus we have axb=bx<a for all a, b & G. Hence the opera- 
tion X is commutative. 

Now let a, b,c & G. Then by (i); we have 

(ax b) xc=ax(exb) | 

=ax(bxc). (. bxc=cxb as just proved] 

Hence the operation x is associative. ThusG is an abelian 
group for the operation x. 

Example 9. Prove that in a matrix group under multiplication, 
efther all the matrices are non-singular or all are sail 


Show that the set of all matrices of the form |* = 


: *, . where 

' ¥ bs a non-zero real number, is a group of singular matrices for mul- 
tiplication. Find the identity and inverse of an element. 

‘(Madurai 1988) 

. Solution... Let M be a matrix group under spultiplication. 

‘Let E be the identity element. Then — eg 

_ AE=AY AEM |. -»-(1) 

If Eisa a singular matrix, then the equation ( 1) is not satisfied 

‘by an element A&M if A is a non-singular matrix, Tife.reason is 

that if.A is non-singular and £ is singular, then AE ; io singylar and 

80 it cannot be equal to.a non-singular matrix A. "Therefore. if E 
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“is @ singular matrix, then every matrix 4 © M must. also be 
~ singular, 


Now suppose E£ is a non-singular matrix. Let AEM and let 

A be singular. Then there exists no matrix BEM such that AB=E. 

(Note. that £ is non-singular while 4B is singular]. Thus 4 does 

‘not possess inverse. -This contradicts the hypothesis that / isa 

group. Therefore if E is a non-singular matrix, then every matrix 

- AEM must also be non-singular.’ Hence M cannot be a group 
_ if it contains both singular as well as non-singular matrices. 


Second Part. Let ual =|: : x is a non-zero real numbert 


We have \z * |=6. So EF "| is a singular matrix. 

Now we shall show that is a group under multiplication. 

Closure Property. Let A= =|; *} B= P y 4 be any two 
elements.of AZ. Then x, y are non-zero real numbers. We have 


= xy 
AB= Fs red 


Since 2xy is also a non-zero real number, therefore ABEM. 
- Associativity. Matrix multiplication is associative. 


Existence of left identity. Let e—( ‘| © M be such that 
EA=A ¥ AEM. Let a=[y *] © M. Then 


Band = [2 ll ah Ea 
me 2ex x =| 
2ex mee x. x 
=> 2Zex=x 
> e=4, since x40. ; 
Thus eft Hq © M and is such that EA=A ¥ AEM. 
‘Therefore E is the left identity. 


Existence of left inverse. Let A= -[% | be an arbitrary 


‘element of M. Suppose a-[” y ] © M is such that BA=E. 
Then we have 


[SSL i 
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_ This gives 2xy=} or y= 4x. Thus B= ie Nas] eM 


is such that BA=E, Therefore B is the left inverse of A. 
Hence M is a group. 


y(t +) fx x} [i/4x act 
oon [; ay ix xj “[l/4x  -1/4x 
Example 10. if o={{o al : @ fs any non-zero real numbert, 
show that G is a commutative group under matrix multiplication. 
| (Madras 1983) 
Solution. Let A=|? ° B= b 4 be any two elements 
ia “40 oP 0 Oj} yi 


ofG. Then a, } are non-zero real numbers. We have 
ab 0 ‘ba 0 
Since ab is also a non-zero real number, therefore. 43. & G, 
' Thus G is closed for matrix multiplication. Also AB=BA because. 
ab=ba. Therefore multiplication on G is commutative. Also we 
know that matrix multiplication is associative. 
Existence of left identity. Let E-[) a: Then EG and 
we have a. 
1 Ojfa oO a 0 
EA=| 9 a k . =| |= ¥ AGG, 
Therefore E is the left identity. 


Existence of left inverse. Let 4=[) 0] be an arbitrary ele- 
ment of G:~ Then a is a non-zero real number and s0 1/a is also 
A non-zero real number. Therefore Belo! it 4 is also an cle- 
ment of G. We have 
_[lja O}]fa 07 ff O}_ 
Bao | 0} fo oto 0] . 
B is the left inverse of A. 
Hence G is a commutative group for matrix multiplication. 


§ 7. Composition table for finite sets. 


A binary composition in a finite set can be shown in a tabular. 
form known as Composition table, | 
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Suppose S={a;, ds, ds, ..., An} is a finite set having n elements. 
Suppose there is a composition in S denoted multiplicatively. We 
write the elements of the set S in a horizontal row as well as in a 
vertical column. ~The element a,a; associated to the ordered pair 

(a1, a)) is placed at the intersection of the row headed by a; and 
the column headed by ay. 

An Important Remark. The composition table for a finite 
group contains each element exactly once in each of its rows and 
columns. For example, let aa; and a;a, be any two elements of 
the ith row. Then aaj=aia, >.aj=a (by left cancellation law). 
But this is a contradiction since a;, a, are different. Hence the 


result. . - 
Some Examples On Finite Groups 


Example 1. Show that thé four fourth roots of unity namely. 
1,-—1,i, -—i 
form a group with respect to multiplication. - , (Meerut 1976) 


Solution. Let G={l, —1, 7, —§. To show that multiplication 
is a composition in G, we form the composition table. 


multiplication | 1  —1 f —i 
1 1 a | i —i 

—1 —!] 1 —f { 

i a a | 1 

—i —i i l —! 


‘Now we make the following conclusions : 

1. Closure property. Sipce all the entries in the compositjon 
table are elements of the set G, G is closed with respect to multi- 
plication. Therefore multiplication is a binary operation on G. 

2. Associativity. The elements of G are all complex numbers 
and the multiplication of complex numbers is associative. 

3, Existence of left identity. From the composition table we 
see that the row headed by the element | just coincides with the 
top row of the composition table. Thus we have | 

1(1)=1,1 (-D=—1, | M=i, 1 (-—)o—i. 

In other words we have 1EG and la=av¥aeG. 

-¢, lis the left identity. 
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4. Existence of left inverse. We know that the identity ele- 
ment is its own inverse. Therefore the left inverse of 1.is 1. From 
the composition table we see that in the column headed by —1, 
the teft identity 1 occurs in the row headed by —1 ie, (—1)(—1) 
=1, Therefore—1-is the left inverse of—1. Also we see that in the 
column headed by / the left identity 1 occurs in the row headed by 
—i. Thus (—#) i=1. Therefore —# is the left inverse of i. Finally 
in the column headed by —i the left identity 1 occurs in the row 
headed by i. Thus i (—£)=1. Therefore # is the left inverse of —i. 
Thus each element of G possesses left inverse. , 


Hence G is a group with respect to multiplication. The 
number of elements in the set Gis 4; Also the multiplication of 
complex numbers is commutative. Therefore G is an abelian group 
of order 4 with respect to multiplication. = 


_ Note. To see that the composition is commutative we observe 
from the composition table that the entries in the first, second, 
third and fourth rows of the table just coincide with the corres- 
ponding entries in the first, second, third and fourth columns. 
Therefore. we have ab=ba ¥ a, b&G and the composition is com- 
mutative. 


Example 2. - Shaw that the set G={1, w, w*}, where w is an 
imaginary cube root of unity ts a group with respect to multiplication. . 
(Agra 1971; Madurai 78; Meerut 84; Kumayun 77; Rohilkhand 80) 


Solution. We form the composition table : 
7% Note that - 
Multiplication | 1 ww w? ww*=we=1 and . 
‘\ wit wi= wey 


é lw 
“1 1 w * ow 7 =w 
\ : ; 
‘Ww bp @w w? 1 
w* w? 1 @w. 


Ll. Since all the entries in the composition table are elements 
of the set G, therefore G is closed with respect to multiplication. 
2. The elements of G are all complex numbers and we know 
that multiplication of complex numbers is associative. 
3. From the composition table we see that 
- 1(1I)=1, 1 (w)=e=e (1), 1 (w*)=w® =? (1).. 
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Therefore | i the identity element. 
4. The inverses of 1, w, w* are 1, w®, w respectively. 
5. The mu tiplication of complex numbers is commutative. 
The number of elements in the set G is 3. 

Hence G. is a finite abelian group of order 3. 

Example 3; Show that the set of six transformations fi, fa, fs; 
farts: fo on the set of mee numbers defined by 


ers per —2, f=), 


FA y=] L. fd2\="= 


forms a finite mae group Yi order six with respect to the 
composition known as i aad of two functions or product of two 
functions. (Sambalpur ar) 


Sotution.| Let G={ fi, fas far fas Sus fa) 


; Suppose e denote multiplicatively the composition known as 

- the composite or product of two functions. If f; AB and 
ig .B->C theg by definition (gf): A->C such that (¢f) @)= 
‘g (IG) ¥xeA. The function g f is called the composite of the 
functions g a df. We prepare the composition table as follows : 


ince the function fi is the identity function, therefore 
h fiahy hh h=h=hfhihh=h=fe Sas 
fha=h=hh: ah aes =fsofofi- 


Now ( ffir) O=fl A@)=fe (; J=an =i) == =f,(z). 


- fhoh (. iff { A+>B-and g : A->B, then f=g 
iff f (x)=g (x) ¥xE A] 


(Af) =f [fal2=fll -—2)=7—5 + =fi(2). ‘Therefore fe =f. 


(nfo =f Linh (=2y)=2 fie). Therefore fe =f 


| (fof) (=fa l flN=fe (S )=1-z-f (2). Therefore fa fe=fs. 


Similarly calculating the other products’ we get the compen: 
tion table as given below : 
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Composition of oO 
two functions Ah fo fs fe. fs Ss 


A lA ff fh fh ff fe 
Aifi fh fh fe fe fe. 
 filih kh fh fk h Ah 

; Aifs fk fo fi fe fa 
fifi hh fk fk ff h 
fo'fe fp fs fa fi fs 

We make the following observations : | 

1, All the entries in the composition table are elements of 
the set G, therefore G is closed with respect to the given com-. 

position. | 

We know that the composite of functions is an associative 
composition f.c., if f: A>B, g: B>C,h: C->D, 

‘then h (af )=(hg) f. 
3. The identity function f, is the identity element. 
4. Each function possesses inverse. Thus 
fis 1s fr =fa, fo =f ff fs =f, @ taf. 

5. The composition is not commutative since 

frfs=feand fsfa=fe. Thus fi frAfs fr. 

The set G contains 6 elements. 

Hence G js a finite non-abelian group of order six. with res- 
poe to the composite composition. 

Note. Here we see in the composition table that the entries 
in the second row do not coincide with the corresponding entries 
in the second column. Thus f2 fs4/s fo. Therefore the composition 
is not commutative. 


Example 4. Prove that the set of alin nth roots of unity forms 
a finite abelian | group of order n with respect to multiplication. 
(Banaras 1969; Meerut 81; Allahabad 82) 
Solution. We have (Ives +0i)'/*=(cos 0--i sin 0)*/« 
==(cos 2r7+i sin mig where r is any integer 


= COS ci +i sin 2 ” [by De Moivre’s theorem) 


— e(i8rn) /a, 
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Putting r=0, 1, 2,......,n—1 we get the 2 nth roots of unity. 
“. If Gis the set of the » nth.roots of unity, then 
G={l, etat/n, efti/n, esni/a, .,, el&(a-1)ni}/a} | 
or G={l, w, w*, w,..., wo}, where w=e2i/n, 

Closure property. Let a,b @G. Then both a and d are nth 
roots of unity. Therefore a"=1 and b"=1. 

Now (@b))=a"h'=1 x1=1. 

ab is also an nth root of unity and so abeG. 

Thus a, b&G = abeG. Therefore G is closed with respect 
to multiplication. 

_ Associativity.. The elements of G are all complex numbers 
and the multiplication of complex numbers is associative. 

Existence of left identity. We have 1GG and 1 a=a¥ &G. 

Therefore 1 is the left identity. 

Existence of left inverse. _ The left inverse of 1 is 1. 

If w", 1 <r < n—-1, is any other element of G, then w*-" is 
also an element of G. We have 

wi? gf=wi=] (°. wis an nth root of unity] 
.. wr is the left inverse of w’. | 
Further the multiplication of complex numbers is commutative. 
the set of n nth roots of unity isa finite abelian group of | 
order n with respect to the operation of multiplication. 

Example 5. Quaternion Group. Let T={+1, +i, +/, +k}. 
Define a multiplicative binary operation on JT by setting’ 
P=PoPe=—1 and ij=—jixk, jk=—kj=i and ki=—ik=j, It 
can be easily shown that for this binary operation T is a non- 


abelian group. T is called a Quaternion Group and its order is 8. 
It can. be easily verified that the set G consisting of the following 
eight matrices 


-#[o tkef hal? ob [1 ol 


forms a quaterpion group under the operation of matrix multi- 
plication. eh 
Exercises © oe 
1. Show that the set G={1, —1} is a finite abelian group of 
order 2 under;multiplication as composition. -. —- 
_ 2. (i) Distipguish between an abelian and a non-abelian 
group. Give an example of each. - (1.A.S. 1970; Kumayon 78) 
(ii) In group theory, prove that the left axioms imply the 
right axioms. ——- oe : (Sambalpur 1977). 
Show that the set 
- G={-, 3-4, 3-8, 3-2, 3-1, 1, 3, 32, 33, 34,...} 
_ forms an infinite abelian group with respect to muitiplication. 


Groups . 75 


4. Show that the set of all positive rational numbers (real 
numbers) forms an abelian group with respect to multiplication 
of numbers. (Meerut 1972) 

5. Show that the set I of all integers is an abelian group 
with operation + defined by axb=a+b+2. 

6. Prove that the set of rational numbers of the form 

a (ms; n integers) is a group under addition. | 

7. Show that the set G of all square matrices [ajjJaxn such 
that det [a;;)=+-1 is a group under matrix multiplication. Show 
also that those matrices in G for which det [a;,]=1 form a group. 


8. Show that the set of all matrices E i a and b being 
: non-zero reals, is a group under matrix multiplication. 
9. Show that the set.of all matrices fo gal a and 5 real, 


is a group under matrix multiplication, c being a positive 
constant. 


10. Show that. the set of all al where a and 6 


are real numbers not both equal to ZeTO, is a group under matrix 
multiplication. (Madras 1962) 
11. Show that the set of matrices 


COs & sin « 0 
|-#s “a cose | 
0 0 0 
where a is a real number, forms a group under matrix multiplica- 
‘ tion. ~ (LA.S. 1975) 
12. Show that the set of four transformations /;, fa, fs, fa on 
the set of complex numbers defined by 
f(z) =2, fal2)= —2, fal2)= 1/2, f(z) = — 1/25. 
forms a finite abelian group with respect to the composite com- 
position. (Banaras 1963) 
13. Show that the set of complex numbers = with | z|=1 is 
not a group under the operation « denoted by 
2, * Z3=| 21 |*Ze. 
14. Show that the four matrices 
1 0) f—1 Oj fi 0} [-1 0 
[Sk lo thle bE a] 


form a multiplicative. group. _ (Rajasthan 1975) 


\ 
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15. If z denotes any complex number, then show that the set 
of all bilinear transformations 


y= Zt, ad—bc+0, a, b, Cc; deC 
is an infinite non-abelian group. 
16. Prove that the set of all transformations fayette 


with ad—be=1 is a group (a, 6, c and d are complex numbers). 

17. If Gis a group and aG&G is such that aa=a, prove that 
ae, 

18. If every element of a group is its own inverse, show that 
the group must be abelian. 

19. “Show that the composition table for a finite group con- 
tains each group element once and only once in each of its rows 
and columns. 

_ 20.: Forming the composition table for the multiplicative 
group {e, a, } of order 3, show that every group of order 3 must 
be abelian. 


21. LetG.bea non-empty set closed ‘under an. associative 
product, which in addition satisfies : 


(i) Existence of right identity ie., there exists an element 
e&G such that ae=a ¥ acc. 


(ii) Existence of right i inverse Le., a&G > there exists an 
element a-? & G such that aa“!=e, 


Prove that G must be a group under this product. 
(Nagarjuna 1979) 
“[ Hint. First prove that with the given postulates the right 
cancellation law must hold. Then show that the right identity is 
also the left identity and the right inverse of an element is also 
its left inverse]. 


22. Let M be the set of all 2x2 matrices of the form E y 4 


where x, yER with x-++y40. Show that M isa semi-gioup under 
matrix multiplication. Further show that M has aleft identity and 


each element of M has a right inverse. Is M a group ? (Ans. No.) 

23. Let R, be the set of all real numbers except zero. Define 
a binary operation * on R, by a « b=|a@|b where | a] denotes 
the absolute value of a2. Show that — ; 

(i) * ‘is associative on Ro. 

(ii) There exists a left identity for +, and a right inverse for 
each elementin R,. 

Is (R » *) @ group ? ns. No.) ; 

(Hint. Note that | and —1 are both left identities} zi 
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§ 8. Addition Modalo m. We shall now define a new type of 
addition known as “addition modulo m” and written as a+mb 
where a aiid b are any integers and m is a fixed positive integer. 

By definition, we rabies 

a+mb= <r<im 
- where r is the least aa aie remainder when a+b (t. e., the 
ordinary sum of a and 4) is divided by m. 

For example 15+-57=2, since 15-+-7=22=4(5)+-2 i.e., 2 is the 
least non-negative remainder when 15-+-7 is divided by S. Similar- 
ly 5+6.3=2; 5+72=0; 9+12 3=0; 4+, 2=0; 3+, 1=1. Also 
—23+-, 3=1, since —23+3= —20=(—3) 7+1. 


Thus to find a+,5, we add a and 6 in the ordinary way and 
then from the sum, we remove integral multiples of m in such a 
way that the remainder ris either 0 or a positive integer less\ 
than m. | . 

- When a and d are two integers such that a—-b is divisible by 
a fixed positive integer m, then we write | 
a=b (mod m) 
which is read as “a is congruent to 6 modulo m.” 


Thus a=b (mod m) iff a—b is divisible by m. For example 
9=4 (mod 5) since 9—4 is divisible by 5. 133 (mod 5) ; 
5=5 (mod 5) ; 9=3 (mod 6) ; 16=4 (mod 6) ; —20=4 (mod 6). 

It can be easily seen that if a=b (mod m), then A+ me=b+ me. 

For a=b (mod m) > a—b is divisible by m 

=> a—b=km for some integer k 
> a=b+km, 


~ Now a+mce=(b+km)+me 
_ =least non-negative remainder when (6+-km)-+¢ is divided by m 
=least non-negative remainder when b+e is divided by m 
=b+-mc.: 
For example S5=1 (mod 4) and we have $+,42=1+,2=3. 
Also. it is obvious that a+ mb=a+b (mod m). 
For example 9+.5= =2 and 9+5=14. Now l4=2 (mod 4). 
Finally . ~ A+mb=b+ma. 


§ 9. Multiplication modalo:p. We shall ‘now define a new 
type of multiplication known as “multiplication modulo p’’ and 
written as aX pb where.@ and b are any intégers and p is.a fixed 
positive integer. By definition, we have 
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ax,b=ar,0 <1 <p, 
where r is the least non-negative remainder when ab (i.e., the 
ordinary product of a and b) is divided by p. For example 
8x ,3=4 since 8 x3=24=4 (5) +4. . 

Also 4x, 2=1 since 4Xx2=8=1 (7)+1. 

It can be easily seen that if a=b (mod p), then ax sembX pes 

Also it is obvious that, aXp b=ab (mod p). For example 
5X 34=2 and 5x4=20. Now we see that 2=20 (mod 3) since 
2—20 is divisible by 3. 

Theorem 1. Additive group of integers. mcdulo m. The set 
G={0, 1, 2,..., m—1} of first m non-negative integers is a group, 
the composition being additton reduced modulo m. 

Proof. We have by definition of addition modulo m, 

a+mb=r 
where r is the least non-negative remainder when the ordinary 
sum a-+5 is divided by m. Obviously 0 < r < (m—1). Therefore 
for alla, b & G, we have a+b & G and thus G is closed with 
respect to the composition addition modulo m. 

Associativity. Let a,b,c be any arbitrary elements of G. 
Then a+ m (b+mc)=a+ m(b+c) [.. b+mceb+c (mod m)) 
==least non-negative remainder when a+(b-+¢) is divided by mm 
= least non-negative remainder when (a+5)+c is divided by m, 

. since a+(b+c¢)=(a+5)+c 
=(a+b)+ me . [by def. of +m) 
= (a+ mb)-+me [. at+b=a+nb (mod m)} 

“. ‘+m’ iS an associative composition. 

Existence of Identity Element. We have0&G. Also ifa 
isany element of G, then 0+,,a=a=a+,,0. Therefore 0 is the 
identity element. . 

Existence of inverse. The inverse of 0 is 0 itself. If reG and 
r%0, then m—reG. Also (m—r)+mr=0=r+m (m—r). Therefore 

m—r is the inverse of r. — 

Also, the composition ‘+m’ is commutative, since 

a+mb=least non-negative remainder when a+6 is divided by m 
=least non-negative remainder when b+a is divided by m 
=b+ ma. 

' The set G contains m elements. 

(G, +m) i$ a finite abelian group of ce m. 

Note. If we exclude zero from the above set, it will not form 
a group. ; 
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Theorem 2, Multiplicative group of integers modulo p where -p 
is prime. The set G of (p—1) integers 1, 2,3,..,p—1, p being 
prime, is a finite abelian group of order p—1, the Sere being 
multiplication modulo p. 


Proof. Let G={l, 2, 3,..., p—1} where p is prime. 

(A non-zero integer p is called a prime integer if it is neither 
1 nor —1 and if its only divisors are 1,—1, p, —p. The first 10 
positive primes are 2, 3, 5, 7, 11, 13, 17, 19, 23, 29]. 

Let a and b be any elements of G. Then 1 < a <p—1,1<6 
<p-—1. Now by definition, ax,b=r where ris the least non- 
negative remainder when the ordinary product ab is divided by p. 

Since p is prime, therefore ab is not exactly divisible by p. There- 
forer cannot be zero and we shall havel <r <p—1. Thus 
ax ,bEG ¥ a,bEG. Hence the closure axiom is satisfied. 


Associativity, Let a, 5, c be any arbitrary elements of G. 

Then ax, (bX ,c)=ax p (be) ["" 5x pc=be (mod p)] 

least non-negative remainder when a (dc) is’ divided by p 

=least non-negative remainder when (ab) c is divided by p 

= (ab) x pc | 

=(@X pb) x pc [°° ab=ax ‘rb (mod p)] 

X p is an associative composition. | 

Existence of left identity. We have 1 & G. Also if a is any 

element of G, then 1x ,a=a. Therefore 1 is the left identity. 


Existence of left inverse. Let ls be any member of G. Then 
l<s<p—1. Consider the following p—1 products : 
1X pS, 2X ps8, 3X py... (V—1) X pS. . 
All these are elements of G. Also no two of these can be 
equal as shown below : | 


Let i and j be two unequal integers such that 
1<i<p—1, 1<j<p—! and i>/: 

Then iX ps=j X pS 

=> is and js leave the same Teast non-negative remainder 
when divided by p 

=> is—js is divisible by p > in s is divisible by p.- 

"Since 1 < (i—j)- << p—1; 1 <s<p—1 and pi is prime ‘thert- 
fore (i—j) s cannot be divisible by p. 

a IX psAj X pS. 
. Thus 1 X of, 2X p S,...,(p—1) xX ps are p—1 distinct elements 
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of the set G. Therefore one of these elements must be equal tol. 

Let s’x ps=1. Then s’ is the left inverse of s. 

Finally the composition ‘x ,’ is commutative, since 

ax pb=least non-negative remainder when ab is divided by p 

=least non-negative remainder when ba is divided by p 
=b X pa. : 

.. (G, X,) is a finite abelian group of order p—1.:: 

Note 1. Suppose in the set G, p is not prime but pis compo- 
site. Then 3 two integers a and 6 such that 1 <a < p—1, 
1<b<p—1 and ab=p. Therefore ax, b=0 and0 ¢@G. Thete- 
fore G will not be closed with respect to the composition multipli-- 
cation modulo p.. Then (G, x,) will not be a group. 

Note 2. If we include 0 in the set G, then also for this com-. 
position G will not be a group. The reason is that the inverse of 0 
will not exist. 

Example 1. Prove that the set G={0, 1, 2, 3, 4, 5} is a finite 
abelian group of order 6 with respect to addition modulo 6. 

Solution. Let us form the composition table. 


+s{0 ‘1 2-3 4 5 


olo 1 2 3 4 8 
afl 2 3 4 3. 0 
212 3 4 5 0.1 
3/3 4 5 oOo 1 2 
4/4 S$ 0 1 2 3 
“S75 0 1 2 3 4— 


We see that all the entries in the composition table are ele- 
‘ments of the set G. Therefore G is closed with respect to addition 
modulo 6 i.e., +6. 

The composition ‘+-,’ is associative. If a, b, c are any three 
elements of G, then oe ; 
ats (b+ee)=a+e (+e). (°° b+,¢ c=b+e (mod 6)) 
=Jeast non-negative remainder when a-+-(b+c) is divided by 6 

- csleast non-negative remainder when (a+-5)-+-c-is divided by 6 
=(G-+-b)+5 c=(a-+eb)+6 ¢.:  -[' a+b=a+. b (mod 6)] 
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Existence of Identity. We have0 & G. If ais any element 

: of G; then from the composition table we see that: 

eee Ofeasa=a+,0. - # 

Therefore 0 is the identity ‘element... | : 

. ‘Existence of Inverse. ‘From the table we see that the inverses, 
of 0, 1, 2,3, 4, 5 are 0, 5, 4, 3,2,1 respectively: “For ‘example 
4+-.2=0=2-+4, 4 implies 4 is the inverse of 2. 

The composition is commutative as: ‘the corresponding rows 

and-columns in the composition table are identical. The number 

of elements i in the set G is 6. 

. (G, +6)-is a finite abelian group, of order 6. : 


Sia 2. Prove that the set G={1, 2,-3, 4, 5, 6} ts a finite 
_ abelian group of order 6 with respect to multiplication modulo 7. 
_ Solution. Let us form the composition table : | 


X7}1 2 3 4 5 6 
{4 23 4 5 6 
2i2 4 6 1 3 5 
313-692 28. bh d: 
4141 5.2 6 3 
515 3 1 6 2: 


. | 4 
616 °5°:° 4 3 2 . 1 
We see that all the entries in the composition table are ele- 


ments of the set G. Therefore G is closed. with respect to multi- 
plication modulo 7 i.e., Xz. 


The composition ‘x’ is associative. If a,b ;¢ are any three 


. @lements of G,.then 


 aXq(bXa c)=3aXz. (be). ls bx qe==be (mod 7)) _ 
=least non-negative remainder. when ¢ a (be) i is divided by 7 
=least non-negative remainder when (ab) c is divided by 7 
We (ab) x19 (2x xb) re, bn ys Te ax ,b=ab (mod 7)} 
+ Existence of Identity: . We. have 1eG. Ifa is any-element of 
nity G, then from the. composition. table. we.see that A xemamax, 1. 
‘is the secnhity element... ree 


. F 
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' Existence of {nverse. From the table we see that the inverses 
of 1, 2, 3, 4, 5, 6 are 1,4, 5, 2,.3,6 respectively. For example 
3x,5=1=5%X3 implies 3 is the inverse of 5. 

The composition is commutative as the corresponding rows 
and columns in the composition table are identical. The set G has 
6 elements. Hence (G, x7) is a finite abelian group of order 6. 


§10. Residue classes of the set of integers. 

Some properties of integers. Let I={.... —3, —2, —1, 0, L352; 
3,...} be the set of integers. 

Division algorithm. Let a,o GA with b40. Then we can 
divide a by b to get a non-negative remainder r.which is smaller in 
size than b, In other words if a, 04bEI, then there extst integers 
gq and r such that a=qb+r where 0<r< |b |. 

For example let —15, —9 be two integers. Then we can 
write —15=2 (—9)+3. Here 0<3< | —9 |. 

Divisibility in the set of integers. 

Definition. Let a,04b GI. We say that ais divisible by b 
if a=bm where m is some integer. 

If a is divisible by 5, then we also say that 5 is a divisor of a. 
In symbols we shall write itas b|a. It will be read as ‘bis a 
‘divisor ofa’. Ifa|b,b|c, thena|c. Also ifa|5,a|d, then 

-a|(b+4d). Further if a| 5, then a | (bk) where & is any integer. 

Associates. Definition. Zio non-zero integers a and b are sald 
to-be associates ifa|bandb|a. Ifaand 6 are associates, then 
we must have a=+b. 

Greatest common divisor. Definition. Let a and b be any two 


integers. Then the positive integer c is said to be the greatest com- 
_ mon divisor of a and b if 


() c}aand c}-b. 
~ (ii) whenever d| a and d| b, then d|c. 


The greatest common divisor of the integers a and ‘b will be 
~ symbolically denoted by (a, 5). 


‘Existence and aniqueness of greatest common divisor. If a and 
b are integers, not both 0, then they have a unique greatest common 
divistr, say, ¢ . Also we can find integers x and ; ? such ena : 

“ ezexa+yb. 

Relatively prime integers. Definition. Two integers. a and b 
are said to’ be relatively prime if (a, b)=1 te., if their greatest com- 
mon divisor is 1. For example -3 and 5 are relatively prime 
integers, 1 and 8 are relatively prime integers. Ifa and 5 are 
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relatively prime integers tnen (a, 5)=1. Therefore we can find 
- integers x and y such that l=xa+ 

Prime Integers. Definition. An integer pis said to be @ pi ime 
integer if p40, pX-+1, and the only divisors of p are +1, chp. For 
example +2, +3, +5, +7, +1l.,.. .are prime integers. : 

Three very important results. 

(ft) Let a, b, c be three integers such that a and 6 are relatively 
prime and a\| be. Then we must have a | c. 

(ii) Let p be a prime integer and a, b be any two integers such 
that p| ab. Then we must have p | a or p | b. 

(iii) Let a be any integer greater than 1. Then : a can be uni- 
quely expressed (except for order) as the product of a finite number 
of positive primes. For example 18=2x3 x3=3 x2X 35... 

Relation of ‘congruence modulo tm’ in the set of integers. 

Definition. Let m be any fixed positive integer. Then an integer 
a is said to be congruent to another integer b modulo, m if m | (a—b) 
i.e., if (a—b) is divisible by m. Symbolically we write a=b 
(mod m). It will be read as ‘‘a@ is congruent to b modulo m" m” 

For example 13=3 (mod 5) because 13—3=10 which is divi- 
sible by 5. Further ]7==—3 (mod 5) because LTC a =20 which 
is divisible by 5. 

Theorem 1. Show that ‘‘congruence modulo m” is-an equivalence 
relation in the set of integers. Further show that this ‘equivalence 
relation has m distinct equivalence classes. . (Allahabad 1979) 

Proof. Let Ibe the set of integers. Ifi is any positive 
integer then we say that a=b (mod m) if m|(a—5). We shall - 
prove.that:this defines an equivalence relation in the.set I. id 

Reflexivity. Let a be.any integer. Then a—a=0 and m| 0. 

_ Thus a=a (mod m) ¥ aci. Therefore the relation is reflexive. 


Symmetry. Let a, b&I be such that a=b (mod m). Then we 
have m|(a—b) > m|—(ab) = m|(b-—a) > b=a (mod m). 
Thus a=b (mod m) => > b=a (mod m). Therefore the relation, is 
symmetric. 

Transitivity. Let. a,b,ce I be such that a=b (mod 7), . 

s=c (mod m). Then we have m| (a—b) and m|(b—c) - 
=> m| {(a—b)-+(b— c)} = m| (a—c) > asc (mod m). Thus a=b 
(mod m), b=c (mod m) => asc (mod m). Therefore the. elation 
is transitive. 

Hence this is an equivalence relation. ; 

Consequently it will partition linto disjoint equivalence classes 
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called residue classes modulo m or congruence classes meee m. 
- If ae}, then the residue class @ or {a} or [a]: : 
 ={x:xeT' and x—a is divisible by m}. 
_ If bel, then the residue class [6] — 
={y : yEI and y—b is divisible by im}: 

~ Obviously [a)=[4) ifand ony if aeab (mod m) ves if and only 

if m |{a—5). Thus (a)=[a+ m]=[a+-2m] “and so on.- Similarly 
W=[l+mj= bee and so on. Also eke aim poi and 
$0 On. 

Now let I, be the set of ull residue eines of integers mo- 
dulo m = This set is also calied the set of integers mod: m: [Some 
authors denote this set by: Tn]. We shall prove tet the set In 
has m distinct elements. Ve claim that 

| Tn={f0), (1) 812]..:.. be —1Y}. | 

First we shall show that the m reside: Sissies (0), {1),... 
{m—1} are all distinct. Let O<i<m, 0<j<m and j>t.. 

Then {j= fA => i==j (mod'm) — 

‘=> i—jis divisible by m= j-ti is divisible $y m. 

But according to our assumption j—i is a positive integer less 
than m. So it cannot be divisible by m m, Therefore f]4Lj) and 
thus [0], [1],...,{#—T1) are all distinct. 

Now we Shall show that if a is any integer, then the residue 
class {a] is equal to one of the residue classes: (0), (1)... .» (m—1). 
By division algorithm, we ‘have 

a=km--r, where k, r © I and O<ram 

> a—r=km=>a- —r is divisible by m=>a=r (mod m)=[al=[r). 

Since O<r<m—l, therefore the residue class [a]= [r] is one 
of the residue classes [0], [1},.... [m—1). 

Hence ‘the set I, has m distinct elements. - 

‘Note. The residue class [O} is called the zero: sestdie class. — 
We have (a]=[0} if:and only if m | a.. The set.of integers mod m 
will have m—1 distinct non-zero residue classes. 

_ * Addition of residue classes. Definition. Tf ae then we 
: define (a]+[b]= [a+ b]. Here *+-’ on the L.H. S. stands for-addi-- 
_, tion of residue classes and ae on the R. A. s. stands for addition 

“of integers. 
_- Since a,b EI > ah = I, ‘theretore jo+5) i is. also: a <cudhue 
class’ i e., (a+5) & In. Now we know that. [a] =[a-+m}= [a+ 2m), 
~ and’ SO, on. Thus.a residue class‘can be represented: in: several 
; Ways. Therefore we must show that our addition of residue classes 
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is well defined 4.c., it is independent of the representation of any 
residue class. For this we are to show that if [a}=[e] and [5}=[d4), 
then [@]+[s]= [c]-+Id].. 

We have [a]=[c]=>m | (ac). Also [b]=[a]>mi| (6-d).. 

_.Nowm|(a— c) and m|(b—d) . 
> m| {(a—c) +(b—d)} +m | {(a-+b)— (c+-d)} 
> a+b=c+d (mod m)>[a+b]=[c ide teldibie “[el+dl. 
Thus [a]=[c] and [6]=[4] = [a]+[5]=[c]+[d]. 
“Hence our addition of residue classes is well-defined. ‘ 

Multiplication of residue classes. Definition. If [a], [b] = In 
then we define [a] [b]= [ab]. 

Since a,.beEI =>abel, therefore [ab] is sigs a \ residue class Le., 
[ab]eIn. But we must show that our multiplication of residue 
classes is well-defined. For this we are to show that if. [a]= [c] 
and [6]==(d], then [a]. [6}=[c] [d]. | 

. We have [a]= [e]>a=c (mod m) 

> a—c.is divisible by m=>b (a—c) is divisible by m 
Also [6)= [d]=-b— d is divisible by m=>c (b—d) is divisible by m. 
ales [¢] and [b]=[d]=>{b (a—c)+e (b—d)} i is divisible me m 
_ . = ab—cd is divisible by m 
2ab=cd(mod m) > [ab]=[cd] 
=>[} [6]=[c} [4]. 

Hence our multiplication of residue classes is well-defined. 

Theorem 2. ‘ The set of residue classes modulo m is an abelian 
Broup of order m with respect to ‘addition of residue classes. 

(Rajasthan 1974 ; Meecrat:79) 

Proof. Let I={... 3) 21,0, 2, 3,...} be the set of 
integers. If ae, then [a] is a residue class modulo m of I if, 

. (a= ={% : xel, and x—a is divisible by mp. 7 

«Let Im be the Set of all residue classes of I mod m 
i.e., In={[a] : ae}. We have [a]=[6]<>a=b (mod m). ‘The set 
In has. ni distinct elements {0}, (1], [2],...5 [7—1]. Thus | we have 
— In={(0], [1], (2)... [m~ ~ 1}. | 
If a and b are any two integers, then we define the addition 
of residuc classes [a] and [6] as follows : 
(a]+[6]=[4+4}. 
If (@]=[c] and [b]= (d], then it can be easily. seen that 
[a] +[6]= “lel tlal 
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Therefore our addition of residue classes is well-defined. 

Now we shall show that In is a group with respect to addi- 
tion of residue classes. . 

Closure property. If [a], 6] & Im, then by definition (a]-+-[5) 
==[a+5].. Since a+-b is an integer, therefore [a+-6] G In. Thus 
Im is closed with respect to addition of residue classes. 

” Associativity. Let [a], [5], [c] be any three elements of In. 

Then [¢]+((4)+[c]) ; | : 
=[a]+[b+c] — [by def. of addition of residue classes] 
=(a+(b+c)] [by def. of addition of residue classes] 
=[(a+5)+e]  ['. addition of integers is associative] 
=[a+b)]+[e]=((2]+[5])+[cl. 

Commutativity. Let (a), (6) & In. Then 

(a)-+[b]=[a+ 5]=[6+4]=[6] + [9]. 

Existence of identity. We have [0] € In. If [a] € In, then we 
have (0)+-[4]=[0-+-a]=(a]=[a] +-[0]. Therefore the residue class 
[0] is the identity element. . 

Existence of inverse. Let [a] @ Im be arbitrary. Since 
a eI —acl, therefore [—4] is also an element of In.’ We have 
[—a]+[a]=[—a+a]=[0]=[4]+{—4]. Thus [—a] is the inverse 
of (a]. 

Thus L, is an abelian group with respect to addition of resi- 
due classes. Since the number of distinct elements in In is m, 
therefore the order of this group is m7. 

Note. If(r] © In and 0 <r< m, then the inverse of [r] is 
(m—r]. We have (r]-+{m—r]=[r+(m—r)]=[]=[0]. Note that 

m | ne > (m)=[0). 

Theorem 3. The set of non-zero residue classes modulo a prime 
integer p forms an abelian group of order p—\ with respect to multi- 
plication of residue classes. : ‘(Meerut 1981; Jiwaji 78) 

, Proof. Let I={..., —3, —2, —1, 0, 1,2, 3,...} be the set of | 
integers. Ifa & I, then [4] is a residue class modulo p of I if 

: [a]={x : x © I and x—a is divisible by p}. 

We have [a]=(5) if and only if a—d is divisible by p. 

The residue class [0] is called the zero residue class. We have 
(a]=[0] if and only if a is divisible by p. 

"Let Ip be the set of residue classes of I mod p. Then I, has 
p distinct elements /.e., (0), [1], [2],..-. [a—1]. The residue class [0] 
_ig the zero. residue class. Therefore if G is the set of ail non-zero 


4 
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residue classes modulo p, then G has p—1 distinct elements and 
wehave G=/{{[1], [2).... » fp—1}} 
or G={[a]:ae€ I and a is not divisible by p}. 

If a and b are any two integers, then we define the: multipli- 

cation of residue classes- [a] and (4] as follows : 
[aJ (6]=[a5}. 

If [a]=[c] and [6}[d], then it can be easily seen that [a] [8] 
=[¢] (a). . Thereforg/our multiplication of residue classes is well 
defined. 

Now we shall stow that G is agroup with respect to multipli- 
cation of residue classes. . 

Closure ‘property. Let [a], [5] be any two elements of G. Thén 
a and 6 are Ai each not divisible by p. By definition, we 


have {a] [5J= (ab). 
sinsys & I, therefore [ab] is-also'a residue class. mod. p. 


But we foust show that [ab] is a non-zero residue class i.e., P is 
not x divitog ‘of ab. 

We have p| ab > p| aor p’| 5, since p is a prime integer. 

But neither a nor 4 is divisible by p. Hence ab is not divisible 

by p. Thus [ab];4[0]. Consequently [ab] @ G and G is closed: 

with respect to multiplication of residue classes. 

‘Assoctativity. If [a], [5], [¢) beg any three residue classes, then 
(a) (() [c])=[4] [be] | | (by def.) 


‘=[a (bc)) (by def.) 


=[(ab) c] (°.. multiplication of integers is associative) 
=[ab] (c]=([a] [6)) [ce]. 
.,. multiplication of residue classes is associative. 
Commutativity. If [a], [6] be any. two residue classes, then. 
[a] (6]=[ab)=[ba}]=[5] [a]. 
multiplication of residue classes is commutative. 
Existence of identity. Since the integer 1 is not diyisible by 
the prime integer p, therefore [1]A(0). Thus [ 4] EG. If [a} be 
any element of G, we have — 
1) [a]=[1e]=[@}=[4] (1). | 
Thus the residue class [1] is the identity element. 
Existence of inverse. Let [a] € G i.e., let [a] be any non-zero 
residue class. Then a is not divisible by. p. Consider the p—1 


products : 
(1) (4), [2] (4),..., [p—§] [4]. 
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By closure property all these: products are elements of G. We 
claim that all these are distinct elements of G. 

Letiandj be two ‘unequal integers, such that 

1<i<p—),1 <j <p—landi>y. 

Then* [4] [a]= =[jlla]= = [ia}=[ja] 

=> Pp | aor P\ (iz i), since pisa prime integer: . 
=> p|(i—j), since p is not a divisorofa. __ 

But according to our assumption i—/j isa positive integer less. - 
than p.. So it cannot be divisible by p. Therefore (2] (@][ 7 ) (el. 
Thus [1} (a), [2] (4],.--» la>— —1) {a] are the p—1 distinct elements 
of G placed ‘in some order. Therefore one of these:elements must 
be equal to [1]. Let (8) (@J=[(1J= {al (21. Then [5] is the-inverse. 
of (a). 
Thus G is an abelian group with peaiect to- ‘multiplication of 
residue classes. Since the number of distinct elemeats in Gis p—}, 
therefore the order ofthis group is p—1. 

Theorem 4. The set of non-zero residue classes wads a com- 
posite positive integer m is nota group with respect to multiplication 
of residue classes. | | : (Banaras 1976) 

Proof. Let G be.the set. of non-zero residue classes modulo a 
composite positive integer m. Since mis a composite integer, there- 
fore let.m=ab where 1 a<m,1< b<m. Nowl<a<cm 
=m is not a divisor of a => [(a)#(0] > [a] Se G. Similarly 
{b}£[0] and therefore [b] € G. 

Now ab=m => [ab]= (im) | 

: =>. [a] (510), since [m)= [9]. 
=> [a] [6] € ; 
~ Thus (al, (b} EG= [a [le G. Tueetore G is not sioead 
with respect to multiplication of residue classes. Hence-G is not a 
group with respect to multiplication of residue classes. 

§ 11::An alternative:set of postulates for.a group. Theorem. 4 
set 'G with-a: binary. composition denoted multiplicatively. isa group if 

(i) the composition is associative. 

(ii).. for every eee of elements a, b & G, the equetions 

3 =bandya=b 
have solutions inG. . (GN.D.U, 1986; Rajasthan 76; Jiwaji 78; 
bl ad _.. ,Meerut 87; Andhra 77; Allahabad 83) 

Proof. In ides to prove that a set G equipped with a compo- 

sition satisfying conditions (i) and (ii) is a group, we should show 
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that the left identity exists and each element of G possesses left 
inverse. | 
It is given that for every pair of elements a, ’ E G the equa- 
tion ya=>b has a solution inG. Therefore if a & G, then taking 
b=a, we see that there exists an element, € eG such that 
; Ss . eacna. en eee (ht) 
eapeces now b is any arbitrary slemeat of G. Since a E G, 
therefore from (ii) there exists x. €& G such that, 


ax=b. roe eam (2) 

Now eb=e (ax). | ie b=ax) 

: xa m(eayx [by associativity]. 
=ax [from (1)] 

=>. ee [from (2)] 


Thus 3. e © Gsuch that ebeab 4 be. Ge. » Therefore. eis the 
left identity. 

Supposé:now ais any: arbitrary element of G.. Since ec G, 
bneetore taking b=e in the given condition (ii), we see. that the 
equation ya=e:has a solution:in G. Let c & G:be such.that cae. 
Then c is the left inverse of a. Therefore eect element i G 
possesses left inverse. a 

Since left identity “exists aad: each’ element ‘possesses’ left 
inverse, therefore the left ideritity will also be the right identity 
and the left inverse of any element will also be its right inverse. 


Hence G is a group for the given compontton if the postuiates 
(i) and (ii) are satisfied. 


Example 1. Prove that a finite set G with a composition denoied 
multiplicatively is a group if the composition is associative and the 
a ied and left cancellation laws hold in G t.e., — 

ax=bx > a=b, xa=xb > a=b. 
Show further that the ‘validity of the cancellation laws does not 
characterise infinite groups but characterises finite groups only. . 
| "(Nagarjuna 1980 ; Allahabad 79 ; Meerut 70) 
7 Solution. Suppose the set G has n distinct elements: 
. a, 2, A3y-++y Ane 
Let a be any one of these elements. Then the sréducts 
_ AA, AgA, AsQ,..., ana 
are all elements of G. Also these elements are all distinct. For 
aja=aja where aj, aj G G > ama, (by right cancellation law.) 
*. if aAéa;, then ajaAay a. 
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Thus @,@, Qed, @34,...... 14nQ are nothing aut the n elements vA; 
oe 


G placed in some order. f 


Therefore if b is any element of G, then one of these n ele- 


ments will be equal to 5. 
Therefore if a, 6 are any two clements of G, there exists an 
element, sayc eS G such that ca=8. In other words, the equation 
: ya=b 
has a solution in G for every pair of elements a, 6 & G. 
Similarly by forming the products 


QQ, Gaz, GQ3,...... » GAn 
-and by using the left cancellation law, we can show that the 
equation ax=b 


has a solution in G for very pair of elements a, b & G. 

Hence the postulates (i) and (ii) of § 11 are satisfied. There- 
fore G is a finite group of order a. 

However, an infinite set will not necessarily form a group 
even if the composition in the set is associative and both the 
cancejlation laws hold. For example, the set N of all natural 
numbers or, 1, 2, 3, 4,... 
is not a group for multiplication even though 

(i) Nis closed with respect to multiplication. 

(ii). Multiplication in.N is associative. 

(iii) Both the cancellation laws hold good for multiplivation 
in N. 


Euler’s ¢-function. Definition. The Euler ¢-function, ¢ (n), 


is defined for all positive integers n by : 
d(1)=1 ; for n > 1, d(n)=the number 4 positive integers less 
than n and relatively prime ton. 


Thus 4(6)=2 because the positive jateades less than 6 and 
relatively prime to 6 are 5, | and their number is 2. Similarly 
¢(8)==4 because the positive integers less than 8 and relatively 
prime to 8 are 7, 5, 3, :1 and their number is 4. If p is a positive 
prime integer, then obviously ¢(p)=p—1. 

Example 2. Let.n be any positive integer. For any integer a, 
let {a} denote the residue class of the set of integers mod n. Let 
G={{a] : a.is an integer relatively. prime to nj. Prove that. with res- 
pect to multiplication of residue classes G is a group ‘of order d sis 
where ¢ is the Euler }-function. 


Solution. Let I—{..., —-3, = Ee 0, 1, 2, 3, J be 26 set 
Of integers. and let 1 be any positive integer. For. any ‘integer N ket, 


e 
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[a]={x : x © I and x=a (mod n)}. : 
Let G={{a] : a is an integer relatively prime to 1 i.e., (@, n)=1}. 

First we shall show that the number of distinct elements in G 
is equal to ¢ (7). :; . 

Case 1. n=1. In this case if a is any integer, then 

a—1 is divisible by 1 > a=! (mod 1) > faj=[l]. . 

Thus in this case each residue class (a]'is equal to the residue 
class [1]. Also ! is relatively prime to 1. eee 

Therefore in this case the set G has only one distinct element. 
Thus the number of distinct elements in G=1=¢ (1). 

Case 2. 2 > 1. a 

In this case the number of positive integers less than » and 
relatively prime to n=¢(n)=k, say. Let a1, day... de be the posi- 
tive integers less than # and relatively prime ton. We shall show 
that [a:], [aa],.--» [ax] are the only distinct elements of G. 

First we shall show that the residue classes (a],..-, [ax] are all 
distinct. Let i, 7 be two positive integers less than n and relati- 
vely prime to mand let i> j. We have 

()=[ j] > ij (mod a) > i—j is divisible by 1. 

But according to our assumption i—j is a positive integer less 
than 2. Therefore i—j cannot be divisible by x. Thus [é)+[ J). 
Hence the residue classes [a,],.--, [ax] are all distinct. 

Now we shall show that if a is any integer relatively prime to 
n, then the residue class (a] is equal to one of the residue classes 
[a:],..-; [ax]. Since a is any integer and nis a positive integer, 
therefore by division algorithm there exist integers g and r such 
that a=ng+r whereO <r <n. F 

We have a—r=ng = a—-r is divisible byn > a@=r (mod 7) 
=> {a]=[r]. 

Now it remains to show that r is relatively prime to 4. Sup- 
pose r is not relatively prime to 7. Let (r, n)=s where s>1, Then 
s|nands|r. Therefore s|(agtr) ie. 5 |a. Nows|a@ and 
s|n implies that a and # are not relatively prime to each other 
which is a contradiction. Hence r must be relatively. prime to 7. 
Since n> 1, therefore r cannot be 0. Hence r is a positive integer 
less than a and relatively prime ton. Thus [a] is one of the 
residue classes [a],..., [ax]. ; 

Thus the number of distinct elements in G=k=¢(n). Thus 
G isa finite set whether #=1 or w>1. Now we shall show that 
G is a group with respect to multiplication of residue classes. 
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Closure property. Let [a], (5) be any two elements of G. Then 
@ and 6 are in‘egers relatively'prime to 7. By definition of molt 
plication of residue classes, we ‘have’ ! 

0 fa) (6) =[05]." 

Now a,be€1>abe ‘1 We shall haa that abi is: célaively = 
prime to n. Suppose ab is not relatively prime to 2. Let (#,:ab)=¢ 
where > 1. The integer-t-can be expressed. asithe product of a 
finite-number of prinic: integers. Let the prime: integer.p: be a fac- 
toroft. Then p | t. Also t | ab. ‘Therefore: p I ab.:. + Since. p- is... 
prime, therefore ‘p | ab > -p | @ orp. | b. 

Let p|a.- ‘Nowp|t-‘andt|n; “Therefore p i ns: Thus p. Ia. 
and p|a. Therefore a is not sclatively prime to n, aor ‘is a.con- 
tradiction. Hence ab must be relatively prime to a. iz 

‘[ab]) EG and Gi is closed. ‘with Sacaeas to: suultiptiction 
of residue classes. .: i 

Associativity.: If [a], (6). [e} are any three: candace clases. ‘then i 
[4] ((6} (¢])=[4] [6c] =[a (bc)]}=[(ab) ¢]=[ab} {[c] =([a}.[b)) (c].. 

Thus multiplication of residue classes is associative. 

Existence of cancellation laws.’: Let. [a]. [6], .[c] be any, three 
elements of G. Then a, b, c.are intieers relatively Pum ton. 

We have [a] [6)==[a] [c] => [ab]=[ac] .. : 
| > ab—ac.is divisible by n2n|a (b—c) 
=> n|b—c, since n is relatively. prime to a _ 
=> b=c (mod n) > [b]=[c].. 
Thus the. left cancellation law. holds. .good in G. eS 
Since the multiplication: of residue. classes: is: commutative. ; 
‘therefore the tight cancellation law: will also hold good in G. 

Now Gis a finite set closed with. respect to: multiplication Of 
residue classes. Also this composition is associative.and both the 
cancellation laws hold in G for this composition. HenceG. is a: 
group for this composition. - The order of.G is nae to ¢ (n), the 
number of distinct elements in.G.. 7 . 

Since | is an integer relatively p: prime to x n, dherefore. (ete). 
If [a] is -any element of G,. we. have (1) (a]=[la]=[a]= = [a] [1]. . 
Therefore ai is the identity element of this group. . 


Exercises : 


1. Show that the relation ‘congruence modulo 1 ne is an equi- 
valence relation i in the set of integers and has m distinct equiva- 
lence classes, ea, eee a toe _ Gabatpar, Be 
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2. Is the set { 1, 2, 3, 4, 5} 2 a group under (i) addition ‘modulo 
6 (ii) multiplication modulo 6? Ans. (i) No. (ii) ‘Noo 
3. Is the set {1, 2, 3, 4, 5, 6} a group under addition modulo 


-7? Ans. No. (Kolhapur 1973) 
4. Does the set of residue classes modulo 5 form a group 
with respect to addition? Ans. Yes. = =~ =~ (Meerut 1973) 


5. Prove that the set {0, 1; 2, 3, 4} is @ finite abelian group 
of order 5 under addition modulo 5 as composition. 

(Meerut 1988) 
|, 6. Prove that the set {1, 2, 3, 4} is-a finite’ abelian group of 
- ofder. 4 under multiplication modulo 5'as composition. . 

. 7. Show that the set (1, 3, 4, 5, 9} is an abelian group under 
multiplication’modulo 11 as eomponHon. net is the: order of 
this group ? Ans. 5. 

8. Prove that G= =f, 5, 7, My is a group iader multiplication 
modulo 12. 

9. Which of the following sets are e groups under multiplica- 

tion modulo 11 ? 

(i) {1, 3; 5,7, 8}, (ii). {1, 8}, (iii) a, 10}. Ans. Only {1, 10}. 

10. Show that the non-zero residue classes modulo a positive 
prime integer p form a. commutative group with respect to multi- 
plication of residue classes. . . » (Gorakhpur 1970) 
11. Define a semigroup and a group, and prove that a semi- 
group G is a group if and only if the equations ax=5 and ya=b 

have solutions in G for. oe a, beG. (Sagar 1965) 

12. Let S={x Ee I:l<x<a, and (x, n)=1 i.e., x and m 

- are relatively prime integers). fice that S isa group with ‘Tespect 

to multiplication modulo 7 as composition. 


§ ‘12. Permutations. 


: Definition. Suppose Sis a finite set having n distinct elements. 
. Then a one-one mapping: of S onto itself is. called a permutation of 
degree n. _ (Rajasthan 1977; Meerut 73) 
The number of clements in the finite set Sis known as the 
_ degree of. permutation. . 
‘Symbol .for:a permutation, . Let, Sa fa, ge te or be a finite 
_ et having 7 distinct elements:. If f :. S->S.and f is one-one onto, 
then fis a. permutation of degree-n.. Let f (a:)=d;, f (a2)= be, 
S(az)= bs,..., f (@n)=5,,:: where {b, ba,...5: bn} ={A1, Gayerey Qn}. 1e.4 
b,, ba,..., ba is nothing but some arrangement of the » elements of 
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_ § We-find it convenient to introduce a two line notation to write 
this permutation. In this notation, we write 
. & Ag 3...4n 
f =(F bs or) hess 
each element in.the second row is the f-image of the element of 
the first row lying directly above it. 
If S={l, 2, 3, 4} isa finite set having four elements, then 
123 4 123 4\. 
f=(, 41 3): s=(j 3 2 AF ets 
are all permutations of degree 4. Here in the permutation f the 
elements 1, 2, 3, 4 have been replaced respectively by the elements 
2,4,1,3. Thus f(1)=2, f(2=4,f G)=1, f (4)=3. In other 
words each element in the first row is to be replaced by the ele- 
ment directly below it in the second row. | 


Equality of two permutations. Two pernmtations f and g of 
degree n are said to be equal if we have f(a)=g (a) ¥ aE S. 

For example itf=(; aie ‘) and s=(; 72 ) 

rer N23 41 3 14 2 

are two permutations of degree 4, then we have f=g. Here we see 
that both f and g replace 1 by 2, 2 by 3, 3 by 4 and 4 by 1. . 

If fa(f ; rae is a permutation of. degree n, we can 

write it in several ways. The interchange of ‘columns will not 

change the permutation. Thus we can write 


Np (ae a a3---n =(5 Q,...Q3 (F GQn-1---42 . 
f=(3 b, a els bn a bn bn-1-.-b2 >) -< 


Therefore if f and g are two permutations of degree n, then we 
can always write g in such a way that the first row of g coincides 
with the second [ow of f. : 

For example if f= (; le 3) and z=(; aad i) are 

| 241 3 4321 
“two permutations of degree-4, then by interchanging columns we 
ee 413) °. 
ea write g= (; y 40) 

Total number of distinct permutations of degreen. If Sisa 
finite set having ” distinct elements, then we shal! have » ! distinct 
arrangements of the elements of S. Therefore there will ben! 
distinct permutations of degree n. If P, be the set consisting of all 
permutations of degree n, then the set P, will have ! distinct 
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elements. This set P, is called the symmetric set of permutations 
of degree n. Sometimes it is also denoted by S,, Thus ~ 

| ={f: fis a permutation of degree n}. 

The set Ps of all permutations of degree 3 will have 3 ! Le., 6 
elements. Obviously 


Plt 2 3)0 7 aya) a aa a) 
1 2 3) \2 1 "ll 3 2f\3 2 IP \2 3 IP’ 
i 2-3 
3 1 2)}- 
Identity Permutation. Jf J is a pernuitation of degree n such 
- that I replaces each element by the element isself, lis called the 
identity permutation of degree n. 
1 2 3... a as - an b, bs bs bn 

tes i=(; 2 aa) nad (< ae a) oe (; be a 
is the identity permutation of degree n. 

Product or Composite of two permutations. The product or 
composite of two permutations f and g of degreen denoted by fg, is 
obtained by first ne out the operauen defined by f \and then 
by g. 
Suppose Pr is the set of all permutations of degrce m\ Let 

&, G2 &g.. b, bz bs... bp 
f= b, by bs.. o) ane e-(° “Ca Cg.. ae 

be any two elements of Py. \ x 

Here the permutation g has been ia such a way that 
the first row of g coincides with the second row | off. If the pro- 
duct of the permutations f and g is denoted multiplicatively i i.é., 
by SE, then by definition . 


fe-(e eo ee 


For, f replaces a; by 5, and then g replaces b, a ¢; so that fe 
replaces a, by C1. Similarly fg replaces as by Ce, as ‘by Og sccsase » an 
by ¢n. s 
' Obviously fg is also 1 a permutation of degree n... Thus the 
product of two permutations of degree 7 is also a — of 
degree n, Therefore fgeP, ¥ f, S&P. 

12 3 1 2 3 

Example 1. Let f= ( 3 2) md e=(, 3 i) be’ yo per- 

mutations of degree 3. Then : 


wfi 2 9G 2D 


96" Modern Algebra - 


Tae a a ee 
and gf=(5 es aye 


=(2 - =) ( 


| Obviously foxes. The reason is that fe replaces l by 2 while 
gf replaces 1 by 3. So fg cannot be equal to gf. ee 
Thus we.see that multiplication of permutations is is not in general 
commutative. : 


Example 2. ut fo(! aye ole ) 


ss 3 4 5 1 
and e=(, 4 : eo 3) be two permutations of degree 5. 


q 


NwWwWD 
rr" 

Mh 
“NN 
mm 

til 


_To obtain fg there is no necessity | that we should write g in 
such a way that the first row of g coincides with the second row 


of f. 


We see that f weslces ] by 2 2 and g replaces 2 by 2. Therefore. 
fg replaces 1 by 2. Again f replaces 2 by 3 and g:replaces 3 by 4 
therefore fg replaces 2 by 4. Further replaces 3 by 4 and g 
replaces 4 by 5, therefore fg replaces 3 by 5. Eepeeceing in this 
wey we get 


bev 2. 3 64s 
fe=(, Ae See iy 


«$13. “Groups of Permutations. 


Theorem. The set Py of all permutations onn symbols isa 
finite group of order n! with respect to composite of mappings as the 
~ operation. For n <2, this group is abelian and forn > 2 it is 
always non-abelian. | (Rajasthan 1976; Meerut 80; Allahabad 69) 


Proof. Let S={ay, Qs, ..,0n} be a finite set having n distinct 
, elements. Let f=(3 aa. be a permutation of degree n. 

by be... Bn 
_ Here elements by, Ba,.-.5 Bn of the second row are ame an 
arrangement of the n-elements aj, a2,...,4, of the set S. 

The elements of the set S can be arranged, inn ! different 
ways. Therefore we shall have n. ! distinct permutations ‘of degree 
n, If Pn be the set-of all permutations of degree n then P, has 7! 
distinct elements. 
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Let fan($t 3) and s(t van) be any two. per- 


mutations of degree n. Then by definition of product or 
composite of two permutations, denoted multiplicatively, we have 


Q@, @g...On 
fe=(% A) 
Obviously fg is also a permutation of degree n, since:c;, cs,.. 
¢n is nothing but an arrangement of the same 7 elements aj, Pa “” 
an of the set S. Thus fgEPn¥f, 8S Pn. Therefore Py is closed with 
respect to the composition knowii'as product of two permutations. 
srearoaat Permutation multiplication is associative. Let 


f= roe oy. 8 =(% Bo. oe 2) h= C1 Cg. oe eo) 
bg.. C1 Cg...Cn} NA Ag... dn 
be any ie permutations of degree n where by, bay... ba; C1, Cay. 


Cn; diy dg,...9dn Gre penis different arrangements | of the same r 
elements a;, as,.. 


Then (fg)= ( at). 
(41- 49...Bn\ (Cr Ca.-.Cn\ (G1 gsr 
(fa) h==(% sea | 1) = a, na) 
Also (eh=(7 nay 
(ai aa..an\ (ds b...bn\ (a1 a). 
f (ehy=(5" ara |e a a=(3 dy..th 
Thus ( fg) h=/f (gh). 
Existence of Identity. Let 


ra aN oa 


be the identity permutation of plies 4 Then J&P. 
If. f= 4 oS is any element of P,, we have 
a: Q@, g..-An b; bg... Bn ay sae 
fi=(>' na) (; Bg... r)=(5 bs ‘ =f. 
Al I =(% Q3...8n a\(¢ Qs.. wy =(5 as... ra 
aa ff Ag... 1 Bg... by .. f. 
Identily permutation T is the det element. 


Existence of Inverse. Let f= ia Os. “*) be any element of 
i 


bg...Dp 


1 os L 
Pr. Then f (2 ey 


) is also an element. of Pa since f-) is 
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also a permutation of degree n. We have 


a] beg . a) a; Qg...An =(; boas — 
£ i= (ee by ae) ae 


tok a Fees b Bs <br) bs a 
ialam SS Nbr be. Ba} Ni. dp Qn} 1 g...4n 
J71 is the inverse of f. 

Hence P, is a group of order.n ! with respect to product of 
permutations as composition. 

If n=1, the set P, has only one element and every group of 
order | is abelian. If n=2, the set P, has 2! f.e., 2 elements and 
every group of order 2 is again abelian. Now we shall show that 

ifm > 2, P, is non-abelian. Let 


2 3...2—1 2 12 3 4...2n—1 n 
f=(; 3 4.00 i) andg=(5 1 3 4...2—1 4) 


be the two permutations of degree n, whenn > 2. Then 
_f{l 2 3...n-1 to2 3 4..0—1 nn 
fe=(i 3 4m. >) and gf= 3245.0 1) 


Obviously fg+gf. Therefore P, is non-abelian if n > 2. 

Note l. If f= b, a ae b >) bea permutation of degree 
n, then the inverse of fi.e., f-! is obtained . by interchanging the 
rows of f.. Thus pie(? 1 by bs. m) 

M G2 Qg...An 

Note 2. If we areto write the set of all permutations of 
degree n, it is immaterial whatever symbols we use to denote the 
elements of the set S. We can use the numbers 1, 2, 3, .., 2 or we 
can use the letters ai, ao,....@, Or any symbols. 

Note 3. The group P, of all permutations of degree n is called 
the symmetric group of degree.n or the symmetric group of order n!. 

§ 14. Cyclic Permutations. Definition. Suppose fis a per- 
mutation of degree n on a set S having n distinct elements. Let it be. 
possible to arrange m elements of the set Sinarow in such a way © 
that the f-image of each element in the row is the element which 
Sollows it, the f-image of the last element is the first element and 
the remaining n—im elements of the set S are left unchanged by f. 
Then f ts called a cyclic permutation ora cycle of length m or an 
m-cycle. (Rajasthan 1976) 

By the length of a cycle we mean the number of objects per- 
- muted by the cycle. 
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253 6 4 

For example the permutation f= a 4°51 673 
is cyclic. It can be represented by the cycle (1. 2 4 3) which 
means that each element in the bracket is replaced by the element 
following it, the last element is replaced by the first element and. 
the missing elements 5 and 6 are left ‘unchanged. Thus | is 
replaced by 2, 2 by 4, 4 by 3, 3 by 1, ty eae 6. ce 6. The 


length of this cycle is 4. 
Npenren | ae” 3 5 4 6 
Siawlanty the permutation e=(; 3 4 6 5 1) | 
is cyclic. We can write it in the form of the cycle (1 2 3 4 56). 
which is of length 6. _ 
12.43 5 ‘) 


However the permutation h=(; 13.4 5 6 


is not cyclic. . _ 

Permutations represented by a cycle. (1 3 4 2 6)i88 
_ cycle of length 5. Suppose it represents a permutation of degree 
9ona set S consisting ‘of the elements 1,-2,...,9. Then the 
permutation represented will be 

34265 78 9\ 
(; 4261578 9 
i.e., the image of each element in the cycle (1 3 42 6) is the 
element which follows it, the image of the last element 6 is the 
first element 1 and the missing elements 5, 7, 8,9 are their 
images themselves. 

However if the cycle(1 3 4 2 6) represents. a permuta- — 
tion of degree 6 on six symbols 1, 2,3, 4,5, 6 then the corres- 
ponding permutation will be 

13 426 § 
N38 4261 5f 
Important Note. A cycle does not change by changing the places 
of its elements provided their cyclic order is not changed. 

Thus (1 23 4=(2 3 4 l=(3 4 _ as (4 1 2 3). 

Also (1 2)=(2 1),(2 3)=(3 2 

Transpositions. Definition. (Raj. 1978) 

‘A cycle of length.two is called a transposition. Thus. the cycle 
(1 3) is a transposition. It will represent a permutation in which 
the image of | is 3, the j image of 3 is 1 and the remaining missing 
elements are left unchanged. 

If the transposition (2, 3) isa permutation of degree. 3 on. 
three symbols 1, 2, 3 then the corresponding permutation will be 
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(i > 3) 


A cycle of length one means that the image of the element 
involved is the element itself and the missing é¢lements are left 
unchanged: Thus all the elements are left unchanged. Therefore 
every cycle of length one ‘will represent. the identity permutation. 

Multiplication of Cycles. We multiply cycles by multiplying 
the permutations represented by them. For example if the cycles . 
(1 23) and.(5 6 4 1) represent permutations of degree 6 on six 
symbnis '; 2, 3, 4, 5, 6, then 


in 123456/564123 
a2y ees nal2r4sqeeti2 3) 
=(3 33g glad 23564). 


Since a cycle of length one represents the identity permuta- 
tion, therefore (1) (2 3 4) (6)=(2 3 4). 

Disjoint Cycles. Two cycles are said to be disjoint if they have 
no symbols in common. For example (1 3 5)and(2 6 8 9) 
are disjoint cycles while (1 3 4) and (2 3 5 6) are not dis- 
joint. 

Theorem. If f and g are two disjoint cycles, then fe=gf i.e., the 
product of disjoint cycles ts commutative. 

Proof. The cycles f and g have no symbols common. There- 
fore the elements permuted by f are left unchanged by g and 
also the elements permuted by g remain the same under f. 
Therefore we shall have fg=g/. 

- Now " shall give an example to illustrate this theorem. 
Let f=(1 2 3) and g=(4 5) represent two permutations on $ 


symbols‘1,:2, ..., 5. 
l 3 4S\ft 23 4°55 
anon fe=(l 1 4 (1 23 5.4 
3 4 
1 5 
1 2 


ll 

=e, 

w —_ 
RUWNMN 


1 2 3) 
=(4 5)(1 2 3)=ef. 

—~ Inverse of a cyclic permutation. To prove that (1 2 3...a)7? 
= (1 n—1...32 1) 1.é., to write the inverse of ¢ a cycle we should 
write its elements in the reverse order. ae 

Proof. | “We have (1 2. 3...2) (.. ] 2 ty 


| a \( ne 
“123 4.0 - =. 32120 | 
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=(j 2 3..m—1 . mar 
a 1 2 3..a—-1 on aa 
Also (3 2 IU 2 Z..ne2l. 


a (fo 2 3...n)7=(4..33 2 1). | 

In particular every transposition is its own inverse. If (1. 2) 
is a transposition, then (1 27=(2 1I)=(1 2). 

Inverse of a product of cyclic permutations. If,f and g are any 
two cycles, then we have . 

(fgyt=e71 ff. Also ( fgh)th-t gf, 

If fand g are disjoint cycles then ( fg)-!=(ef )—!=f-1g-1, 

Thus [(1 2 3) (4 5) (2 6)}-?=(2 6)-? (4 5)-! (1.2.3) 

: =(6 2) (5 4)(321). _ 

Also [(1 3 5) (2 4)]-!=(1 3 5)-? (2 4)-1=(5 3 1).(42). 

We shall now give some important results on the product of 
permutations. 

Theorem-1. Every permutation can be expressed as a product of 
disjoint cycles. (Madras 1974; Kanpur. 87) 

a ~f/123 45 67 8 9 

Verification. Let f=( 23] 4 $6975 ) be a 
permutation of degree 9 on the set {1, 2,...,9}.  - 

We have f=(4) (6) (1 2 3) (58 79). 

Explanation. First we put down cycles of length‘one with the 
help of elements which remain unchanged under f. ‘ 

Then we start with an element which is not left unchanged. 
Thus we start with 1. After 1 we write the image of 1 which is 2. 
After 2 we write the image of 2 which is 3. After3 we do not 
write any element but we close the bracket since the image of the 
last element 3.is the first element 1 of the bracket. . 

Now we start a new bracket. In this bracket we write an ele- 
ment which has not yet been written. Thus we write 5. After Swe ~ 
write the image of 5 which is 8. After 8 we write the image of § 
which is 7. After 7 we write the image of 7 which is 9, After9. we 
close the bracket since the image of 9 is the first element 5. 

Now our work is finished: since each element has been inclu- 
ded in one or the other bracket, . 

Since cycles of length one represent identity permutation, 
therefore we can omit them. Thus we can write - 

f=) 2° 3)(5 8. 7° 9g). 
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Also we can writ. f=(5 8 79) (1 2 3) because product of dis- 
“joint cycles is comm:'tative. 

Theorem 2. Every cycle can be expressed as a product of trans- 
positions in infinitely many ways. 

Verification. Consider the cycle (1 2 3...) of length. By 
actual calculation we see that 

(1 2 3...m)=3(f 2) (1 3) (1 4)...(1 n—1) (12). 

More generally the n-cycle 

(41 dg 3...An)=(@; @o) (41 Gs)...(@y Gn). 
“The 4-cycle (2 3 5 4)==(2 3) (2 5) (2 4).. 
Since (235 4)=(3 5 4 2), therefore we can write | 
(23 5 4)=(3 5) (3 4) (3 2). | 

Also (1 2) (2 1)=Icentity permutation. 

.. Wecan write (235 4)=(2 3) (1 2) (21) (2 5) (2 4). 

Again (253) (3 5 2) is also identity permutation. 

©. Wé can write (2 3 5 4)=(2 3 54) (2 5 3) (3 5 2) 

==(2 3) (2 5) (2 4) (2 5) (2 3) (3 5) (3 2). 

Now consider the 5-cycle (1 2 3 4 5). 

“We have (1 2 3 4 5)=(1 2) (1 3) (1 4) (1 5) 
==(1 2) (2 4) (4 2) (1 3) (1 2) (2 1) (1.4) (I 5). 

Thus every cycle can be expressed as a product of transposi- 
tions in infinitely many ways. But we see that in the case of any 
cycle the number of transpositions is either always oA or always 
even. 

Theorem 3. Every permutation can be- expressed | asa product 
of ‘vanspositions in infinite many ways. 

Combining together the results of Theorem 1 .and Theorem 2, 
we immediately get the result of this theorem. 

§ 15. Even and Odd Permutations. Definition. A perriutation 
is said to be an even permutation if it can be expressed as a product 
permutation~ (Patna 1987; Rajasthan 78) 

This Stn wile meng if a permutation can be 
expressed sometimes as a product of an odd number of transpo- 
sitions and sometimes as a product of an even number. of trans- 
positions. So we have the f lowing theorem. . 7 

Theorem. A permutation. cannot be both even and odd i.¢., if a 
‘permutation m f tsexpresséd as a product of transpositions then. the 
number of transpositions is either always even or always odd. 

(G.N.D.U Amritsar 1986; Kanpur 87) 
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Proof. Consider’ the polynomial P in n distinct symbols 
%1, Xa,..., Xe defined as the product of all factors of the type 
Xi~—x, Where t <i j. 


Thus P= IT (x,—x,) 
| i<j=l | 
= (%; —%a) (%1—Xs) (%1—%4)...(%1— Xn) 
(%3—Xs) (X2—x«). -(X2—%n) 
(Xn—2—Xn—1) (Xn-2—Xn).(Xa-1 — Xn). 
Suppose iow f is any permutation on 2 symbols 1, 2, 3,...5M. 
By f P we mean the polynomial obtained by changing in P 


the subscripts 1, 2,...) 2 Of x’s as prescribed by f. 

(For example, taking n=4, we have 

P= (%1—%3) (x1—X3) (x1—Xa) (¥2—%) (X2—X,) (X3—%4). 

If f=(1 23), then we have 

Sf P=(xg—xg) (%3—%1) (X2—X4) (%3—%1) (X3—4) (%1—24). 

In particular if f=the transposition (2 3), we have. 

f P=(%,—Xs) (%1:—X2) (x1 —X4) (%s— 2) (Xs—%e) (%2—%4) 

_. =—P i.e, the effect of a transposition on P is to change 
the sign of P}. a | ie = 

Now the operation by a transposition (r, s), where r<s has 
the following effect on P. SP phe 

(i) Any factor of P which contains neither the suffix r nor s 
remains unchanged. — 

(ii) The single factor (x,—%s) changes its sign on. replacing 
r by s and s by r. 

(iii) The remaining factors which contain’ either the suffix r 
or s but not both can be grouped into the following three types 
of products : 

(a) [(%1—x,) (%1—%s)] [(x2~x,) (*2:—x,)]... 

: [(x,-1—%,) (¥r<1—%s)] 

(b) [(%e—x41) (%r41—%5)] [(%r—r4.) (Xr42—%s)]... 

[(%,-—%s-1) (%s-1 —Xs)] 

(C} [Gre —as41) (Xs —Xs41)] ((%r—Xe4) (X%s—Xs42)]J.... 


{%r—xn) (%:—Xn)). ‘ain f 


On replacing r by s and s by r, the signs of all these types of 
products do not change. ee ie," ie 
‘Hence the net effect of the transposition (r,s) on P. is. to, 


a 
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change the sign of Pi.e., P operated upon by a transposition be- 
comes —P. 

Therefore if the permutation fcan be expressed as the pro- 
duct of p transpositions then fP=(—1)? P and if fcan be expre- 
ssed as the product of q transpositions then 

fP=(—1)# P. 
This gives | (—1)? P=(—I)? P 
= (—1)P=(—1)9 
= either p and q are both even or both odd. 

Hence the theorem. 

Cor. 1. Acycle of lengthn can be expressed as the product 
of n—l transpositions. Therefore a cycle of length n will be an even 
~ permutation if n is odd and.it will be an odd permutation if n is 
even. 

In particular every transposition is an ‘odd permutation. 


Cor. 2. Identity permutation is always an even permutation. 

If J is the identity permutation then J can be expressed as 
the product of two transpositions. For example we can write 

I=(1 2) (2 1). 

.. dis an even permutation. 

Cor. 3. Zhe product of iwo even permutations is an even per- 
mutation. Suppose f and g are two even permutations. Further 
suppose that f can be ‘expressed as the product of r transpositions 
and g can be expressed ¢ as the product of s transpositions. Then 

-pands are both even. Now fg can be expressed as the product of 
r+s transpositions. Since r+sis even, therefore fg is an even 
permutation. . 

Cor. 4. The product of two odd permutations is an even per- 
mutation. Proceed asin Cor. 3. If rand sare both odd then 
also r-+-s is even. 

Cor. 5. The product of an even permutation and an odd pere 
mutation is an.odd permutation, Similarly the product of an odd 
permutation any art ev n permutation is an, odd permutation. 

Cor. 6. The, inyerse of an even permutation is an. even perniuta- 
tion and the inverse of an odd permutation is an odd permutation. 

Suppose f 1s;an even permutation. If f-1 is the inverse of f, 
then f-Yfst (identity permutation). 

Now Tis an even permutation and fi is also an even permuta- 
tion. Therefore J-* cannot be an odd permutation otherwise 
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Sf will be an odd permutation. Hence f-' is an even permuta- 
tion. 

Similarly if fis an odd permutation, then f-? must also be. 
an odd permutation. 

Total number of even permutations of degree n. 

Theorem. Of then! permutations on n symbols, }n | are ‘even 
permutations and 3n | are odd permutations. 

(Meerut 1978; Madurai 78; Banaras 71; I.C.S. 88) 

Proof. Out of the! permutations on 7i.symbols let the 
even permutations be e;, ¢2,...,e¢m and the odd permutations be 
O01, Og,... ,Ok- 

Since a permutation is either an even permutation or an odd 
permutation but not both, therefore m-+-k=n !. 7 

If P, be the set of all permutations of degree n, then 

Pr=f{e, €a9+++ 9 my O15 O25+005 Ox}. 

Let t © P, and suppose ¢ is a transposition. 

Since P, is a group with respect to permutation multi- 
plication, therefore fe), tes, ..., t@m, (01, tO2, ...» (0% ate all ele- 
ments of P,. Obviously te, tes, ..., f@m are all odd permutations 
and /0;, toe, ..., fox are all even permutations. 

Now no two of the permutations fe, fee, ..., tém afe equal 
because 

te;=te, > e;=e, (by left cancellation law in the group P,). 

Therefore if e;e,, then te;te,. 

Thus the m odd permutations fe,,..., tem are distinct elements 
of Py. But we have supposed that P, contains exactly k odd per- 
mutations. Therefore m cannot be greater than k. te - 

mck. (1) 

Similarly, we can show that the & even permutations fo, ¢o2, 
+, ton are distinct elements of Pp. Therefore, we must have 

kgm, ...(2) 

From (1) and (2), it follows that mak=". 

Note. If A, is the set of alleven permutations of degree” 
then An & Pn and A, contains a elements. The set A, is calledan 
Alternating set of permutations of degree n. 


Group of all even permutations of degree n. 
Theorem. The set A, of all even permutations of degree n 
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! 
forms a finite group of order > 


plication.- (Gorakhpur 1970; Patna 87; Lucknow 69) 


Proof. The product of two even permutations is also an even 
permutation. Therefore the set 4, is closed with respect to multi- 
plication of permutations as composition. 

We know that multiplication of permutations is au associative 
composition. . | 

If J is the identity permutation of degree n then J is an even 
permutation. Therefore J&A,. Now we have . 

[f=f=fI + f S An. 
T is the identity element. 

Let fbe any even permutation of degree n. If f-1 is the 
inverse of fin the group of all permutations of degree n, then f-} 
is also an even permutation because ff=I(an even 
permutation). 


with respect to permutation, multi- 


Thus f € A, = that there exists S- © An such that 
I-Yosl=ff-. 
every element of 4, possesses inverse. . 
The total number of all even permutations of degree 7 is 


n! ! : 
x Thus there are elements in the set A,. 


n! 


= with respect to multi- 


’. An forms a finite group of order 


plication of permutations. 


‘Note. The product of two odd permutations is an @ven per- 
mutation Therefore the set of all odd permutations in not closed 
with respect to multiplication. Therefore it will not be a group. 


Ex. 1. Write the following permutations as the product of dis- 
Joint cycles. 


1 2,3 4 5 6 7 8 9 
(a) f=(; 3 4 5 | 6 7 9 3) 
b OAs ae SO 
(2) s=(¢ 5 4 3 4 ) 


Solution. (a) We have s 
f=(6) (7) (423 4 5) (8 9) | 
or f=(1 23 45} (8 9), omitting cycles of length 1 as they 
represent_identity permutation. 
(b) We have g=(1 6 2 5) (3 4). 
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Ex. 2. Express the following permutations as the product of 
disjoint cycles : 

(a) f=(1 2 3) (4 5) (1678 9) (1 5), 

(6) g=(1 2) (1 2 3) (1 2), 

(c) h=x(1.3 2 5) (1 4 3) (251). 


Solution. (a2) We shall start with the element 1. Under the 
first cycle 1 goes to 2, under the second cycle 2 goes to 1, under 
the third cycle 2 goes to 2 and under the fourth cycle 2 goes to 2. 
Therefore under the permutation /, 1 goes to 2. Now we are to 
find the image of 2 under. In the first cycle 2 goes to 3, in each 
of the other three cycles 3 is left unchariged. Therefore under /, 
2 goes to 3. Now we are to find the image of 3 under /f. In the 
first cycle 3 goes to 1, in the second I . goes to 1, inthe third 1 
goes to 6 and in the fourth 6 goes to 6. Thus 3 goes to 6 under /. 
Now the image of 6 under f is 7. The image of 7 under f is 8, the 
image of 8 under fis 9. Now in the first two cycles 9 is left 
unchanged. In the third cycle 9 goes to 1 and in the fourth 1 goes 
to 5. Therefore 9 goes to'5 under f. 

Now under f the element 5 goes to 4 and 4 goes-to 1. 

Since we started with the element 1, therefore we stop at 
this stage and thus we have obtained the first cycle as 

(1:2367895 4). 

Since this single cycle contains all the symbols, therefore f is 
a cyclic permutation and we have 

. f=(12367895 4). 

(b) We have g=(1 3 2). 

(c) We have A=(1 2) (3 5 4). 

Ex. 3. Determine which of the following are even permuta- 
tions ; 

(a) f=(1 2 3) (1 2). (6) g=(1 23 4 5) (1 2 3) (45) 

(c) h=(1 2) (1 3) (1.4) (2 5). . | 

Solution. (a) We can write f=(1 2) (1 3) (1 2). . The num- 
ber of transpositions is 3 i.e,. odd. Therefore f is an odd permut- 
ation. 

- (b) We can write g=(1 2) (1 3) (1 4) (1 5) (1 2) C1 3) (4 5). 

‘The number of transpositions is 7 i.e., odd. 

Therefore g is an-odd permutation. 

(c) h==(1 2) (1 3) (1 4) (2 5). The number of transpositions is 
4 i.e., even. Therefore & is an even permutation. 
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Ex. 4. Show. that the set P; of all neimuianoes on three sym- 
bols 1, 2, 3 is a finite non-abelian group of order 6 with respect to 


permutation multiplication as composition. . 
(Rajasthan 1977; Meerut 86) 


Solution. We have P;={J, (1 2), (2 3), (3 1); (1 2 3), (1 32)} 
where / is the identity permutation. There are 6 elements in the 
set Ps. Let =f, (1 2)=fa, (2 3)=fs, (3 =f, (12 =f, 

(1 3 2)=f,. We now prepare a composition table for Ps. ° 


Product of | fi ta fr hr te fe 


permutations 
fi fi he He Hie FH 
fr i te te Ee. Ge HR 
4 fi fe Fe Fe t Hi 
fa fi fe Ie oh th th 
fe fi te He He Fe F 


fe fo fs fp fo fh fs 
For preparing this composition table we have actually multi- 
plied the permutations. Thus 
fafa=(1 2) (2 3)=(1 3 DH, 
Safs==(1 2) (3 I=(1 2 =f, 
Sofe=(2 3) (2 3)=identity permutation=f, 


Ssfs=(1 2 3) (1 2 3)=(1 3 2)=fy, and so on. 
Since all the entries in the table are elements of Ps, sevstobe 


P; is closed with respect to multiplication of permutations. 
Multiplication of permutations is an associative composition. 


The identity permutation fi is the identity element since 
Ah=hihh=ha=hh. hh=fe=fefr and so on. 

Every element possesses inverse. The inverse of fh is f;, the 
inverse of f; is fg, the inverse of fs is fz, the inverse of f, is f,, the 
inverse of f; is fg and the inverse of f, is f;. [Note that f; fe =fi=fefs, 


therefore f,-'=f, and f,-' =f]. 
The composition is not. commutative since fefi=fo and 


Sefr=See Thus fafaAfafs- 


. P; is a finite non-abelian group of order 6 with respect to 
permutation multiplication. 
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Ex. 5. Write down all the permutations on four symbols 1, 2 
3, 4. Whtch of these permutations are even? 

Solation. There will be 4! ie., 24 permutations of degree 4. 
If P, is the set of all these permutations, then 

Py={(1), (12), (13), (14), (23), (24), (34), (123), (132), (124), 
(142), (134), (143), (234), (243), (12)(34), (23)(14), (31)(24), (1234), 
(1243), (1324), (1342), (1423), (1432)}. - 

If A, is the set of all even permutations of degree 4, then Ag 
will have 3x4! 7.e., 12 elements. 

Thus 44={(1), (123), (132), (124), (142), (134), 043)! (234), 
(243), (12)(34), (23)(14), (31) (24)}. 

Ex. 6. Show that the four permutations I, (aby, (cd), (ab)(cd) 
on four symbols a, b, 2, d form a finite abelian group with respect to 
the permutation multiplication. | = (Meerut 1985) 


Solation. Let /=/, (ab)=fr, (cd)=fs, (ab)(cd)=f,. To prepare 
the composition table, we observe that f, and /; are transpositions. 
Therefore fp =f, fs oat Also fz and fs are disjoint cycles. 
Therefore hhs= 3\e= . 

Further fz! f.= (ab) (ab) (cd)= I (cd)=(cd) =f. 

Si iar} ths Ce (ab) (cd) =(cd)(cd)(ab)= (ab) =(ab)—f, 

("| (ab) (cd)=(ced) (ab)). 

Also fi fa=(ab) (cd) (ab) (ed) 

=(ab) (ab) (cd) (ed)=(1) (D=I=f.. 
Sithilarly making all other calculations, the compvalion table i Is 


Product of 
permutations 


fi fp fh fs 


fh ke te te 
hr toh hk fh 
hh ho fh ft th 
fi Ki te fi Ds 


From the table it is clear that 

(i) All the entries in the composition table are elements of the 
given set. Therefore the closure axiom is satisfied. 

(ii) fi is the identity element. 

(iii) Each element possesses inverse. In fact i7=f, fi =fr, 


fy '=fy, fr’ =f. 
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(iv) The composition is commutative. 
Further the multiplication of permutations is an associative 


composition. 
. the given set is a finite abelian group of order 4 with res- 


pect to the permutation multiplication. 

Ex. 7. Show that the eight permutations (a), (abed), (ac).(bd), 
(adcb),.(ab) (cd), (bc) (ad), (bd), (ac) on four symbols a, b, c,d form 
a finite non-abelian group with respect to permutation multiplication. 

Solution. Proceed as in Ex. 6. 


Exercises. 
__ 1. Write down all the permutations on three symbols a, b, ¢. | 
Which of these permutations are even ? (Rajasthan 1977) 


: Ans. J (identity permutation), (ab), (bc), (ca), saat (ach); 
even permutations are J, (abc), (acb). 

2. Find the orders of the groups : 

(i) the group S, (symmetric group), (ii) the ercap A, (alter- 
nating group). (Meerut 1976). 

Ans. (i) 24, (ii) 12. 


3. Define a permutation. If A=(} 1) and 


1 23 
B=(; >). find AB and BA. ieienioil. 


Ans. Both AB and BA are identity permutations. 
4, Find the inverse of each of the following permutations : 
(i) ({ 23 ) (Luck, 1980) (ii) (; 23 ) 

1 3 4 2/’ ‘ 3 4 1 2)’ 
(ii) (! 23 4 i) 
23 15 4 


we o(0 22 Sen ( 22 9), 


en fl 23. 
ii) (3 1 2 5 4) 


5. Decompose the following permutations into transposi- 
tions :— 


| (Meerut 1976) 


7 
) (Mecrut 1976) 


7 

7 8) 

a8 5) (Mecrut 1980) 

Aas. (i) (1 6) (2 5) (23 
(ii) 1 3) 4) 


= 


nO 8) (1.6) (1 5) (1 2). 
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6. Examine whether the following permutation is even or 
odd : 


12345678 9 
(, 5436179 3): (Madras 1974) 
Ans. Odd. 

7. Given that f=(1 3 2 5) (143) (25 1) is a permutation on 
five symbols. Express it as a product of disjoint cycles. Also find 
the inverse of f and express it as a product of disjoint cycles. 

Ans. f=(1 2) (3 5 4); f-!=(1 2) (3 4 5). 

8. Prove that a cycle containing an odd number of symbols 
is an even permutation whereas a cycle containing an even num- 
ber of symbols is an odd permutation. 

_ 9. Show that the set G of four permutations /, (1 2) (3 4), 
(1 3) (2 4) and (1 4) (2 3) on four symbols 1, 2, 3, 4 is an abelian 
group with respect to the permutation multiplication. 

(This group is known as the four group V, of Klein). 

10. Show that the 7! permutations of n objects form a group 


with respect to permutation multiplication. Verify this theorem 
by taking the set of all permutations of elements 1, 2, 3. . 


(Mcerut 1973) 
“11. Prove that the set 4s of three permutations 
: (a), (a bc), (ac b) | 
on three symbols a, 6, c forms a finite abelian group with respect 
to the ;ermutation multiplication. 
12. Show that if Shas more than two elements, then the 
symmetric group S, is not abelian. 
{Hint. Refer Example 6 page 64). 
13. Show that the group S; is non-abelian. (Meerut 1977) 
14. Give an example of a finite non-abelian group. 
(Meerut 1978; G.N.D.U. Amritsar 82) 
15. G is a group and a is a fixed element of G. Show that the ° 
mapping f. : G->G defined by f,(x)=ax¥xEG is a permutation 
of G i.e., is a One-to-one mapping of G onto G. (Marathwada 1972) 


§ 16. Integral powers of an clement of a group (composition 
denoted multiplicatively). | 


Suppose G is a group and the composition has been denoted 
multiplicatively. Leta @G. Then by closure property a, aa, . 
aau, aaaa, etc. are all elements of G. Since the composition in G 
obeys general associative law, therefore aaa.. aton factors is inde- 
pendent of the manner in which the factors ‘may be grouped.. 
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If n is a positive integer, we define a"°=aaa...a ton factors. 
Obviously a7 © G. In particular a'=a, a®*=aa, a®=aaa=a"a and 
SO On. 

/ if e/is the identity element of the group G, then we define 
a°=e, 

Ifnisa positive integer then —1 is a negative integer. Now 
~ we define ann (a")-? where (a”)-? is the inverse of a” in G. ‘Thus 

a" eG. 

Thus we have defined a” for all integral values of n positive, 
-zero or negative. ot 

However, if n is a stuliiel integer, then according to our 
definition 
a~"=(a")-1= (aaa...a upton factors)~! 

=(a7}) (a~!) (a~})...(a~") upto a factors=(a7!)". - 
Thus we are free to write (a~!," or (a")~) in place of a-*. 
In particular a~*=(a*)-!=(a-)4. 


Integral multiples of an element of a group. Composition deno- 
ted additively. 


If in a group G the composition has been denoted additively, 
then in place of using the word integral powers of an element of 
a group we use the word integral multiples of an element ofa 
group. The difference is only of notation otherwise the meaning is 
the same. Thus in this case if n is a positive integer we write na 
in place of a” and we define na=a+a+...+a upto n terms. 

In place of-a° we write 02. Thus we define Oa=e where e¢ is 
the identity of G. 

If nis a positive integer, then in place of a~" we write (—n)a. 

Thus we define (—n) a=—(na), where —(na) denotes the 
inverse of na inG. Also-we can prove that —(na)=n (—a). 

Thus we can write —(na) or n (—a) in place of (—n) a. 

_ In particular 6a=a-+a+...+a upto 6 terms 

(—6) a= —(6a) ie, —(a+a+... upto 6 terms) 
or (— 6) a=6 (—a) ie., (—a)+(—@)+...upto 6 terms. 

In multiplicative notation the following laws of indices can 
be easily proved : a 

| a™a"= qmta, 
_ and (a"yr=amn, 

¥ ae Gand ¥ m,n © I where 1 is the set of integers. 

In additive notation the following laws of multiples can be 
easily proved : 
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ma+na=(m-+n) a, 
n (ma)=(nm) a, 
¥aeGand ¥mnelk 
§ 17. Order of an element of agroup. Definition. 
(Guru Nanak 1982; Rajasthan 77; Meerat 79; Lucknow 80; 
‘Gorakhpur 70) 
__ Suppose G ts a group and the composition has been: denoted 
multiplicatively, By the order of an element a=G is meant the. least 
positive integer n; if one exists, such that | 
- an=e (the tdentity of G). . . 
Uf there extsts no positive integer n such that a"=e, then we say 
that a is of infinite order or of zero order. | 
We shall use the symbol o (a) to denote the order of a. 
In additive notation we use the words ma=e in place of a°=e. 


. Important. If there exists a positive integer m such that o”=e, 
then the order of a is definitely finite. Also we must have o(a)<m. 
When a”=¢, then the question of order.of a being greater than m 


does not arise. At the most it can be equal-to m. If m itself is 
the least positive integer such that a”=e, then we will have 


o (a)=m. 
In any group the identity element/e is always of order one and 
it is the only element of order one. ° 
We have e'=e > o(e)=1. Also if'o (2)=1, then a'=a=e. 


Example 1. Let us find the order of each element of the multt- 
plicative group {1, —1, i, —i}. | (Lacknow 1980) 
Since | is the identity element, therefore o (1)=1. 
Now (—1)'=--1, (—1)*=(—1)(—1)=1 (i.e., identity element). 

*. o(—1)=2. 


Again (f)' =i, (i)? =—1, P=—i, i= 1 (L.e., identity element). 
) . o(f/=4 © 
Finally (—i)'=—i, (—i)*=—1, (—i)?=i, (—i)t=1. 

*. 0(—i)=4. 


Example 2. Let us find the orders of some elements of the group 
{0, 1, 2, 3, 4, 5}, the composition being addition modulo 6. 
Since 0 is the identity element, therefore o (0)=1. — . 
Now (1)'=1, =I+¢ 1=2, 1'=1+, l+, l=1i+, 2=3, ; 

Mal+,s l+e Ite 1=1+.63=4; D=i+,1* 
=1+64=35, lS=1+6 =1+¢ 5=0 (i.e., identity element). 
* o(l)=6. 
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Again 2’ ==2, 28=2-+-, 2=4, 29=2+, 22=24, 4=0 


sine (identity element). 
idiier 313, 3?=23+-, 3=0 (i. é., identity element) ; 
o (3)=2. 


Similarly we can find orders of other elements. We have 
o (4)=3, o (5)=6. 

Example 3. Jn the infinite multiplicative group of non-zero 
rational numbers, the order of every element except the elements 1 
and —1 is infinite. 

We have (—1)'=—1, (-1'=i (identity element). 

* o(—1)<=2., : 

Now 2!=:2, 29=-4, 2°=8.and so on. Thus there exists no 
positive integer m such that 27=1 (identity element). Therefore 
o (2) is infinite. 


Example 4. In the additive group of integers the order fee every 
“element except 0 is infinite. . 

0 is the identity element. Therefore o (0)=1. 

Now 1 & I. We have 1 (D=1, 2 (1)=14-1=2, 

3 (1)=1-+-1+4-1=3 and so on. Thus there exists no positive 
integer n such that n (1)=:0 (identity element). Therefore o (1) 
is infinite. | 

Note. In an infinite group elements may be of finite as well 
as Of infinite order. We shall now prove some important results 
on the order of an element of a group. . 


Theorem 1. The order of every element of a finlte group is 
Sintte and is less than or equal to the order of the group. 
(Meerut 1971; Rajasthan 77) 


Proof. Let G be a finite group, the composition being denoted 
multiplicatively. Let a@G. Consider all positive integral powers 
of a be. a, a®, a®,a‘,.... All these are elements of G, by closure 
axiom. Since G has a finite number of elements, therefore all 
these integral powers of a cannot be distinct elements of G. Let 
us suppose that a’=a‘ (r > 8). 

Now a’=a' => a’a™*=a'a=$ [. a* € G] 

=> a-'=@ => alse 
=> a "=e where m=r—s, 

Since r>s, therefore m is a positive integer. Thus there exists 

& positive integer m such that a"=e. 
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Now we know that every set of positive integers has a least. 
member. ‘Therefore the set of all those positive integers m such 
that am=e has least member, say n. Thus there exists a least 
positive integer n such that a*=e. Therefore o (a) is fitiite... 

Now to prove that 0 (a) < 0 (G), | 

Let o(a)=n where n > 0(G). — Since a @G; therefore by 
closure property a, a*,:.., a" are elements of G. No.two of these 
are equal. For if possible, let a’=a, 1<s<ar<n. Then 
a’-f=e, Since 0 < r—s <n, therefore a’-*=e implies that the 
order of a is less than #. This is a contradiction. Hence a, a°,..., a* 
are n distinct elements of G. Since n > o (G), therefore this is not 
possible. Hence we must have o (a) < 0 (G). . 

Theorem 2. The order of an element of a group is the same as 
that of its inverse a~. (Meerut 1968; Sagar 77). 

Proof. Let 2 and m be the orders of a and a-! respectively. 

We have o (a)=n => a*=¢e (identity element) . 
=> (a%)-!=e-! = (a7!)"=e 
>o(a)<cn>men. 

Also ‘o (a)=m => (a-!)"=e . 
=> (a")-l=e > amme  ['" ble > b=e) 
>0o(@)<m>n<em. 

Nowm<nandn <m => m=n. 

If the order of a is infinite, then the order of a~! cannot be 
finite. Because o (a-')=m => 0 (a) < m + a (a) is finite. There- 
fore if the order of a is infinite, then the order of a-! must also be 
infinite. 


Theorem 3. The order of any integral power of an element a 
cannot, exceed the order of.a, (Lucknow 1969; Garhwal 76) 


Proof.. Let a* be any integral power of a. Let 0 (a)=7.: | 
Now 0 (a)=n => a =e (identity element) 
. => (a*)k= ek => ankoe 
=> (a*)"=e = 0.(a*) < 1. | 
Theorem 4. Uf the element a of a groupG is of order n, then 
am=ze iffn is a divisor of m. | (Lucknow 1980) 
_ Proof. . Let n be a divisor of m. Then there exists an integer 
q such that ng=m. | . 
Now a"=@”7=(q")?=¢% [" 0 (a)=n > ate) 
=@, , 


Conversely let .a™=e, 
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Since n m is an integer and # is a positive integer, therefore by 
division algorithm there exist integers q and r such that 

 maagt+tr whereeO <r<a. 

Now a@%=q"7+r aa’ =(a")¢a’ 

wn evar | (acme) 
ea’ =a", 
a ne => =e, 

Since 0 <r<na, therefore a’'=e > r must be equal to zero 
because otherwise 9 (a) will not be equal’to 2. If o (a)=n, then 
there will exist no positive integer r <n such that a’=e. 

' . ‘m=nq > nis a divisor of m. 
| Theorem 5, The orders of the elements a and x-' ax are the 
same where.a, X are any two elements of a group. (Gorakhpur 1970) 

Proof. Let n and m be the orders of a and. x7! ax respec- 
tively. 

Now (x7) ax)®=(x7? ax) (x7! ax)=x-! a (xx71) ax 

=x7! (ae) ax==x7 aax=x7 a®x. 
In general, we get 
(x7? ax)r=x-! a" x 
=x! ex [°’ o(a)=n > a* =e) 
=x-! x=e, . 
“ o(xtax)cn>men 
Again o (x7! ax)=m > (x7 ax)n=se 
=> x7 am xce > x7! Qt X=x7! x. 
=>an"x-x (by left cancellation law) 
=> a x=ex 
= an"=e (by right cancellation law) — 
>o(a)<m>n<gm. 
Finally m < n,n << m> m=n. 


Cor. Order of ab is the same as that of. ba where a and b are 
any elements of a group. 


Proof. ‘We have a! (ab) a=(a-! a) (ba)=e (ba)=ba. 
Thus ba=a-'(ab)a 
=> order of ba=order of a~' (ab) a 
=> order of ba=order of ab [°° 0 (x7 ax)=o (4)] 


Theorem 6. If a is an element of order n and p is prime to n, 
- then a? is also of order n. 
Proof. Let m be the order of a’. 
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Now 0 (a)=n = a*=e => .(a")P=erme 
>.(a? =e > 0 (a?) IC nom <n. 
Since p, are relative primes, there exist integers x and y 
~ guch that px+ay=1. (Note) 
*, Q@=qleagrttny = grr gry aqpx (a")¥=aP* eycgpr ensarteo(ar}s, 
Now ar =| (aP)*}"= (ary = (ar) | 
==e* [°.’ o (a?)==m => (a?)"= e] 
=é, . 
“.0(a)<Imon<cm. 
Finally m <:n andn.< m => m=n, 
Solved Examples . 
_- Ex. 1. Prove that if a®’=a, a&G, then a=e. 
° : (Kolhapur 1973) 
Solution.. We have a*=a > aa=a ; 
=> aa=ae {°° ae=a] 
> a=e 
[by left cancellation law in G) 
Ex. 2. Given axa=b tn G, find x. 
Solution. We have axa=b => a-! (axa)=a-'b 
=> (a-'a) (xa)=a-1b > e (xa)=a—"b > Xa=a-lh 
> (xa) a~'=a-! ba- => x (aa) =a "ba > xe=sg-lbq-) 
=> x=a7! bam}, 
Ex.3. If a and b are any elements of a er G, “then 
(bab-")"caban b-" for any integer n. 7 
Solution. (i) n=0. We have (ba b-'p=e, [by definition) 
Also _ \ba°b-!=be b-1=bb-! =e, 

i (bab-")°=ba® b-, “ 
(ii) 2 > 0. We have (bab-*)!=ba b-!=ba! b~). [‘ alend}- 
Thus the result is true for n=1. : 
Let us suppose that the result is true for n=k 7.e., suppose 

(ba b-)k=xbak b-1, 

‘Then (ba b~})k+1— (ba b-1) (ba b-')t=bak b“ba b>? 
- bak eab-!=bat ab ==bakt' 6-1, 
Therefore the result is'true for n==k +1 if i it was: true for nk. 
But we have seen that the result is true for. n=1 - Hence by 
mathematical induction it is true for all 2 > 0. 
(iii) n<0. Let n=>—m where m>0o | 
Then (ba b-!)"=(ba b-1)-m=[(ba b-!)n)-! = (ban b-1)-1 
22 (b71)-1 (gm)-! b-labg-m b= bard-}. | 
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-Ex. 4. Prove thet if G is an abelian group, then for all a, b&G 


and all integers n, (ab)"=a"b", (Allahabad 1983) 
Solation. (i) n=0. We have (ab)°=e. {By definition] 
Also ab =eéd=e, - 

(ab)°=a°°, 


(ii) n>0. Ifn=1, then (ab)'=ab=a'b'” 

Now suppose for n=k, (ab)*=a*b*, | 

Then (ab)*+! =(ab)* (ab)=a*b* ab 

sak abkb = [°" G is abelian > bka=ab*]) 
= akt! pktl, 

Thus the result is true forn=k-+1 if it was true for n=k. 
But it is. true forn=1. Hence by mathematical sinduction for all 
n>0, (ab)"=a"b", 

(ii) n<0. Let n=—m where m is a positive integer. 
Then (ab)"=(ab)-"=[(ab)")-?=(amb™)-1 
==(b"a")-} {.’ Gis abelian > a%b"=b"a™) 
=(a")-! (6")-1 [° (ab)-?=b-1a-1} 
_ ssan™ h-m=— anh", 
~Note. ‘Since a, b © G, therefore a”, b” & G. 
Also G is abelian. Therefore a” b"=5" a”, 


Ex. 5. Prove that if for every element aina group G, a=e, 
then G is an abeltan group. 
(G.N.D. U. Amritsar 1982; Nagarjuna 79; Madras 78; Gujrat 78) 


Solution. Let a and 5 be any two elements of the group G. 
Then ab is also an element of G.. Therefore ee 

Now (ab)*=e => (ab) (ab) Us => (ab) =a 

=> ba 3 

But a’=e => aa=e > q=a, 

Similarly b?=e = b-'=), 

Therefore from (1), we get ba=ab. ‘Thus we have ab=ba ¥ 
a b — G. Therefore: G is an abelian group. 


oo(1) 


“Ex. 6. Prove that a group G is abelian if every element of G 
— hg Laat element is.of order two. . 
3 (Runjab 1970; Meorat 79; Osmania 72) 
. Solation. identity element e is of order 1. But e®=e. Since 
every eches element is of order two, therefore we have 
| -@=e¥ ae. 
Now proceed as in Ex. 5. 
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Ex. 7. Show that if every element of a groupG ts 3 own. 
inverse, then G is abelian. © (Banaras 1970; Vikram 76; Raj. 78) 
Solution. Let a and 5 be any two elements of G._ Then ab is 
also an element of G. Therefore (ab)1=ab as it is given that 
every element is its own inverse. — 
Now (ab)"'=ab > b—a7!=ab. 
=> ba=ab. [*. a=a, b=} 
_ Thus we have ab=ba ¥ a, bGG. Therefore-G is an abelian 
group. 7 
_ Ex. 8. Show that if a, b are any two elements of a group G, 
then (ab)*=a*b* if and only if G is abelian. 
(Meerut 198i, 82, 87, 90; Nagpur 75; Kanpur 80; 


Madras 83; Sagar 77) 
Solution. Suppose G is abelian. : 
Then —  (ab)*=(ab) (ab) =a (ba) b 
=a(ab)b  .— [Gis abelian > ababda] 


=(aa) (bb)=a*d*, 
Conversely, let a, b be any two elements of G. 

Then (ab)*=a*b* => (ab) (ab)=(aa) (bb) > a (ba).b=a (ab) b 
=> (ba) b=(ab)b [by-left cancellation law) 
=> ba=ab [by right cancellation law] 
> Gis abelian. | 

Ex. 9. Prove that a group G ts abelian if 

bc" baxe ¥ a,b © G. 

Solution. Wehave ~~ 

ba! ba=e => (6-4-1) (ba) me. 


= (b-'a"')'=ba [¥ abse > ato] 
SY yaa Se 
=> ab=ba , [ oe (a7?)-2 a a] 


. => G is abelian. 

Ex. 10. If G is a group of even order, prove that it: has an 
element axe satisfying a’=e, (Meerut 1983 P) 
_ Solution. Let G be a group of even-order 2n, where n is a 
positive integer. We shall prove that G must have an: element 
ae such that a~'=d. We shall prove it by contradiction. 

Suppose G has no element, other than the identity element ¢, 
which is its own inverse. Now in a group every element possesses 

_@ unique inverse, The identity element ¢ is its own inverse. Fur- 
ther if 5 is the inverse of c, then c is the inverse of 6. So exclud- 
ing the identity element ¢, the remaining 2-1 elements of G must 
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be divided into pairs of two such that each: pair consists of an 
‘element and its inverse. But we cannot do so because the odd 
integer 2n—1 is not divisible by 2. Hence our initial assumption 
is wrong. . . 
So in G there is an element ae such that, 
a=q-) > aa=a-'a > aime, 


Ex, 11. (a) What is the order of an n-cycle ? 

(b) What ts the order of the product of the disjoint cycles of 
lengths my, Ma,.... m2 

(c): How do you find the order of a given permutation 2 


"Solution. (a) Let f=(1 23...2) be a cycle of length n. 

Then f? moves every symbol two places along. | Similarly f* 
will move every symbol three places along and f” will move every 
symbol n places along. Thus f*=(1) (2) (3)...(") ie., identity 
permutation. Therefore order of fis n. 


In particular if f=(1 2.3 4 5), then f2=(1 3 52 4), fi=(1 42 
53), f4=(1 543 2), f8=(1) (2) (3) (4) (5) identity permutation. 

’, Orderoffis5. . 

(b) Suppose a permutation f is the product of disjoint cycles 
‘of lengths 7%,, m2,....2%. Ascan be gasily seen the order of f 
.will be the L.C.M. (least common multiple) of the integers 71, 
g,..+ Ike 

(c) To find the order of a permutation we should first express 
it as the product of disjoint cycles and then we should apply the 
_ tule given in part (b) of this question. ) 


Ex. 12. Jf a group G has four elements, show that it must be 
‘Abelian, i , (Allahabad 1980; Kanpur 69) 

‘Solution, Let G={e, a, 5, c} be a’group of order four. Here. 
e is the identity element. The identity. element e is its own 
. inverse. There must beat least one more element in G which is 
- its own inverse. : 
Let azt=a. if b-i=b and c-t=c,‘then definitely’G is abelian. 
(See Ex. 7]. | | : | 
If b- =e, then c=) and we have 

- ‘besseczeb, Also a~'=a > aa=e, 
In this case the composition table for G will be as follows : 


\ | e a b c 
ee ttn oe 
e e a b Cc 
a | foe c b 
b | b c¢c¢ a ie 
s { ; 
c lo¢ b e a 


Note that ab would have been either equal to b or equal to c. 

Since ab=b->a=e, therefore ab must be equal toc. Then ac 
will be equal to 5b. 

Now we can easily complete the table since-in each column 
each element must be distinct and in each row each element must 
be distinct. From the table we see that composition in G is com- 
mutative. THerefore G is abelian. | 

Ex. 13. if G isa group such that (ab)"=a"b" for three conse- 
cutive integers m for alla, 6 & G, show that G ts abelian. 

(L.A.S. 1970; Kurukshetra 69; Meerut 80) 

Solution. Let a, 5 be any two elements of G. Suppose m, 
m-+-1, m+2 are three consecutive integers such that (ab)"=a™b", 
(ab)r+2=amt! bmt) and (ab)™+2& gmt? mss, 

We have (ab)"*+8=(ab)"*+! (ab) 

=> gmt? bmti——gmt! fmt (gh) (Given) 
=> gamt! Bint! b—=@ am bm bab 
> amtl bmtl!—anbn ba [by left and right cancellation 
+ laws] 
=> (ab)™*+! =(ab)" ba 
_ > (aby (ab)=(aby* (ba) 
— ab=ba by left cancellation law) 
~s> Gis abelian. 
Ex. 14. In a group, if ba=a™b", prove that the elements 


amha-2, qm-3 bs, ah-' have the- same. order.- | (Raj."1978): 
Solution. We have Seegee ae 
. b-? [° baa") 


ne b* b'=(b")" es b-, 
_ Now we know that i ina group 0 (a)=2(x"! ax), where :a, x 
are any two elements of the group. . , 
“0 (a™ b"-*)=0 [(b-))" (ab-}) b-J=0 (ab-'). + oe (B) 
Further a7-? bp» =a@-* gu h"= 75 ba=q-* ba®-=a-* bavtg? 
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==(a*)-? (ba-') a? 
0 (am-* 6")=0 [(a*)""(ba-?) a*]=0 (ba-*) 
=0 [(ba-')-"], since o (a-')=0 (a) 
; =0 [(a-?)-? b-"]=0 (ab-*). -+(2) 
From (1) and (2), we get o (a” b"-2)=0 (ab) =0 (an br), 
Ex. 18. If in the group G, a’=e, aba~'=5° for a, b & G find 


o (8). (Meerat 1976) 
Solution We have (ab a-!)*=ab a} ab a~!=ab* a 
=aa ba-) qm) | [°° ab a-'=$*)} 
=a? ba-®, 


(ab a-?)4= {(ab a-*)*}8==(a? ba-?)2==a? ba-? a® ba-? 
=a? b® a~*=g* ab am! a-8= a? ba-8, 
(a ba )8={(ab a-1)*2= (a3 a all *a*ba~*=a* b? a-s 
=2a3 ab am a~?=@* ba-4, 
(aba-')*®={(ab a-!)®}?=(a* ba-*)? =a'ba-*athg-*= a4 b?a-4 
=@* a bag q-i=a’ ba-5 


=eb e (°." a'=e and so a>=e] 
=b, 
Thus ca =, ae. 
(87/86 [’ ab a-=6*) 
=> b2=—h : 
> bie, 


Since b™==e = o (b) | m, therefore o (5) |:31. 
‘But 31 is a prime integer. Therefore o (b)=1 or 31. 
So if b=e, then o (6)=1 and if be, then o (6)=31. 
Ex. 16. IfG is a finite abelian group with elements a, gy... 
Gn, prove that a,a3...dq is an element whose square is the identity, 


Solution. We have (a,a9.. -Qn)?=(@;49...4n) (@,@2...dn). ...(1) 
Now each element in a group has a unique inverse. There- 
fore each of a;, ag,..., Qn is the inverse of exactly one of them. So 
associating each of a), ag,..., da With its inverse, the relation (1) 
becomes 
(@1@9...4n)*=(@,4,-) (asas-1):. -(€n@,~')=cee...upto n times=e. 


Ex. 17. Show that the equation x*ax=a- is solvable for x in 
a group G if and only if a is the cube of some element in G. 
Solution. Suppose x*ax=a™! is solvable in G. Then ‘there 
exists an element ceEeG such that cac=a-, 
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Now cac=a-! => ecac=a-! = ¢ (ca) ca=a-! a = c (ca) (ca) 

=@ => (ca) (ca)=c™! = (ca) (ca) e=c-! ¢ = (ca) (ca) cme > (ca) 

(ca) ca=ea > (ca)’=a => a is the cube of some element cae. 


Conversely, let a=b* for some 6 © G. Then x=6-? is a solu- 
tion of x2ax=a-', For if x=57? and a=5°, then x*ax=—b-‘h*b-? 
=b-?==(55)-!=a-!, Thus x=b-? is a solution of x*ax=a-'. 


Ex. 18. If in a group G, xy*=y®x and yx2=x®y, then show 


that x=y=e where e is the identity of G. (Nagarjuna 1980) 
Solution. We have xy?=y*x => x*y’=xy°x 
> xtyoxy xy xy*yxy l= y’xyxy -(1) 


Again yx2=x'y > yx*=xx4y 
> yxt=xy*xyxy-l, substituting for x*y from (1) 
=> x2= yt xy®xyxy) 
=> y= y~xy3xyx, »».(2) 
From (1) and (2), we get 
_ exyxyt=y" xyexyx 
= yxyxoxyaxyxy=xyyxyxyo yp xyxyxy. 
Cancelling y* from both sides, we get 
YXYXH=NYNYXY 
=> (yx)?=(xy)’. (3) 
Since the given relations are symmetrical in x and y, there- 
fore interchanging x and y in (3), we get 
(xy)? =(yx)*. -++(4) 
Now from (3) and (4), we have 
(xy)?=(yx)*=(yx)* (yx)=(xy)? (yx). 
Cancelling (xy)? from both sides, we get 
e= (xy) (yx)=xy*x 
> x?= 
Now xy*=y'x > xx? =yx?x 
=> xy => yrer 
Again yx?=x'y => ex?=x%e > xt x3 > xe. 
Ex. 19. Let G bea group and let a . G be of finite order n.. 
Then for any integer k, we have o (a*)==——- in, “Bj where (1, k) denotes 


the H.C.F. of n and k. 
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Solution. Let (n, k)=om. Then we aes? n=pm, kesqm for 
some integers p and: -q such that (p, g)=1. Leto (a*)=I. 
We have o (a*)=1 > (ale => atlaze 


“=> n{ki {. o(aj=anz °. akli=e>n| kl] 
> pm| gil > p| gl : 
>pil -  [** pand q are relatively prime] 


Again (a*)P= (a7)? = qi = g=(ai)\imet=me, 
Therefore o (a*) | pi.e., 1 |p. 
Now /|pandp|i = I=p. 
. hn 
° ‘ape 
se) ONO) = P= m (a, ky 
Ex. 20. ‘General law of commutativity of the elements of 2 
group. If in a group %, ay, dz,...,a, is any system of n elements, 
commutative in pairs, and 
( 1 7) 
iy a 
is any permutation of the set of n objects 1, 2,..., , then 
Q1432.. an=aj, y+ Gy | 
(Punjab 1970; Meerut 70) 


Solution. We shall prove the result by induction method. 
Suppose the result is true for products of m—1 or less elements. 
Then we shall show that it is also true for products of n elements. 
Two cases arise : 

- Casel. Let iz=n. In this case we have 


Gy @a...0g= a -Qn-1) Gn [".. composition in G is associative) 
=(a;, aj, ...4 -) a, [°.. according to supposition the result is 
true for n—1 elements) 

== (ay, aj, sey. et D a (“2 n=in] 


Oy Gj; a, oe ' [by associativity] 
Case II, Let i,=k where k <n. Then 
Ag... Aker Res k41...An s 
=(@,dq...k-1) (ak Bk41---Gn) . [by associativity) 
* = (Qydg...04-i) (Akane Qndg) 6 | [by supposition] 
= (1@2..-Gk-1) ((G41.. An) @xJ=[(ayae.. 1Qx~1) (Gk+1.. -Qn)] a, 
° =(41a3...0e-1. Ak41-. Qn) ak 
=(4;, 4;,.-. Fi, 4) 2,9, 2-47 A, 
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- Now obviously the result i is trite jie i aa of 2 elements. 
Hence the proof is complete by indu 


Exercises 


1. Define the order of an element jn (i) an additive group, 
(ii) a multiplicative group. What is the order of the residue class 
(3) in the multiplicative group a non-zero residue classes modulo 
5? Ans, 4. . (Gorakhpur 1970) 
2. Distinguish between the order of a group and the order 
of an element in a group. Prove that if ¢, x©G then a and xax7 
have the same order in G. (Gorakhpur 1970, Meerut 70) 
, 3. Show that in a group G, we have 
ab=e->a=-! and.b=q@-, 
4. Show that in a group G,-we‘have _ 
ab=a or ba=a> b=e, 
where ¢ is the identity element of G2 (Kanpur 1969) 
5. Ifina group G, the elements a and bd commute, then 
prove that (i) a~' and 5-' also commute, (ii) a-' and 5 also 
commute, (iii) a and 5-! also commute. 
6. Ina group G, prove that e"=e for any integer n. 
7. Find the solution of the equation abxax=cbx in a group 
G, where a, b and c are given elements of G. 
Ans, x=6-! a~!cb am}, 
8. Pisve that, if a group has an even number of elements, 
then at least one element, apart from the identity element must 
equal its inverse. 
9. Prove that in any group, e is fhe only element of order I. 
10. Find the order of each element of the group 
. ({0, 1, 2, 3, 4},+5). (Gorakhpur 1970) 
Ans. o(0)=! and each other element is of order 5. 
11. Find the order of the permutation ( 3 ; 2) 
Ans. 3. 


12. Let G be a group and let ae & G be such that a’=e, 
where p is a prime number. Prove that o (a)=p. 


13. Show by means of an example that it is possible for the 
quadratic equation x?=e to have more than two solutions in 
some group G with identity e. (Marathawada 1972, Meerut 81) 
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14. If the elements a, 5 and ab of a group are each of order 


2, prove thatab=ba, (Meerut 1973) 
' 1S. Let.a, b& G be non-identity elements with o (a)=5 and 
a—'ba=*. Find o (5). - Ans. 31. 


16. Give an example of an infinite group each element of 
which has a finite order. 
(Poona 1970; I.C.S. 89; G.N.D.U. Amritsar 85) 
Hint. Let G={z: ze C and z"=1 for some positive inte- 
ger n} i.e., let G be the union of all nth roots of unity where 
nEN. Then for multiplication of complex numbers G is the 
desired group]. . 
17. Let x & G, xe. Show that x4x- if and only if the 
order of x is greater than two, where G is any group. 


(Poona 1973) 
18. If ais an element of a group, prove that the integral 
powers of a form a multiplicative group. (Meerut 1975) 


‘19. In Sy give an example of two elements x, y such that 
(xy)*4x*y*, Here S; is the symmetric group of permutations of 
degree 3. 

_ 20. In Sg show that there are four elements satisfying x?=e 
and three elements satisfying y°=e. 

21. In a group G let a be an element of finite orderm. Ifa 
positive integer k is a divisor of n, prove that o (a*)=n/k. 

22. Show that the equation xax=b is solvable for x ina 
group G if and only if ab is the square of some element in G. 

23. Show that in an abelian group the product of two ele- 
ments of finite order is again an element of finite order. 

24. Prove that a group G is abelian if and only if 

(ab)*=a"' b-' ¥ a,b EG. (Rohilkhand 1981) 

§ 18. Isomorphism of groups. 

Now we Shall discuss the very important concept of isomorp- 
hism of groups. oe 

Isomorphic mapping. Definition. ~ , 

(Agra 1977 ; Osmania 72 ; Rohilkhand 80 ; Poona 73) 

Suppose G and G' are two groups, the composition in each being 
denoted multiplicatively. A mapping f of G into G' is said to be an 

isomorphic mapping of G into G’ if | 

(i) fis one-to-one i.e., distinct elements in G have distinct 
f-images inG’, . 
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(di) f(ab) =f (a) f (b) ¥ a,b G Gi.e., the image of the pro- 
duct is the product of the images. 

It should be noted that when we say that f is a mapping of G 
into G’; we usually include in it the possibility that the mapping 
Ff may be onto G’. If an isemorphic mapping f of G into G’ is onto 
G’, then it is called ati isomorphic mapping of G onto G’. 

If f : G->G’ be such that f (ab)=f(a) f (6) ¥ a, b & G, then 
we say that the mapping / preserves the compositions in G and G’. 
Hence f (ab) is an element of G’ and it is the f-image of ab which 
is an element of G obtained on multiplying a and b. Further f(a) 
and f(5) are elerhents of G’. Also f(a) f(b) is an element of G’ 
obtained on multiplying f (a) and f (6). 

Thus we can say that, a mapping f ts saidto be an isomorphic 
mapping of G into G’ if it is one-to-one and if . it preserves the com- 
positions in G and G’. : 

If fis an isomorphic mapping of a group G into a group G’, 
then fis also called an isomorphism of G into G’. If f is an iso- 
morphism of G onto G’, the group G’ is called an isomorphic image 
of the group G. Also then we say that the group G is isomorphic 
to the group G’. Thus we can give the complete definition of 
isomorphic groups like this : 

Isomorphic groups. Definition. 

_ (Meerut 1982; 1.A.S. 70; B.H.U. 88) 

Suppose G and G’ are two groups. Further suppose that the 
compositions in both G and G’ have been denoted multiplicatively. 
Then we say that the group G is isomorphic to the group G' if there 
exists a one-to-one mapping f of G onto G' such chat 

S (ab)=f(a) f(b) ¥ a,beEG 
i.e., the mapping f preserves the compositions in G and G'. 

If the group G is ishomorphic to the group G’, symbolically 
we write G c G’. Another notation for isomorphism is sv. 

Note 1. In our definition of isomorphism of two groups G 
and G’ we have denoted the compositions in G and G’ both muiti- 
plicatively. The students can use different symbols to denote the 
compositions in.G and G’. But there should be no confusion. 

Note 2. If G is isomorphic to G’, there may exist more than 
one'isomorphisms of G onto G’. There may be many one-one onto 
functions from G to G’. But if. there exists at least one function f 
which is-one-one, onto and also preserves compositions, then G 
will be isomorphic to G’. 
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Note 3. If the group G is finite, then G can be isomorphic to 
G’ only if G’ is also finite and the number of elements in G is 
equal to the number of elements in G’. Otherwise there will exist 
no mapping f from G to G’ which is one-one as well as onto. 

Note 4. If the group G is isomorphic to the group G’, then 
we say that the groups G and G’ are abstractly identical. From 
the point of view of abstract algebra we shall regard them as 
One group ond not as two different groups. _ 

Example 1. /f R is the additive group of real numbers aia Ry 
the multiplicative group of positive real numbers, prove that the 
mapping f : R->R, defined by f(x)=e* + x & R is an isomorphism 
of R onto R,. cCairat 1970, Meerat 86; Delhi 70; Kolhapur 73; 

Gorakhpur 70; Madurai 78) 

Solation. If x is any real number, positive, zero or negative, 
then e* is always a positive real number. Also e* is unique. 
__ Therefore if f (x)=e*, then f : R->R,. 

J is one-to-one. 
Let x1, x2 € R. Then S (%1)=Sf (2) 


= Magi’ ("by the def. of f, f(x)=e*) 


=> log e*=log e*? => x, log e=xz loge > xi=%p. 

Thus two elements in R have the same f-image in R, only if 
they are equal. Consequently distinct elements in R have distinct 
f-images in R,. Therefore f is one-to-one. 

f is onto. Suppose y is any element of R, i.e., y is any positive 

real number. Then log y is a real number i.e., log y & R. 

Now f (log y)=elos s=y. Thus y © R, = thatJ logy ER 
such that f (log y)=y. Therefore each element of R, is the f-in:age 
of some element of R, om J is onto. 


S preserves composi ions in R and.R,. Suppose x, and Xe are 


any two elements of R.: \ Then 
f (xr+xa)= eri t%e [by definition of f] 
=e! ,e%2 | 


=f (x1) f (%2) Ff (x1) =e™! and f (x2) =e**). 

Thus f preserves compositions in R and R,. Here the com- 

position.in R is addition and the composition in R, is multiplica- 

tion, Thereforefis an isomorphism of R onto. R,. Hence 
R= ~R he 
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Example 2. Let R,-be the sibs group of all positive 
real. numbers and R be the additive group of all real numbers. Show 
that the mapping g : R4->R defined by = 
g (x)=log x v x GE R, is an isomorphism. (Meerut 1976) 
- Solation. If x is any positive reafziumber, then log x is defini- 
tely a real number. Also log x is unique. Therefore if g(x)=log x, 
then g: R,->R. 
g is one-to-one. Let x,, x3 E.R, Then g (x)=8 (xa) 


> log xm =log *%3 => log x _. 10g Xs => Xy= Xz. 


Therefore g is one-to-one. 

gisonto. Suppose y is any element of Ri.e., y is any real 
number. Then e” is definitely a positive real number i.e., ev G-R, 

Now g (e”)=log ev=y. Thus y@ R => that there exist: 
ev & R, such that g (e”)=y. Therefore each element of R is th 
g-image of some element of R,. Thus g is onto. 

g preserves compositions in R, and R. Suppose x; and xq are 
any two elements of R,. Then 


& (x1%_)=log (x19) 4 [by ‘def. of g1 
=log xi +log Xs 
=8 (%1)-+8 (2) [by def. of g] 


Thus g preserves compositions in R, and R. Here the compo- 
sition in R, is multiplication and thé composition in'R is addition. 
Therefore g is dn isomorphism of R, onto R. Hence R:=R. 

Ex. 3. Show that the additive group of integers 

G=({..., ~3, ~2, —1, 0, 1, 2, 3,...} 
is isomorphic to the additive group 
G'={..., —3m, —2m, —1m, 0, lm, 2m, 3m,...} 
where m is any fixed integer not equal to zero. (Agra 1986) 
Solution. If x & G, then obviously mx GG’. Let f: GG’ 
be defined by f(x)=mx ¥ x & G. 
SF is one-to-one. Let x1, ae G. Then flan) =f) . 
=> MX,=MX_ [by def. of f.] 
=> Xy=Xe. C. m#£0] 

Therefore f is one-to-one. . 

Dk is onto. Suppose y is any element of G’. Then- obviously 

- ylmeG. Also f (y/m)=m (y/m)=y. Thus yEG’ = that there 
exists y/m & G such that f(y/m)=y. Therefore each element of a 
is the f-image of some element of G. Hence fis onto. 

Again ‘if x, and x are any two elements of G, then 
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S (%1+xa)=m (x1+%a) | [by def. of f} 
-=mX,+mx, (by distributive law for integers] 
=f (x:)+f (x). [by definition of f] 


Thus f preserves compositions in G and G’. Therefore f is an 
isomorphic mapping of G onto G’. Hence G. is isomorphic to G’. 


Ex. 4. Show that the set C of all complex numbers under. addi- 
tion is a group which is isomorphic:to itself under the identity mapp- 


ing as well as under the mapping which takes every complex number 
into its conjugate complex. 

Solution. The identity mapping f defined by f : C->C sash 
that f(z)==z ¥ z & Cis obviously one-one onto. 

Also f (21+-23)=21 +23=f (21) +S (za) ¥ 211 22 E C.. 

.. the identity mapping fis an isomorphism of C onto C. 

If z=x-+iy is any complex. number, then 7=x—iy is called 
the conjugate complex of z._ 

Let g : C->C be such that g (z)=7 ¥ zeEC. 

Let 21, 22 GC. Then g (2,)=g (2s) > A=2s 

>: (2:)=(42) > 215329. 

Therefore g is one-to-one. 

If x+iéy is any element of C, then x—iy is also an element 
of C. Also g [(x—iy)]=x+iy. Therefore g is onto. 


Further if 2,, z, & C, then g (21-+-29)==(z,-+ 23) =21-+2e 


=8 (21)-+8 (Ze). 
Hence g is also an isomorphism of C onto C. 


§ 19 Some Important Properties of Isomorphic Mappings. 


Let f be an isomorphic mapping of a group G into a group 

Then we have the following important properties. | 

(i) The f-image of the identity e.of G is the identity of G’ ie., 

F(e) ts the identity of G’. (Kanpur 1970; Allahabad 70; Raj. 78 
Berhampur 77; Meerat 68; Rohilkhand 80; Lucknow 66) 
Proof. Let e be the identity of G and e’ be the identity of G’. 
Let a be any element of G: Thenf (2) € G’. 

Now  e’ f(a)=f(a) [‘." e’ is the identity of G’] 
=f(ea) [*" e is the identity of G] 
=f(e) f(a) [’. f is an isomorphic mapping] 

Now in the group G’, we have 

e’ f(a)=f(e) fia) | i : 
=> e’=f(e) (by right canceJlation law in G’] 
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S (e) is the identity of G’. 

i The f-tmage of the inverse of an element a of G is the 
inverse of the f-image of a i.e., f(a)=[ f(a)}"". 

(Kanpur 1970; Garhwal 76; Berhamput 77; 
Rohilkband 80; Meerat- 76) 

Proof. Suppose e¢ is the identity of G and e’ is the identity of 
G’. Then f(e)=e’. Now let a be any element of G. Then a"eG 
and aa1=e. We have 

e' =f(e)=f (aa) =f (a) f(a“) (°. .f is composition preserving) 

Therefore f (a-') is the inverse. of f(a) in the group G’. Thus 

fe —1 
a ty Se er of an element a of G is equal: to the order of its 
image f (a). {Poona 73) 

Proof. Suppose e is the identity of G. Then f(e) is the identity 
of G’. Let the order of a be finite and let it be equal to 

Then a:=e = f(a")=f(e) 

=> f(aaa...n times)=f(e) 
=> f(a) f(a)...n times=f(e) 
=> ( f(a)}"=f(e) > order of f(a) < 
If now the order of f(a) is m, thep 
( f(a)" =f(e) 
=> f(a) f(a) f(a)...m iceeHe 
=> f(aaa...m times) =f(e)>f(a")=f(e) 
=> git=e [° f is one-one) 
=> order of a<m. 

Thus m<n andasm > m=n. ae 

If the order of a is infinite, then the bags of f(a) cannot be 
finite. Because if the order of f(a) is finite and-is equal to m, then 
we have a=e. Therefore the order of a is finite. Thus we get a 
contradiction. 

Hence in all cases order of enone of f(a). 

Important Note. Suppose we are to prove that a group G is 
isomorphic to another group G’. Then we should try to find a 
One-one mapping from G onto G’ which also preserves composi-— 
tions in G and G’. While forming such:a mapping we should keep . 
in mind the above three facts that an isomorphic mapping must. 
Preserve identities, inverses and orders. 


Solved Examples 


Ex.1. Show that the multiplicative group G=f{l, --1, 4, i} 
is isomorphic to the permutation group 
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G' ={I, (abed), (ac\(bd), (adcb)} 
on four symbols a, b, c, d. ' (Banaras 70) 


- Solution. We note that | is the identity of G and /is the 
identity of G’. Therefore if f is to be an isomorphism of G onto 
-G', then we must have f(1)=/ i.e., identity must go to identity. 

In the group G the orders of —1,/ and —i are 2,4 and 4 
respectively. While in the group G’ the orders of (abcd), (ac)(bd), 
(adcb) are 4, 2 and 4 respectively. In an isomorphic map ping.only 
elements of equal order can be mapped on each other. Therefore 
we must have f(—1)=(ac)(bd). Now the f-image of i can be taken 
either (abcd) or (adcb). Let us take f(i)=(abed) and f(—i)=(adeb). 
It should be noted that the inverse of / in G is —i while the inverse 
of (abc@) in G’ is (adcb). 

_ The mapping f : G->G’ as defined above is obviously one-one 
onto. Now to show that f preserves compositions in G and G’ we 
proceed as follows : 

Let us write 4:=1, 4s=—1, Asi and Ag=—i. We shall 
denote the corresponding’ f-images by writing B in place of A. So 
let us write Bi=f(A1)= [ B,=f(As)=(ac)(bd), By=f(As)=(abed) ‘ 
and Ba=f(Aa)=(adeb). 

Now we shall form the composition tables for the two groups : 


A Ag As Ag 3, B, 8B; Ba 


A | A ds 4s Ae Bt | By BeBe 
4s | 4s A: Ag Aa Bp | Bp Br Ba Bs 
y<| 4s de dn ys | Ba Ba Bn B 
A | 4 Ag OA, AsO OB OB OB Os 


We see that the composition tables for G and G’ are identical 
i.e, if we replace A,, A:, Az, Ag by Bi, Bo, Bo, Bs in the composi- 
tion table for G, we reproduce the complete composition table for 
G’. Therefore the mapping fipreserves compositions in G and G’. 
Obviously f(4:4))=BiBy=f( Al) f(A)) ¥ At, AEG. | 

For example, f(4,44)=f(4:1)= Bi=Bghy=f(4s) f(A). 
.. fis an isomorphism of G onto G’. Hence G is isomorphic 
iG, 
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Note. The mapping ¢ :G->G’ defined by ¢ (1)=J, $ (—1) 
==(ac)(bd), ¢(i)=(adcb), ¢(—i)=(abed) is also an isomorphism of 
G onto G’ as can be easily seen. Also it is obvious that in this 
case we can have onl’ two isomorphisms of G onto G’. 

Ex. 2. Show that the multiplicative group G={l, w, w} ts 
tsomorphic to the permutation group G’={I, (abc), (acb)}. on three 
symbols a, b, c. . 

Solution. Proceed as in Ex. 1. Take the mapping f : G->(7’ 
defined as f(1)=J, f(w)=(abe), f(w*)=(acb). 

Ex. 3. Show that the group G=({0, 1, 2, 3}, +4) és isomorphic 
to the group G' =({1, 2, 3, 4}, X5). 

Solution. Here 0 is the identity of G and | is the identity of 
G’. Therefore if f: G->G’ is to be an isomorphism of G onto G’, 
we must have /(0)=1. ; 

In the group G the orders of 1, 2,3 are 4, 2and 4 respectively. 
In the group G’ the orders of 2, 3, 4 are 4,4 and 2 respectively. 
Therefore we must take f(2)=4. Further let us take J (l)=2, 
{Q3)=3, . | 

The mapping f is obviously one-one onto. To Eshow that f 
preserves compositions in G and G’, we should proceed as in Ex. 1. 


§ 20. The relation of Isomorphism in the set of all groups. 
Theorem. The relation of isomorphism in the set of all groups 
is an equivalence relation. (Punjab 1970; Gorakhpur 70; 
Kanpur 87; I.C.S, 83; Meerut 81, 84, 90) 


Proof. We shall prove that the relation of isomorphism de- 
noted by & in the set of all groups is reflexive, symmetric and 
transitive. 

Reflexive. If G is any group, then G&G. Let f be the iden- 
tity mapping on G i.e., let f: G-+>G such that S (x)=x ¥ xEG. 
Obviously fis one-one onto. Also if x, y are any elements of G, 
then f(x)=x and f (y)=y. 

Also =f (xy)=xy {.. fis identity mapping] 

| =f(x) f(y). 

". Jf 18 composition preserving also. Thus f is an isomorp- 
hism of G ontoG. 

Hence G=&xG. ‘ 

Symmetric [1.c., G&G’ > G'aG. Suppose a group G is 
isomorphic to another group G’, Let f/ be an isdmbrphitea of G 
Onto G’. Then f is one-one onto and preserves.compositions in G 
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and G’. Since f is one-one onto, therefore it is inversible #.e., 
exists. Also we know that the mapping f-' is also one-one onto. 

Now we shall show that f-? : G’>G is also composition pre- 
serving. Let x’, y’ be any elements of G'. Then there exist ele- 
ments x, y&G such that 


Fx )=x, LUV =Y (I) 
and S(x=x', fy)=y' me >) 
Now = f(x’ y)=fO (IG) SON [From (2)] 


=f-) | fixy)], since f(xy) =f(x) 0) 
[by def. of f-7) 


maxy 

f(x) f) [From (1)] 
s. 7) preserves compositions in G’ and G. | 
Hence G'=G. 


Transitive i.e, GaxG’, G&G” > G = G". Suppose G is iso- 
morphic to G’ and G’ is isomorphic to G’. Further suppose that 
f : GG’ and g : G'->G" are the respec..ve isomorphic mappings. 
We know that the composite mapping g 0 f : GG” defined by 

(g of) (x)=8 [f (x)] ¥ xEG 
is also one-one onto if both f and g are one-one onto. 
Further if x, y are any elements of G, then 


(g of) (xy)=8 [f(xy)] [by definition of gof] 
=g [ f(x) f(y] [°° fis composition preserving] 
=g [f(x)] al f(Y)] [‘° gis also an isomorphism) 


={(g.0 f ) (x)] (g of) (y))- 
Hence g o f preserves compositions in G and G’. 
go f is an isomorphism. of G onto G” and GC’. 
Hence the relation of isomorphism in the set of all groups is 
an equivalence relation. 


Note... The relation of isomorphism in the set of all groups 
will partition the set of all groups into disjoint equivalence 
classes. If G, is any group, then all the groups isomorphic to G; 
will form one equivalence class. If Gg is another group not iso- 
morphic to C:, then all the groups isomorphic to G; will form 
another equivalence class, and so on. 


§ 21. Transference of group structures. 

. Theorem. Jf G is a group and G’' is a set equipped with a com- 
position (supposed denoted multiplicatively) and if there existsa. 

oné-one mapping f of G onto G’ such that 


f(ab)=f(@) f(b) ¥ a, bEG, 
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then G’ is also a group. isomorphic to G for the composition: in 
question. 

Proof. To show that G’ is a group we are to show that the 
composition in G’ satisfies the group postulates. 

Associativity. Suppose a’, 5’, c’ are any three elements of G’. 
Since f is an onto function, there exist three elements a, b, c of G 
such that f (a)=a’, f(b)=b’, f(c)=c’. 

Now (a’b’) c’=[ f(a) f(b)] f(c) 

=[ f(ab)] f(c) {‘.. f preserves compositions] 
=f{(ab)c]_ .[° f is composition perserving] 
=f [a (bc)] [by associativity in the group G) 
=f(a) [ f(be)]=f(a) (f(b) f(c)]=a’ (b' c’). 


Therefore the composition in G’ is associative. 


Existence of Identity. Suppose e is the identity of G. Then 
S(e).is an element of G’. If a’ is any element of G’, there exists an 
element a&G such that f(a)=a’. ! 

Now [f(e)] 2'=[f(e)] [ f(a) =f(ea)=f(a)=a’. 

Also a’ [ f(e)]=[ f(a)] [ S(e)]=f(ae) =f(a) =a’. 

'.. S(@) which is the f-image of the identity ein Gis the 
identity in G’. 


Existence of Inverse. if a’ is any element of G’, there exists 
an element\ae&G such that f (a)=a’. . 

Now a&G => a“ & G where a-! a=e=aa-!. 

Also f(a-") is an element of G’. 

Now [f(a-))] a’=[ f(a) [ f(a) =f(a" a)=fre). 

Also a’ [ f(@-?)}=[ f(@)] [ f (a) =f (aa-) =f). 

-. JS(a-') is the inverse of a’ in G’. Thus every element of. 
G’ possesses inverse. 


Exercises 


1. Show that the mapping 
Sf: G->G’ defined by f (x)=2x ¥ xEG 
is an isomorphism of G onto G’ where G is the additive group 
of integers and G’ is the additive group of even integers including 
zero. 
2. Show that the additive group G of all integers is isomor- 
phic to the multiplicative group 
G'={..., 37%, 3-8, 3-1, 30, 31, 32, 38-3: 
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3. Show that the multiplicative group G={1, —1} is isomor- 
phic tothe permutation group G’={/, (ab)}. . . | 
4. (#) What do you understand by the statement ; 
_. “When two groups are isomorphic, then in some sense they 


are equal”’. (Allahabad 80) 
(ii) Are any two finite groups with the same number of ele- 
ments isomorphic? - _ (Meerut 1981; B.H.U. 88) Aus. No. 


5. Show that the multiplicélive group G={l1, w, w*} is iso- 
morphic to the group G’ of residue classes (mod 3) under addi- 
tion of residue classes. . ; . 

6. Show that the multiplicative group G={I, —1, i, — i} is 
isomorphic to the group G'={0, 1, 2, 3} with addition modulo 4: 
as composition. (Meerat 1980) 

7. If f is an.isomorphism of a group G onto a group G', show 
that f- is an isomorphism of G’ onto G. (Lucknow 68) 

8, Show that the product of two isomorphisms is also. an 
isomorphism. | | (Lucknow 68) 
3. Let-G be any group anda be any fixed element in G. 
Define a mapping f : G>G by the formula 
f(x)=axa-!, ¥ xeEG. 
Prove that f is an. isomorphism of G onto itself. 
(1A S. 1970; Poona 73) 


10. Prove that the order of an element of a group is unalte- 
red by an isomorphism. ; 

11. Show that the mapping x->x-' of G onto G is an iso- 
morphism if and only if G is abelian, x being any element of the 
group G. 7 (Poona 73) 

42. Prove that the additive group of complex numbers a+ib © 
(a, b integers) is isomorphic to the multiplicative group of ratio- 
nal numbers of the form 23° (a, b integers). 
13. Let 2 be an integer greater than 1. Prove that 


‘ “ Gadae t Zp==COS ae +i sin me O<keE n—ih 


is a group with respect to the multiplication of complex numbers. 
Show that G is isomorphic to Z\(n) —the additive group of inte- 
gers modulo n. - (Meerut 73) 
44. Show that the multiplicative group G of nn roots of » 
unity is isomorphic to the group . 
"  Gsa({0, 1, 2,... 2-1}, +2): 
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15. Show that the group G of four transformations fi, fa, fs, 
fr defined by A(z)=z, AA(z=—z, SalZ=1/z, fa(z)=—1/z, with 
composite composition is isomorphic to the permutation group 
G’ of degree four consisting of the four permutations 

1, (ab), (cd), (ab) (ed). 


16. Show that real matrices of the type [s Hi where a40° 


form a multiplicative group which is isomorphic to the group of 
real non-zero numbers under multiplication. 
17. Show that the multiplicative group of all matrices 


[5 At where a and Bb are real numbers (not both equal to - 


zero), is isomorphic to the group of non-zero complex numbers 
for multiplication. (Meerut 72) 


.§ 22. Complexes and subgroups of a group. 


Suppose G is a group and the group composition has been 
denoted multiplicatively. 

Any non-empty subset H of a group G is called a complex of 
the groupG. (Nagarjuna 1978) 

Let, now, H be any non-empty subset of a group G. Suppose 
H is closed with respect to the composition in G.i-e.,. 

aGH, beH = abeH. 

Then we say that the complex # is-atable for the composition 
in G and that the composition in G ba ice a composition in 
H. This composition in H is called the induced composition. If for 
this induced composition H itself is a group, then # is called a 
subgroup of the group G. 

Subgroup. Definition. (Madras 1974; Osmania 72; 

Meerut 82; Kanpur 87; Rajasthan 77; Allahabad 85) 

A non-empty subset H of a group G is said to be a-subgroup of 
G if the composition in G is also a composition in H and for this 
composition H itself is a group. - 

Every subgroup of G is a complex of G but every complex f is 
not always a subgroup.. 

Now every set is a subset of itself. Therefore if G is a group, 
then G itself is a subgroup of G. Also if e is the identity of G, then 
the subset of G containing only one element i.e., e is also a sub- 
group of G. These two are subgroups of any group. They are 
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called trivial or improper subgroups. A subgroup other than 
these two is called a proper subgroup. 
Theorem. Prove that 
(i) The identity of a subgroup is the same as that of the group. 
(di) The inverse of any element of a subgroup is the same as the 
inverse of the same regarded as an element of the group. 
| (dit) The order of any element of a subgroup is the same as the 
order of the element regarded as a member of the group. 
Proof. Let H be a subgroup of the group G. 3 
(i) Let e and e’ be the identities of G and H respectively. . 


Now aGH = e' a=a. [.' e’ is identity of 8) 
Also aG@H > a&G => ea=a [’" eis identity of G) 
in G we have e’a=ea . 


=> e’=e (by right cancellation law in G] 

(ii) Let e be the identity of G as well as of H. 

Let a&@H. Suppose b is the inverse of g in HT andc is the 
inverse of ainG. Then we have ba=e and ca==e. 

in G we have ba=ca => b:-=c. 

(iii) It can also be easily proved. 

Some Examples of Subgroups. 

Example 1. The multiplicative group {1, —1} is a subgroup 
of the multiplicative group {1, —1, i, —i}. 

Example 2. The additive group of even integers is a subgroup 
of the additive group of all integers. 

Example 3. The multiplicative group of positive rational 
numbers is a subgroup of the multiplicative group of all non- 
zero rational numbers. 

Example 4. The additive group of integers is a subgroup of 
the additive group of all rational numbers. 

Example 5. The alternating group A, of all even permutations 
of degree n is a subgroup of the symmetric group ?, of all permu- 
tations of degree n. 

Example 6. The subset {7, (1 2 3), (1 3 2)} isa subgroup of 
the symmetric group Ps. Other proper subgroups of Pz are 
(1, (1 2)}, (2, (2 3)}, (3 1}. : 

23. Algebra of complexes of a group. Multiplication of 
complexes. Jf H and K are two complexes of a-group G, then 
HK={xEG.| x=hk, hEH, ke}. 
Obviously HKGG. Thus HK is a complex of -G consisting of the 
elements of G obtained on multiplying each member of H_ with 
each member of X. 
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Multiplication of complexes is associative i.e., If H, K, L are 
any three complexes of G, then (HK) L==H(KL). (Nagarjana 1978) 

Proof. Let h, k, 1 be any arbitrary elements of H, K, L res- 
pectively so that (kk) | © (HK) L. 

But (hk) l=h (kl) € H (KL). 

(AK) LG H (KL). 

Similarly we can show that H (KL) C (HK) L. 

Hence (HK) L=H (KL). 

Note. If we say that HK=KH, then it does not mean that 
we should have hk =kh for all he Hand for all k © K. What | 
we require is that each element of the set HK should be present 
in KH and each element of KH should be present in HK. 

Inverse of a complex. Let H be any complex of G. Then we 
define H1={h-! :h © Hj i.e., H-' is the complex of G consisting 
of the inverses of the elements ‘of H. 

Theorem 1. Jf H and K are any two complexes of a group G, 
then (HK)3\=K" H"'. - (Nagarjuna 1978) 
Proof. Let x be any arbitrary element of (HK)"*. Then 

x=(hk), he, KEK 
skihtc KH? [sc kte Kh’ © H-) 
(HK) ¢ Ku Au.” 

Again let y be any arbitrary element of K~* H™. 

Then y=kOR',KEKAAGCH i 

=(hk) © (HK)"". {°° hk © HK) 

“ Ko HO ¢ (AK). 

Hence (HK)-!=K-! H-}, 

Theorem 2. if H is any subgroup of G then = Bae Also show 
that the converse is not true. 

Proof. Let A-} be any arbitrary element of H-, Then hed. 
Now H is a subgroup of G. Therefore h © H > h* © H. Thus 
hic H- = h- eG H. Therefore H-! CH. 


Again hEH=>=h'CH [°.. His itself a group] 
=> (hk )-' © Ao (by def. of H7*] 
>he HH. 

. ACH, 

Hence H-'=H. 


if H is a complex of a group Gand H-'=H, then it is not 
necessary that H is a subgroup of G. For example H={— 1} isa 
complex of the multiplicative group G={—1, 1}. Also H-?={— 3 
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since —1 is the inverse of —1 in G. But H={—1} is nota sub- 
“group of G. We have (—1) (—1)=1 @ H. Thus H is not closed 
with respect tc multiplication. 
Theorem 3. /f His any subgroup of a group G, then 
HH=H. 
Proof. Let 4,4. be any element of HH where h,e H, hGH. 
Since H is a subgroup of G, therefore 
hy, h, eH => Ayhg e dH. 
“AA C dH. 
Now let 4 be any element of H. Then we can write h=he 
where e is the identity of G. Now he € HH, since hh € H, eEH. 
Thus HCHH. 
Hence — HH=H. 


--§ 24. Criterion for a complex to be a subgroup. 


Theorem 1. A non-empty subset H of a group G is a subgroup 
of G if and only if 
(i) aGA, bE = abeH. 
(ii) GH => a~! & H where a- is the inverse of a in G. 
(Lucknow 1970; Allahabad 69) 
Proof. The conditions are necessary. Suppose H is a subgroup 
of G. Then H must be closed with respect to multiplication i.e., 
the composition inG. Thereforea © H,b © H = ab & H. 
Let a& H and let a") be the inverse ofainG. Then the 
inverse of a in H is also a-'. Since 4 itself is a group, therefore 
each element of H must possess inverse. Therefore 
aG&Hnmaied. 
The conditions are sufficient. 
Since a © H, b & H = ab E H, therefore H is closed with 
respect to multiplication. | 
Associativity. The elements of H are also the elements of G. 
The composition in G is associative. Therefore the same composi- 
tion must also be assotiative in H. © , 
Existence of Identity. The identity of the subgroup is the 
same as the identity of the group. ‘ 
NowaGH=a"GH. [From the given condition (ji)) 
Further aG@H,aiG H>aaiGH . 
[From the given condition (1)) 
>eEe dH. 
The identity e is an element of H. 
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Existence of inverse. Since a @ H => a © H, theréfore 
each element of H possesses inverse. Hence F itself is a group 
for the composition in G. So H is a subgroup of G. 
Theorem 3. (An important characteristic property of a sub- 
group). A necessary and sufficient condition for a non-empty subset 
H of a group G to be a subgroup is that 


aeG@H,b & H = ab © H where b~ is the inverse of b in G. 
- (LA.S. 1972; Nagarjuna 80; Lucknow 80; Marathwada 70; 
Osmania 72; Meerut 84, 88, 90; Allahabad 79; 
Rohitkhand 80; Garhwal 76; Kumayon 78) 

Proof. The condition is necessary. Suppose H is a subgroup 
of G. Leta © H,be H. Now each element of H must possess 
inverse because H itself is a group. 

be He bE H. . 

Further: must be closed with respect to multiplication i.e., 
the composition in G. Thereforea G H, b-' G H = ab" & H. 

The condition is sufficient.. Now it is given that 

ac&HbeH=ab ied. 

We are to prove that H is a subgroup of G. 

Existence of Identity. We have 

aGHacH=aa'cH [by the given condition] 
>ec€ H. 

Thus the identity e is an element of ZH. 

Existence. of Inverse. Let abe any element of H. Then by 
the given condition, we havee © H,aG@ H=> ea*'GH 

~ a7 = Hi. 

Thus each element of H possesses inverse. 

Closure Property. Let a,b @ H. Then as shown above 
bG H= 5"! GH. Therefore applying the given condition, we 
haege H,b GH => a(b")! GC H= abe H. 

Associativity. The elements of H are also the elements of G. 
The composition in G is associative. Therefore it must also be 
associative in H. ; 

Hence J itself is a group for the composition in G. Therefore 
His a subgroup of G. 

Note. Had we denoted the composition in G additively, the 
statement of the above theorem would have been 

aGcGHbeH=a-—-bed.. 
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An Important Remark. The above theorem gives us a very 
important characterization of a subgroup. Whenever we are 
required to show that a non-empty subset H of a groupG isa 
subgroup of G, we should’make use of this theorem: Thus we 
should take any two arbitrary elements a, b @ H and we should 
try to show that ab-! GH. If we are able to show that 
a,b eG H = ab EH, it is sufficient to conclude that H is a 
subgroup of G, 

_ Cor. 1. A necessary and sufficient condition for a non-empty 
subset H of a group G to be a subgroup is that HH-? © H. 

Proof. The condition is necessary. It is given that H is a 
subgroup of G. J.et «b-! be any arbitrary element of HH-!. Then 
ad, bed. 

Since H itself is a group, therefore b&H => b-! & H. 

Thus a&dH, b=! & H = ab & H, by closure propery. 

.. ab © HH" => ab" © H. 

Hence HAC d. 

The condition is sufficient. It is given that HH-! C H. 

Leta, b GH. Then ab-' © HH-}, Since HH- C H, there- 
fore ab! & HH- = ab“ & H. Thus ac H, bEH = ab" E€ H. 
Hence H is a subgroup of G. 

Cor. 2. A necessary and sufficient condition for a non-empty 
subset H of a group G to be a subgroup ts that HH-'=H., 

Proof. The condition is necessary. Suppose H is a sub-group 
of G. Then by Cor. 1, HA-! C H. 

Now # is a sub-group of G. Therefore e EH. Ifh is any 
arbitrary element of H, then 


h=he=he © HH-' (. kheA,e eG Aj 
6s ACHH-, 
Hence HH =H. 
The condition is sufficient. It is given that HH-'=H. 
HAH. 


Hence by Cor. 1, H is a subgroup of G. 

Theorem 3, (Criterion in the case of finite complexes). 

A necessary and sufficient condition for a non-empty fintte sub- 
set H of a group G (the composition inG being denoted multipli- 
catively) to be a sub-group ts that H must be closed with respect to 
multiplication i.e..a G H,b G H => abe H.. 

(Kerala 1970- Madurai 78; Meerut 82; Rajasthan "7; 
Sagar 77; Kanpur 87; Banaras 70) 
Proof. The condition is necessary. Suppose His a sub-group 
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of G. Then H must be closed with respect to multiplication i.e., 
the composition in G. Therefore aG& H,bE H> abe H. 
Hence the condition is necessary. 


The condition is sufficient. It is given that H is closed with 
respect to multiplication i.e., a@H, b&H => abeH. 


Let a be any element of H. Then by the given condition 
a’=aa & H, a®=aa © H, at==aa® © H. Proceeding in this way 
we get a” & H where m is any positive integer. Thus the infinite 
collection of elements . .a, a’, a',,,., a°,...all belong to, But H 
is a finite subset of G. Therefore there must be repititions in 
this collection of elements. If they are all distinct, then H will not 
be a finite set. Therefore for some positive integers r and s with 
r> s, we must have 

a’=a' . . 

=> a’ a~f=as q-* ' [% aeG => (a) i.e, as € G] 

> a'-'=@°=e, where e is the identity of G. 

r—sis a positive integer, therefore a’-"=e © H. 

Therefore the identity e i.e., a° is also an element of H. 

Now r—s > 1. Therefore r-—s—! > 0. 

We have a’-'-! g=a@’-* =e=aa’s-!, 

*, by the definition of inverse, a-!=a'-!-1 GE H. Thus each 
element of H possesses inverse. 

Finally the elements of H are also the elements of G. There- 
fore the composition in H must be associative. 

Hence H is a subgroup of G. 

Corollary. A finite non-empty subset‘H of a group G is a sub- 
group of G iff. HH=H. 

An Important Remark. The criterion given in the above 
theorem 3 is valid only for finite subsets of a group G. It is not 
valid for infinite subsets of an infinite group G as is clear from 
the following examples : 

Example 1. Let G be the additive group of all integers and H 
be. the subset of G consisting of all positive integers Obviously H 
is closed with respect to addition é.e., the composition inG. But 
H is not a subgroup of G since the identity 0€ H. 

Example 2. Let G=({......2-8, 2-2, 2-1, .1, 2, 23, 2%,......} be the 
multiplicative group consisting of all integral powers of 2, Let 
H={I, 2, 2%, 23,...}. Then H G Gand His closed with respect 
to multiplication. But H is sot a subgroup of G since the inverse 
of 21 Le 2° does not belong to _H. 
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Example 3, Let G be the multiplicative group of all-non-zero 
rational numbers. Then H={1, —1} is a finite subset of G. Also 
H is closed with respect to multiplication. Therefore H is a sub- 
group of G:~, 

Example 4. Let P, be the symmetric group of degree n i.e., 
the elements. of P, are permutations of degree n. If A, is the set 
of all even permutations of degree n, then 4,GP, and A, is closed 
with respect to multiplication of permutations. We. remember that 
the product of two even permutations is also an even permuta- 
tion. Therefore A, is a subgroup of P,. Hence A, is itself a group 
with’ respect to multiplication of permutations. A, is called 
alfernating group of degree n or order a 

§ 25. Criterion for the product of two subgroups to be a .sub- 
group. a | : “= 
Theoreni 1. If H, K are two subgroups of a group G, then HK 
is a subgroup of G, iff HK=KH. | (Vikram 1976; Madras 83; 

G.N.D.U, 90; Nagarjuna 78; Meerut 89; I.C.S. 86, 87) 

Proof. Let A and K be any {wo subgroups of a group G. 
Let HK=KH: In order to prove that HX is a subgroup of G it is 
sufficient to prove that (HK) (HK)—=HK. 

We have (HK) (HK)-!=(HK) (K—H~)=H (KK-) H-? 
=(HK) H- [. Kis asubgroup > KK-'=K] 
=(KH)H- | (\°\ HK=KH) 
esi K (HH-') 
=KH [.' His a subgroup > HH-'=H] 
= HK. 

.. HK=KH = HK is a subgroup of G. 

Conversely suppose that HK is a subgroup. ~ 

Then (HK)-!=HK 
=> K-71 HO=>HK © . : 
> KH=HK {’’ Kis subgroup = K-'!=K and 

-_ similarly H-?= H] 

Hence. the result, se 

Corollary. Jf H, K are subgroups of an abelian group G, then 
HK is a subgroup of G. a oo 

Proof. We know that if H, K are two subgroups ofa group 

G them HK is a subgroup of G if and only if HK=KH. 
Since the given group G is here abelian, therefore we have 
HK=KH. Hence HK is a subgroup of G. 
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§ 26. Intersection of Sebureups 
' Theorem i. If H, and H, are two subgroups of a group G, then 
H, (1) Hy is also a subgroup of G. 
(Meerut 1974; Rajasthan 75; Kumayon.77; Poona 73; 
qe: _- Allahabad 82; Kanpar $6) 
Proof. Let H; and H, be any two subgroups of G. Then 
1) H:#@, since at least the identity element e. is common to . 
both H, and H3. 
In order to prove that 4,()H, is a subgroup it is sufficient 
to prove that a © if) Hs, b-E H,f\He>ab™ © ANA. 
Now a & H,\ Hz > a & H, and a € A. : 
A Ee A, N Ae >be A, and b Ee Hp. 
But H,, Hg are subgroups. Therefore , 
@emh,be H,>ab" e mh, 
ae H;, b & H,>ab" & Ay. rr 
Finally, ab-? € Ay, ab-' EG Hy>ab= © Wf Hs. 
Thus we have shown that 
ae ANA: bEMN As > ab &. ALN Hs. 
Hence #7, 1) H; is a subgroup of G. 
Theorem 2. Arbitrary Intersection of subgroups t.e., the inter- 
section of any family of subgroups of a group ts a subgroup. 
(Kerala 1970; Nagarjuna 78) 
Proof. Let G be a group and let {H, : t © T} be any family 
of subgroups of G. Here T is an index set and is such that ¥te7, 
H, is a subgroup of G. 
Let H=f) Bree: xEdH, ¥ teT} 
; teT : 
be the intersection of this family of subgroups of G: Then to 
prove that H i is also a subgroup of G. ey 
“Obviously HQ, since at least the identity element ¢.is in. 
A, + teT. 
Now let a, 5 be any two elements of H. Then 
ae (1) H, > aGH, ¥ te’, ! 
| teT 
and be 1) A, > bEH; ¥ te. 
teT 
But ¥ (eT, H, is a subgroup of G. Therefore 
ae H,beH, = ab" eH, ¥ ter. 
ses aad abe f) Hy. 
' ET 
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Thus we have shown that a, b&.f) H, > ab © 1) A. 
1eT teT 
‘Therefore 1) H, is a subgroup of G. 
(eT 

‘Note 1. AN i is the largest subset of G which is contained 
in H, as well as in Hz. Therefore Hi 1) Hz is the largest subgroup 
of G contained in Hyand H,. By largest we mean that it is con- 
tained in Hy, and H, and contains every subgroup of G contained 
in n both A, and Fy. 

-Note 2. The union of two io subgroups is not necessarily a sub- 
group. (Allahabad 1982) 

_ For example, let G be the additive group of integers. 

Then A,={..., —6, —4, —2, 0, 2, 4, 6,...} and 

A,={... 12, —9, —6, —3, 0, 3, 6, 9, 12... + 

are both subgroups of G. 

‘We have H, U A2={..., —4, —3, —2, 0, 2, 3, 4, 6,..:}. 

Obviously H, U Hs is ‘not closed with respect to addition as 
2E€4,U M,3EH, U A, but 2+3ie,5EM VU sa There- 
fore H, U Hg is nota subgroup of G. 

However A, f. He={..., —18, —12, —6, 0, 6, 12, 18,. } isa 
subgroup of G. 

If we take. the subgroup H,={..., —8, —4, 0, 4, 8,...} of G, 
then H,, H3=H,.and H, is a subgroup of G. We shall prove in 
one of the following examples that the union of two subgroups is 
a subgroup iff one is contained in the other. 


Solved Examples 


Ex. 1. Let G be the additive group of integers. Then prove 
that the set of all multiples of integers by a fixed memes m is a sub- 
group of G. 

Solution. We have G={..., —3, —2, —1, 0, 1, 2, 3,...} is 
the additive group of integers. Let m be any fixed integer. Let 
H={..., —3m, —2m, —m, 0, m, Um, 3m,...}. Then H@G. To 
prove that H is a sabgroup of G. Let a=rm and b=sm be any 
two elements of H where r and s are some integers. The inverse 
of sm in G is (—s) mi.e., —b=(—s) m. 

We have a—b=rm+(—s) m=(r—s) m © H since r—s is also 
“some integer. ThuuaGH,bG H>a-bGH. Hence Hisa 
subgroup of G. , 

Ex. 2. Let a be an element of a group G. The set H=(a": :2EDB 
of ail integral powers of ais a subgroup-of G. 
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Solation, We have a&G. ‘To prove that 

H-l..., a~8, a~®, a, @, a, a’, a’,...} is a subgroup of G. 

Let a’, ‘a be any two elements of H, where r and s are some 
integers. The inverse of a in G is a-*. Now 

a’ (a')-!=a’ a-'=a'-GH since r—s is also some integer. 
Therefore H is a subgroup of G. 


Note. If G is a group and ae@G, then the subgroup 
H=faine I} of G is called the subgroup of G generated by a. 


Illustration. Let G be the multiplicative group of positive 

ee numbers. We have 3G. Obviously 
H={..., 3-8, 3-3, 3-1, 3°, 3!, 3%, 3%,...} is a subgroup of G. 

Ex. 3. " Let G be the set of all ordered pairs (a, b) of real num- 
bers for which a0. Let a binary operation X on G be defined by 
the formula 3 
(a, b)x(e, d)=(ae, bc+d). 

Show that (G, x) is a non-abelian group, 

Does the subset H of all those elements of G which are of the 

form (1, b) form a subgroup of G2 (Madras 1974; Rajasthan 69) 


Solution: For the first part of the question see example 7 on 
page 65. The inverse of the element (a, 5) of G has been found 


to be (:. -3). Thus (a, 6)-? =(5 i 
Now we are to see whether H is' a subgroup of G or not. 


Obviously H is a non-empty subset of G. Let (1, 5) and (1, c) be: 
any two elements of H. Then 


(1,5)x (1, ot=(1, 6)x(f, —F}=CL xO, —e)=(1, Be) 


(by def. of the operation x on G] 
But (1, b—c) is definitely an element of H. Thus 
(1, 5), (1, c) € H > (1, b)x(l, ce) EH. 
Hence H is a subgroup of G. 


Ex. 4, Let H be a subgroup of a group G and define 
T={x € G : xH= Hx}. . 
Prove that T is a. subgroup of G. (Meerut 1986) 
Solution Let X1, x, ET. Then yH=Hx,, XsH= Hxs. 
First we show that x,7 ET. 
We have xpH=Hx_=>Xq"! (xeH) xg7}== xq") (Hx) x27) 
| => Hx,g-la2x,7! Hox, eT. 
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Now we shall show that x,x,~"€T. 

We have (x:%9"!) H=%; (xe! H)=x, (Axe) 
=(x,H) X71 ==:(Hx;) x,1=H (%1%97?). 

“ MxsTtET, 

Thus m, %.ET>xxs71ET. Hence Tisa subgroup of G. 


Ex. 5. Prove that those elements of a group G which commute 
with the square of a given element b of G form a subgroup H of G 
and those which commute with b itself form a subgroup of H. 

(Poona 1973) 


_ Solution. Let H={x © G : xb*=5*x}, Then to prove that 
His asubgroup of G. We see that H is not empty because’ 
eb*=5' = 5%e> eH. | 

Now let x1, xx@H. Then x,b*=5*x, and x.b9=b*x,. 
_ First we shall show that.xs-"G@H. We have 
= Xb? =bix, => xX—-! (X—b*) x—~! = x—7! (b*x,)- X97! 
; bx, x b'> x, CH. 
Now we shall show that 1x,7'GZ. : . 
We have x,x9-*b*=x,b*x,71 [°° b8xg-1 => x,-1b*] 
z = 5*x,x,71 [*” x,b*=5*x,) 
< (XxX—7) (7; ; 
Thus x, x,»GH=>x,x,-' G H=>H is a subgroup of G. 
Let N={yEG : yb=by}. We have yh=by => (yb) b=a(by) b 
=> yb*=6 (yb) > ybi=b (by) > yb*=d'y, 
Thus yEN > yeH. Therefore NCH. 
Now to prove that NV is a subgroup of H. Obviously N is not 
empty since at least e@N. ) 


Let 1, yxaEN. Then y,0—6y, and yab=bys. 
We have yeb=bys=>ye>) (yab) yo ye! (bya) Yo7 
se byg = ye"! b. 
Now piyob=y, bys =by ye. 
Wye EN. 
Thus Ji, YaEN=>yiys1EN. Hence N isa subgroup of H. 


_ Ex. 6. Show that the union of two subgroups ts a subgroup if 
and only if one is contained in the other. 


(Rajasthan 1976; Allahabad 82; Madras 83) 


Solution. Suppose H, and H; are two subgroups of a group 
G. Let #1, A, or H2GH;. Then Ai, J H,=H, or H;. But i,, A, 
are subgroups and therefore A;  H; is also a subgroup: 
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Conversely suppose H; U H; is a subgroup. To prove that 
ACA, or ACA. 
Let us assume that-H; is nota subset of Hy and Hy is also- 
not a subset of H;. | ) 
Now. H; is not a subset of H; > 3aGH, and aH, _s..(1) 
and H; is not a subset of H, > 3 b@H, and bem. © :...(2) 
From (1) and (2), we have a&H, UA; and b&H, Us. , 
Since HUH; is a subgroup, therefore ab=c (say) is also an 
element of H; UH;. | 
— But ab=cGH, He > ab=cEH, or Hy. 
Suppose ab=ce Hj. ie 
Then b=a- cH, . ['. Hy; is a subgroup,. 
: therefore a@@H,. > a7] 
But from (2), we have b&H,. Thus we get a contradiction. 
_ Again suppose ab=cE@H,. | 
Then a=ch" © H, [*." Hs is a subgroup, 
so therefore b&H; > 6-H] 
But from (1), we have ag&H;. Thus here also we get a con- 
tradiction. 
Hence either HCH, or HCA. 


Ex. 7." Let G be the multiplicative group of all positive real 
numbers and R the additive group of all real numbers, IsGa_ sub- 
group of R : ae (Gujrat 1970) 


Solution, There is no doubt that the set G of all positive real 
numbers is-a subset of the set R of all real numbers. But the group 
G is not a subgroup of the group R. The reason is that the, com- 
position in G is different from the composition in R. 


Ex. 8. (i) Can an abelian group have a-non-abelian sub-group ? 
| (Nagarjuna 1979, 80) 
_ (fi) Can a non-abelian group have an abelian sub-group? ~ 
pores te , (Nagarjuna 1979) 
(iii) Can a non-abelian group have a non-abelian sub-group 2, 
| (Nagarjane 1980) 
Solution. (i) Every sub-group of an abelian ‘group is abelian. 
If Gis an abelian group and H is @ sub-group Z G, then the 
operation on H is commutative because it is already commutative 
in G.and H js.a subset of G. Hence an abelian group cannot have | 
@ non-abelian sub-group. - geo 
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(i) A/non-abclian group‘can have (an. abelian sub-group. 
For example the syr:metric group Ps of permutations of degree 3 
is non-abelian while its sub-group 4g is abelian. 

(iii) A non-abelian group can have a non-abelian sub-group. 
For example Ps isa non-abelian group and its sub-group 4, is 
also non-abelian. | 


Exercises 


1. (i) Define a subgroup. Give examples. (Meerut 1975) 
(ii) What is the difference between a complex and a sub- | 
group of a group ? (Meerat 1986). 
2. Show that a necessary and sufficient condition for a non- 
empty subset H of a finite group G to be a sub-group is that 
| a&H, bEH => abeH. (Banaras 1971) 
3. (i) Define alternating group. Show that the alternating 
_group A, is a subgroup of the symmetric group S, of the permu- 
tations over n objects.. Write down all the- proper subgroups of 
Ss. (Gorakhpur 1970) 
Ans. {I, (ab)}, {2 (b0)}, £4 (ca)}, {7, (abe), (acb)}. 
(ii) Give an example of a non-abelian group G which has 
the property that every proper subgroup of G is abelian. . 
. (Meerut 1980) 
4. H is a finite non-empty subset of a-group G and is closed 
with respect to the group operation. Prove that H is a subgroup 
of G. ‘Show also, by means of an example, that the above state- 
ment is not necessarily true when H is an infinite subset of G. 
(Kerala 1972; Marathwada 72) 
5. Verify the following statements| for being true or false. 
Im‘case a statement is false, write the corresponding correct 
‘statement. | 
‘(i}"A non-empty subset H of a group G, which is closed un- 
der the binary composition in G is a subgroup of G. 
_ (ii) If G is a group and H is a non-empty subset of G, then H 
will be a subgroup of G if H®=H. - . (Meerut 1976) 
Ans. (i) False;- (ii) False. | | 
6. If Gis a group, the on of G, Z is defined by 
(Zo{zEG: zxsxz ¥ xeG}. 
Prove that Z is-a subgroup As G. 
r 


Show that the elements. in a group G which commute with 
every element of G form a sub-group of G. : (Meerut 1981) 
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7. If a&G we define N(a)={xeEG : xa=ax}. 
Show that N(a) is a subgroup of G. 
‘(Punjab 1970; Meerut 81; Delhi 70) 
8. Let G be a group, Ha subgroup of G. Let for xeG, 
XHxt= {xhx : heH}. 


Prove that xHx-! is a subgroup of G. (Meerut 1979). 
9. Show that the elements of finite order in any commutative 
group G form a subgroup of G. ‘(Allahabad 1983) 
10. Show by means of examples. that the’ union of two sub- 
groups may or may not'be a subgroup. = (Rajasthan 1976) 
11. Show that the integral multiples of 5 form a subgroup 
of the additive group of integers. (Meerut 1973) 


12. Let A and B be subgroups of a group Gand let AB be 
the subset of G consisting of all elements of.the form ab, where a 
is in 4 and 5 is in B. Then 
~ (i) Show by considering the subgroups of the group of per- 
mutations of three elements, or otherwise, that AB need not be a 
subgroup of G. 
(ii) | ‘Show that AB is a subgroup of G if.and only if ABBA. 
(Gujrat 1971) 


13.’ Show that the 24 permutations on 4 symbols forma 
group with respect to permutation multiplication. Write down 
three proper subgroups of this group. — (Kanpur 1970) 


14 Show that all those elements of an abelian group G which 
satisfy the relation a*?=e constitute a subgroup of G. ; 

15 Show that a group can never be expressed as the union 
of two of its proper subgroups. (Poona 1973) 

16. Let the mappi & ab, for a, b real numbers, map the reals 
‘into the reals by the rule, 75 (x)=ax+0. . 

Let G={zas : 240}. Prove that-G is a group under the com- 

position of product of mappings. Find the formula for Tab Teds 

Let H={2.6G : ais rational}. ‘Show’that Hisa subgroup of 
G. (E.A.S. 1973). 

17. Consider the set 


s=ff, a 38 is any integer, n is @ fixed integer > ot 
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Show that S is a subgroup of the additive group of rational num- 
bers and that S contains the additive group of integers. 


18, Let A be any non-empty set and xGA be a fixed element. 
Let 7,={¢|0: AA is a permutation and o(x)=3}. Show that 7x 
‘is a subgroup of the group of all permutations of 4. (Meerut 80) 


§ 27. Cosets. We shall now introduce the very important 
concept of right and left cosets of apy subgroup. These are also 
* known as residue classes modulo the subgroup. Cosets of a sub- 
group are only special types of complexes. 


Definition. Suppose G is a group and H is any subgroup of G. 

Let a be any element of G. Then the set Ha={ha : hGH} is called 

a right coset of H in G generated by a. Similarly the set 
aH={ah : h@H} is called-a left coset' of H in G generated by a. 

(Meerut 1972; Kumayon 77) 


- Obviously Ha and aH are both subsets of G. 


If e is the identity element of G, then. He= H=eH. Therefore 
H itself is a right as well as a left coset. — 


Since H is a subgroup of G, therefore e@H. So if Ha isa 
right coset of H in G, then ea is an element of Ha. Thus we see 
that ¢@ & Ha, Therefore if Ha is-any right coset, then at least the 
element a@Ha. Consequently no right coset can be empty. Similarly 
ais an element of the left coset aH. Therefore no left coset can be 
empty. — 


If the. group. Gis abelian, then we have an=ha ¥ h & H. 
Therefore. the right coset Ha will be equal to the corresponding 
Jeft coset’ ‘aH. However if the group G is not abelian, then we may 
have aH==Ha or aHHa. 


Note. 3 If the composition in the group G.has been denoted | 
additively, then the right coset of H in G generated by ais defi- 
ned a8 Htram{h+e; heH}. 


Similarly the lett: coset abHS(ath: heH}. 


; ‘Example 1 . (Rajasthan 1978) Let G be the —— group of 
_fategers fey G={..., <5, 2, —1, 6, 1, 2, 3,... 


Let H be the subgroup of G obtained on multiplying each 
clement of G by 3. Then se »—9, - 6, —3, 0, 3, 6, 9,...}. 
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Since the group G is abelian any right coset will be equal to 
the-corresponding left coset. Let us form the right cosets of H in 
G. We have 0EG and . 

H=H+0={..., —9, —6, —3, 0, 3, 6, 9,...}. 

Again 1 & G and H+i=t... ,» —8, —5, —2, 1, 4, 7, 10,...}. 

- Then 2EG and H+2={... .-7, —4, —1, 2, 5, 8, 11,...}. 

We see that the right coset H, H+1 and H+2 are all 
distinct and moreover these are disjoint i.e, have no element 
common. 

Now 36G and H+3={..., —6, —3, 0, 3, 6, 9, 12,...}. 

We see that H+3=H. Also we observe that 3H. 

Again 4EG and H+-4={..., —5, —2, 1, 4, 7, 10, 13,...}. 

We see that H+4=H-+1. Also we observe that 42H+1. 

Similarly the right coset H+5 coincides with H+2, H+6 
with H, H+(—1) with H+2, H+(—2) with H+1 and so on. 

Thus we'get only three distinct right cosets f.e., H, H-+1, 
H+2, Obviously =H U(H+1)U(H4+2). 


Example 2. Let G be the group of all permutations of degree 3 
on three symbols 1, 2,3. Then the elements. of Gare the permu- 
tations f,=(1), fa=(12), fa=(23), fa=(31), fs=(123), fo=(132). 

Let H be the subgroup of 'G consisting of the permutations /; 
and f;. Then H={ fi, fo}. Let us form the right coseis of H in G. 

Hf/A=4H, since f, is the identity element of G. 

Afhe={ffss ffj=f{ fe, fij=H. 


Ham fife f= (Su So Note that fafs=fel 
Hs=( hfs, hfd= =f [Note that H/s= Hf 


Thus we get Baily three distinct right cosets he. H, Hfs, Hfs. 
Obviously . Ge=H UJ (Afs) U (Hf): 

Also note that the number of elements in each right coset is 
the same as in H. 

The left coset fpH={ fs fi, fafs}={ fas fo}. 

We see that Afp#faH. 

Forming all the left cosets of Hi in G, we can see ‘that. we 
shall get only three distinct léft cosets. ey 

Note. Suppose in example 2, we take H={ fi, fs, fe} which 
is obviously a subgroup of G. Ofcourse His nothing but the 
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alternating group 43. There will be only two distinct right cosets 
of H in G and each of them will contain three elements. It wil] be 
interesting to check that in the case of this subgroup of G each 
tight coset is equal to the eprresponding left coset, 

Theorem 1, Jf H is/any subgroup of Gandh GH, then 
Hh=H=hH., (Kanpur 1987] 

‘Proof. Let 4 & H. Then to prove that Hh=H. Suppose hh’ 
is any arbitrary element of H. Then h’h is an arbitrary element 
of Hh. 

Since H is a subgroup, we have 

HEHhEHP>WhEH. 

Thus every element of Hh is also an element of H. Hence 

Hh 

Again Woe Uh (h-} h) [= hot h=e]) 

= ho )yk 

GHA. heH=h' EH and 

he A, hk cH = h'h © H). 
Thus every element 4’ of H is also an element of Hh. Hence 
HC Hh. 

Finally Hh G H and H C Hh > Hh=H. 

Similarly we can prove that hH=H. 

Note. If His any subgroup of G and a.& G, then a © Ha. 
Now suppose Ha=H. Then each element of Ha belongs to H. 
Thereforea @ H. Hence Ha=H >a & H. 

Similarly aqH=H => a © H. 

Theorem 2. Ifa, b are any two elments of a groupG and H 
any subgroup of G, then 

Ha=Hb = > ab-! © Hand aH=bH > eo bE d.. 

| (Kanpur 1987; Patna 87) 

hase Since a is an element of Ha, therefore 

a=Hb > a © Hb = ab" & (Hd) b=. | 
=> ab" © H (bb“") = ab EG He > ab © H. 
Conversely, ab-' © H > Hab#'=H [(.° he H=> Hh= =H} 
=> Hab-' b=Hb | 
=> Hae=Hb > Ha=Hb. 
Similarly we can prove that a@H=bH <> a“! b- eH | 
_ Note. H is a subgroup. Therefore if ab-! © H, then (ab~1)-! 
i.é., (6) a — fe. ba Ee. H. Similarly if a~' 6 & H, then also 
ba Ee dH. 

Theorem 3. Ifa, b are any two elements of a group G and H 

any subgroup of G, then 
' @ © Hb Ha=Hb anda ce bH <> aH=bH, 
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‘Preof. We have 
a eG Hb = ab © Hbb- = ab" & He 
= ab-| € H > Hab'=H 
=> Hab-' b=Hb > Hae=Hb > Ha=Hb. 
Conversely, let Ha=Hb. Since a © Ha, therefore a © Hb. 
Similarly we can prove that a © bH <> aH=bH. 
Theorem 4. Any two right (left) cosets of a subgroup are 
either disjoint or tdentical. (Patna 1987) 
__- Proof. Suppose H is a subgroup of a group G and let Ha and 
Hb be two right cosets of H inG. Suppose Ha and Hb are not 
disjoint. Then there exists at least one element, say, c such that 
c G.Haandc Ee Hb. Let c=ha and c=hgb, where hy, hs © H. 


Then h,a=hgb 
or h,-' h,a=h,7} hgb 
or ea=(h,~ he) b 
or a=(h,*" hg) b. 


Since H is a subgroup, therefore h,-' tg © H. Let Ay7? Ag=hyg. 
Then a=h,b. 
Now , Ha=Hh;b=(Hhs) b 
- =H6. C hp © H > Hhy=H] 
Therefore the two right cosets are identical if they are not 
disjoint. Thus either Ha ) Hb=Q@ or Ha=Hb. __ 
Similarly we can prove that either aH (.) bH=@ or aH=bH. 
Theorem 5. If H is a subgroup of a group G, thenG ts equal 
to the union of all right cosets of H inGi.e, | 
G=H U Ha VU Hb U He......, where a, b, c,......are elements 
of G. : 
Proof. Gis a group. Therefore each element of any right 
‘coset of H in G is an element of G. Hence. the union ofall right 
cosets of H in G is a subset of G. : 
Also if x is any element of G, then. x @ Hx. Therefore x 
belongs to the union of all right cosets of Hin G. Hence Gis a 
subset of the union of all right cosets of H in G. 
Therefore G is equal to the union of all right cosets of H in| 
G. Symbolically, we have G= U Hx. 
. | xEG “a4 
Similarly we can prove that G is also equal to the union of-all 
left cosets of H inG. | ; 
Right coset Decomposition of a group.’ Suppose H is a sub- 
group of a group G. No right coset of Hin Gis empty. Any two 
right cosets of H in G are either disjoint or identical. The union 


~ 
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of all right cosets of H in G is equal to G. Therefore the set of 
all right cosets of H in G gives us a partition of G. 
This partition is called the right coset decomposition of G 
_ with respect to the subgroup H. To obtain distinct members of 
this partition we should proceed as follows : ; 
First of all H itself is a right coset. If there is an element 
@ © G such that a & H, then Ha willbe another distinct Tight 
coset. Again if there is an element b © G such that 6 @ H and 
also 6 & Ha, then Hb will be another distinct right coset. Pro- 
ceeding in this way we can get all distinct right cosets of H in G. 
Then we shall have G=H U Ha HbU He..., where a, b, c,...are 
elements of G so chosen that-all right cosets are distinct. 
Similarly we can also obtain left coset decomposition of G. 
Theorem 6. Jf Hisa subgroup of G, there is a one-to-one 
correspondence between any two right cosets of H inG. 
(Patna 1986) 


Proof. Let a, b & G. Then Ha and Hb are any two right 
cosets of HinG. Let: Ha->Hb be defined by 
f(haj=hb ¥ h EH. 
The function f is one-one. If h,, hg & H, then hya, haa € Ha. 
Also by def. of f, we have f (4,a)=h,b and S (hga)=hyb. 
Now Ff (hya)=f (ga) - 
=> hb=hgb 
=> h=h, [by right cancellation law in G) 
=> h,a=h,a. : 
. J is one-one since only equal elements of Ha can have 
the same image in Hb. 
The function f is onto. Let h'b be any: arbitrary element of 
. Hb. Thenh'b © Hb => h' © H = h'a © Ha. Now f (h'a)=h'b, 
by definition of f. Thus h’b G Hb = that there exists h'a © Ha 
such that f(h’a)=h'b. Theréfore fis onto ‘Hb. 
Hence the result. . . 
Similarly tt can be proved that there is a.1-1 correspondence 
between any two left cosets of HinG. (Kerala 1970) 
Note. # itself.is a right as well as a left coset. Therefore if 
H is a finite subgroup of G, then the number of elements in H i.e., 


o (H) is equal to the number of elements in any coset. of HinG 
(right or left). . ae | : 

If His an infinite subgfoup of G, then we say that any two 
cosets of H in G have the same Cardinal number: | 
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| Theorem 7, If H is a subgroup of G, then there is a one-to-one 
correspondence between the set of left cosets of HinG and the set 
of right cosets of H in G. (Kumayon 1977; Kanpar 80; Meerut 80) 


Proof. Let us define a function J from the set of left cosets 
_ Of HinG to the set of right cosets of H in G by the formula 
 f(@H)=Ho' ¥ a eG. : 
First we shall show that this function / is well-defined. If aH 
isa left coset, then obviously Ha-? is a right coset. Further if aH 
and 6H represent the same left coset, then we are to show that 
Ff (aH) =f (bH). | | | 
We have GH=bH > ab GH [see theorem 2, page 154] 
=> Ha-! b=H [he H> Hh=H] 
=> Ham 6b-'=Hb— => Ha'=Hb" . 
_ = f(@H)=f(bH). [sf (aH)=Ha ete] 
S is well-defined. - 
Now to show that f is one-one. We have 


S (aH) =f (6H) 


= Ha-'=Hb- [by def. of f] 
>a (b")3 CH [See theorem 2, page 154] 
>a'beH 

> a7! bH=H [AEH > hH=M 


=> aa bH=aH = bH=aH > aH=bH. 

Hence f is one-one. 

Now to show that fis onto the set of right cosets. Let Ha be 
any right coset. Then a-! His a left coset. Also 

f(a" H)=H (a-1) . (by def. of f) 
= Ha. - 

Thus each right coset Ha is the f-image of the left coset 

aH, Hence fis onto. | 


Note. From this theorem we conclude that if the number of 
distinct right cosets of H in G is finite, then it will also Le equal 
to the number of distinct left cosets of H inG. It should be noted 
that in an infinite group G, it is possible that the number of dis- 
tinct right cosets is finite. 


-Index of a subgroup in 4 group. Definition. If H ts a subgroup 
of a group G, the number of distinct right (left) cosets of H in G is 
called the index of H in G and is denoted by [G : H] or by ic (A). 

[Punjab 1966; Banaras 63; Meerut 83) 
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§ 28. Relation of congruence modulo a subgroup H in a 
group G. | . 

Suppose H is a subgroup of a group G. If the element a of 
G belongs to the right’ coset Hb i.e., ifa & Hb i.e. if ab-’ € H, 
then we say that a is congruent to b modulo H. — 

Definition. Let H be a subgroup of a groupG. For a,b EG 
we say that ais congruent. tob mod H if and only tf ab & H. 
Symbolically, we write 

a=b (mod H) if and only if ab" © H. 
‘Theorem. The relation of congruency in a group G me by 
‘a@=b (mod A) iff ab © H 
 dsan equivalence relation. 
(LA. S. 1970; Agra 70; Lacknow 69; ‘Utkal 70) 
Proof. Reflexivity. Let a be any element of G. Then. da =eGH 
since H is a subgroup of G. Therefore a=a (mod #) for all a&G. 
Hence the relation is reflexive. 
Symmetry. We have-a=b (mod H) = ab" © H 
= (ab) GH [%° His a subgroup of G) 
=> ba GE H = b=a (mod A). 

Therefore the relation is symmetric. 

Transitivity. Let a=b (mod H) and b=c(mod H). Then 
ab-! € Hand be“! © H. But Hisa subgroup of G and thus H 
must be closed with respect to the composition inG. Therefore 

(ab) (be) CE H> a(b b)c'* CH= aec"! & H 

: => ac! G H > a=c (mod #). 

Hence the relation is transitive. 

Therefore the relation congruence mod H is an equivalence 
relation in G. Therefore it will partition G into disjoint equiva- 
lence classes. If @ or [a] is the equivalence class soresnoncine to 
aeG, then we shall show that [@]=Ha. 

By the definition of equivalence classes, we have 

[a]={x © G : x=a (mod A)}. 
‘Let z be any arbitrary element of Ha. 
Then z © Ha => za“! © Haa" => za! © He > za GH 
‘=> zza(mod A) > z & [a]. 

“. Ha G [al]. 

Now let y be any arbitrary element of (a). 

Then y © [a] > y=a (mod ‘H) 

>jya'GH 
> ya'ae Ha=> y © Ha. 


{a] & Ha. 
Hience {a]=Ha. 
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Therefore the partition of G induced by this equivalence 
relation is nothing but the right coset decomposition of G with 
respect to H. No right coset of H in.G will be empty. Two right 
cosets of H in G will be either disjoint or identical. The union 
of all right cosets of H in G will be equal to G. _ 

Note. We can show that the relation in G defined by 
_ @=b (mod H) iff a be H 
is an equivalence relation and gives us the left coset decomposition 
. of G with respect to H. 

Illustration 1. If G is the additive group of integers and H 
is the subgroup of G obtained on multiplying the elements of G 
by 5, then we have 

=HY(H+1)U(H+2)UH+3) U4 4), 

The index of H in G is 5. 

2. Let G be the group of all permutations of degree 3 on 
three symbols J, 2,3. and Hbe the subgroup {(1), (1 2)}. The 
number of elements in each right coset of HinG will be2 and 
the number of elements in G is 6. So we shall have three distinct 
right cosets. It can be seen that G= HU A(23)U H(31). 

The left coset decomposition of G with respect to H is 

G=HU(23) HU(31)H. 

§ 29. Lagrange’s theorem. 

(IA.S. 1973, 85, 87; Allahabad 85; Kumayun 78; Poona 73; 

Kanpur 87; Rajasthan 77; Nagarjuna 79; Luck. 80; 

Madras 83; Meerut 84, 87, 88, 90; Patna 86; Garhwal 88) 

_ The order of each subgroup of a finite group is a divisor of the 
order of the. group. 

Proof. Let G be a group of finite order 7. Let H be a sub- 
gtoup of Gand let o(#)=m. Suppose fy, hy,...,4m are the m 
members of H. 

Let a@G. Then Ha is a right coset of H in G and we have 

Ha={h,a, h,a,..., hma}. 

Ha has m distinct members, since ha=hja > h=h;. 

Therefore each right coset of H in G has m distinct members. 
Any two distinct right cosets of H in G are disjointie., they have 
no element in common. Since G is a finite group, the number of 
distinct right cosets of H in G will be finite, say, equal to &. The 
union of these & distinct right cosets of HinG is equal toG. 
Thus if Ha;, Hasg,..., Har 
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ate the & distinct right cosets of H in G, then 
G=Ha,U HasU... U Har 
- the numher of elements in G=the number of elements in 
Ha,+the number of elements in Ha,+...-+-the number of elements 
in Ha, . (". two distinct right cosets are mutually disjoint) 
> 0(G)=km = n=km 


er tae 


n e e e : ; 
=> L=— => mis a divisor of n 


>o(f)isa eHyeer of o (G). 
Hence the theorem. 
Note 1. kis the index of Hi inG. We have 
m=n|k. Thus & is a divisor of . 

Therefore the index of every subgroup of a finite group Is a 
divisor of the order of the group. 

Note 2. Very Important. If H is a subgroup of a finite group 
G, then the index of H in G=the number of distinct right (or left) 
c =2@). 

osets of Hin G 0(H) | 

Cor. 1. The order of every element of a finite group ts a divisor 
of the order of the group. — 

(G N.D.U. Amritsar 1985; Patna 87; Allahabad 82; Meerut 76) 

Proof. Suppose G is a finite group of order n. Leta e G 
and let o (a)=m. To prove that m is a divisor of n. 

Let H={..., a-, a-*, a-', a®, a', a, a°,...} be the subset of G 
consisting of all integral powers of a. Then we know that H is a 
subgroup of G. We shall show that H contains only m distinct 
elements and that they are a, a’, a°,....a"=e=a°, 

Let l<r<m, 1<s<m and r>s. 

Then a’=a' => a’at=a'a"* => a’ t=@ => Q’ =e. 

Thus there exists a positive integer r—s less thanm such 
that a’-s=e. But m is the least positive integer such that a”=e. 
Therefore a'=£a‘. Therefore a, a*, a, "= =e are all distinct 
elements of H. | 

Now suppose a! is any element of H, where tis any integer. 
By division algorithm, we. have 

t=mp+q where p and q are some integers and O<q<m. 

(Note. Wecan write tlm=p+q]m). | 

We have a'=a7+¢ = amrqt==(a)egi=eai=at. Since 0<q<m, 
therefore a7 is one of the m elements a, a’,..., a"=a. Hence H 
‘has only m distinct elements. 
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Thus order of H is m. By Lagrange’s theorem: is a divisor 
of 2. 


Cor. 2. If G ts a finite group of order n andaeG, then a'=e, 
(Madras 1970; Meerut 70; -Allahabad 82) 


Proof. Ina finite group, the order of each element is finite. 
Let o (a2)=m. The subset H of G consisting of all integral powers 
of a is a subgroup of G.and the order of ism. By Lagrange’s " 


theorem m is a divisor of 2. -Let kan, Then n=mk. 


Now ar=agmk==(qam)k—=ek [°° 9 (a)=m > a"™=e) 


ad, 


Note. Lagrange’s theorem has very important applications. 
Suppose G is a finite group of order n. If m is. not a divisor of n, 
then there can be no subgroup of G of order m. Thus if Gisa 
gtoup of order 6, then there can be no subgroup of G of order 5 
or 4. Similarly if G is a group of primé order p, then G can have 
no proper subgroups. For suppose H is a proper subgroup of G 
and o(H)=m Then I<map. By Lagrange’s theorem, m must be 
a divisor of p. But if 1 < m< p and p is prime, then m cannot 
divide p. So a group of prime order can have. no proper sub- 
groups. 

However the converse of Lagrange’s theorem is not true. 

(Kanpur 1969) 

If m is a divisor of n, then it is not necessary that G must 
have a subgroup of order-m. For example the alternating group A, 
of degree 4 is of order 12. It can be seen that there is no. sub-. 
group of A, of order 6, though 6 is a divisor of 12. 


Cor. 3. Euler’s Theorem. Jf'n ts a posttive in eger and a is any 
integer relatively prime ton, then 

. - @ts)=1 (mod n), 
where ¢ ts the Euler ¢-function. 


Proof. For any integer x let [x] denote. the residue class of 
the set of integers mod n. Let G={(a] : a is an integer relatively. 
prime to n}. 

_ Thea we know that with respect to multiplication of residue 
_ classes G is a group of order 4(n). The:,identity element of this 
group is the residue class [1]. We have; 

(a] & G > [a}"%)=3(1] > [a}oo=11)}): 
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=> [a] [a] ‘[a]...1pto ¢ (a) times=[1] 

+ [aa...upto ¢ (m) times)=[1) {Note that [a] (4)=[ad]] 

=> [at] =[1] > as=1 (mod n). 

Cor. 4. Fermat’s Theorem. Jf p is a prime number and a is 
any integer, then a?=a (mod p). (Allahabad 1980; Kanpur 88) 


Proof. Let G be the set of non-zero residue classes of 
integers modulo p. If pis a prime number, then with respect to 
multiplication of residue classes G is a group of order p—1. The 
identity element of this group is [1]. 


Now suppose a is any integer. 


Case 1. pis adivisor of a. In this case [a]=[0] and so [a] 

is not an element of G. But 
p |a=p | a?=p | (a?—a)>a?=a (mod p). 

Case 2. p is not a divisor of a. In this case [a][0] and so 
{a] is an element of G. Therefore we have 
fae = [1] >[ap4=[1] > [ae] =[1]> PSL (mod p) 

=> .a?-1—] is divisible by p>a (a°-!—1) is divisible by p 

=> a?—ais divisible by p> a?=a (mod p). 

§ 30. Order of the product of two subgroups of finite order. 

Theorem. Let H and K be finite subgroups of a group G. 

_0(H)o(K) | 

Then (HK) = RK) 
(Jabalpur 1986; Meerut 82 P, 83; Guru Nanak 89; Kanpur 80) 
Proof. HK is a subset of G. It is not necessary that it will 


be a subgroup of G. By o (HK) we mean the number of distinct . 
elements in HK. 


Let D=H (\ K. Then D is.a subgroup of Gand DC K. 
Therefore D is a subgroup of K. Since XK is finite; therefore the 
number of distinct right cosets. in the right coset decomposition 
of K with respect to D is finite. Let it be m./ By Lagrange’s 

or ma? £%), - 
theorem, we have m= 6 (D) 
If Dk, Dks,...,Dkm are the distinct right cosets of D in K, 


then K=DkyU Dla. UDkm= U0. Dk. 
i= 
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Observe that kj, ke,.... km are some distinct elements in X. 


mi 
Now HK=H (U Dki)= U HDki e 


=U Hky (DCH = Hb=H) 


=Hk,U HksU... UHkm. (1) 
We shall show that the cosets Hky, Hks,...,fkm are pairwise 
distinct. We have 


Hk, =Hk, > kikj eH 
: 3s kikoeH 1 K [i ke, kjeK=>kiky 6K) 
> kikj'eD + Dki=Dk; ; 
=> k;=k; ['.' Dk,,...,Dkm are distinct cosets]. 
Thus Hk, Hk,...,Hkm ate distinct right cosets and so they 
are pairwise disjoint also. The number of elements in each .of 
them is equal to o(H) f.e., the number of elements in H. There- 
fore from (1) we conclude that the number of elements in HK is 
equal to mxo(H). 


°, oHK)=mxo (H)=S05).0 0(H)=* i 2 2. 


Corollary. Let H and K’be subgroups of a finite group G and 
let o (H) > +/[o (G)], o(K) > [0 (G)]. Then H 1 KA{e}. 


(Meerut 1980) 
Proof. Since HKCG, therefore o (HK) < 0 (G). (1) 
o (H) o (K) . 
But ONS RA | (2) 
o(H) 0 (K) | 
"From 7 and (2); \ we ove 0(G)> o(H 1K). (3) 
o (#1) o (K) {o /fo (Gy lo. (Gj). +0) 
But o(H TR) SH AK) (by hypothesis) 
is o (H) 0 (K) — o(G) | 
fs OCH NVR) * O(ANK) oA) 
- 0 (G) 


From (3) and (4), we get 0 (6) > Sor A" 


Therefore o (H (| K) > 1 and this implies that HA KsA{e} 
because order of {e}=1. 

We apply this corollary to a very special group. 

Example. Let G bea finite group of order pq wheie p.and q are 
prime numbers with p > q. Then G has at most one subgroup. of 
order p. In particular a group of order .6 has at most one subgroup 
of order 3. (Meerut 1976) 
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Solution. If possible, let H and K be the two subgroups of 

G of the same order p. Since p > g and o (G)=pq, therefore 
0 (H) > v/[o (G)] and o (K) > +/[o (G)}. 

So by the above corollary H ) K#{e}. 

Now H () Kis a subgroup of H. Since H is of prime order p, 
therefore either H (| K=H or H () K={e}. But HN Kfe}. 
Therefore H (1 K=H and this implies that H G K. Similarly we 
can prove that K C H. Hence H=K. Therefore there can be at 
most one subgroup of G of order p. 

As a-special case a group of order six has at most one sub- 
gtoup of order 3 since 6=3 x 2 where 3 > 2 and both 3 and 2 are 
primes. 

Solved Examples 


_ Ex. 1. Show that two right cosets Ha, Hb are distinct if and 
only if the two left cosets a“ H, b-H are distinct. 


Solution. In order to prove the given statement we shall 
prove that two right cosets Ha, Hb are equal if and only if the 
two left cosets a-!H, b-1H are equal. We have 

Ha=Hb ~ ab" GH [See theorem 2, page 154] 
ab H=H (| AGH @ hH=H] 
<a ab" H=a" H 
: <b H=a"'H a H=b-H. 

Hence the required result follows. 

Ex. 2. Show that the set of the tnverses of the elements of a 
vight coset is a left coset; or more precisely show that (Ha)-!=a—H. 

‘Solution. Suppose Ha is a right coset of H in G where aGG. 
Let Aa be any element of Ha, where h © H. 
We have (ha)-!=a-! h-', 
Since H is a subgroup, therefore AGH > hGH. 
ath € aH, 
Thus the inverses of all the elements of Ha belong to the left 
coset aH, Hence (Ha) C a" H. 

Conversely, let a-1h be any element of a-' H. 

Then a~"h=a~! (h-})-'=(h-"! @)-! & (Ha)-, 
since h-! © H and therefore - ha © Ha. 

__ Therefore every element of a-'H belongs to the set of ‘the 
inverses of the elements of Ha. | 
dé @LH © (Aa). 

Hence.(Ha)-!=a- H. 
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Ex. 3. Given that G=H UHaU HagU...U Has, is the right 
coset decomposition of G relative to the subgroup H, show that 
G=H Ua HU aH U...U ae? Hf ts a left coset decomposi- 
tion of G relative to the subgroup H: . 

Solution. We know that two right cosets of H in G are either 
disjoint or identical. Therefore if there are two equal right cosets 
in the given right coset decomposition of G; then one of them can 
be omitted. So let us assume that all the right cosets in the given 
right coset decomposition of G relative to Hare distinct. Then 
there are k distinct right cosets of HinG. But the ‘number of 
distinct right cosets of H in G is. equal to the number of distinct 
left cosets of H in G. Therefore there are k distinct left cosets in 
the left coset decomposition of G relative toH. | . 

Now we know that two right cosets Haand Ho are distinct if 
and only if the two left-cosets a-) _H and 5-' H are distinct. Since 
the right cosets H, Hap,..., Hay are all distinct, therefore the left 
cosets H, a3--H,..., ax-! H are all distinct. Since they are k& in 


number, therefore they are the only distinct left cosets of H in G. 
Now the union of all the distinct left cosets of H in G is equal to 
G. Hence | | | 
G=HUas"' HUas"} AU...Ua 

is a left coset decomposition of G relative to the subgroup H 

Ex. 4. Prove that the only right (or left) coset of a ‘subgroup 
H in a@ group G which is also a subgroup of G is H itself. | 

Solution. Suppose Ha is a right coset of H in G, Let Ha be 
a subgroup of G. Thene © Ha. But e@H. Since H is itself a 
right coset and two right cosets are either disjoint or identical, 
‘therefore “H-==Ha. 

Similarly aH is a subgroup of G>aH=H.. 

Ex. 5. If HH & K are two subgroups of a Sinite group G, then 
show that [(G’: H]=[G : K][K : H). i 

Solution. Since HC K are two subgroups of a group G, 
therefore H is also a subgroup of K. _ . 

_ Now His a subgroup of a finite group G. Therefore by Lag. © 
tange’s theorem ee 
» Hy 2G) 9 (G) O(K) a 
(G: f= OCH) a (Kyo =e : K] (K: H). 

Ex. 6. Let H and K be two subgroups of a group G. Show that 
any coset relative to H(\ K is the intersection of a coset relative to 
H with a coset relative to K. - (Jabalpur 1970) 
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Solution. Let a be any element of G. Then (HK) ais any 
right coset of G relative to the subgroup Hf\K. We shall prove 


that | (H1) K) a=(Ha)f\ (Ka). 
Wehave (HANK) GH = (HNK)4C Ha. 
and (HNK) GK > (HNK) a & Ka. 
«.. (HANK) a & Haft) Ka. eI) 


Again let x be any element of Ha f\ Ka. Then x © Ha and 
xeKa. | 
xsha=ka for some hed, ke. 
2, ‘xatehsk. 
* xe EHNK = (xq7) a@(HNK) a = xE(HNK) 4 
Consequently Haf\Ka G (HN) 4. .(2) 
From (J) and (2), we conclude that (HK) a= Ha(\ Ka. 
A similar proof can be. given in the case of a left coset. 
Ex. 7. Prove that.the intersection of two subgroups, each of 
finite index, is again of finite index. 
(Meerut 1990; Madras 83; G.N.D.U. Amritsar 85) 
Solution. Let H and K be two subgroups of a group G. Let 
[G : H]=m and [G: Kj=n. Let Ha,..., Ham and Kh,..., Kb, be 
the distinct right cosets of H and K respectively. We are to show 
that the number of distinct right cosets of HK in G is finite. Let 
(H(\K) a be any right coset of HN KinG. Then it can be easily 
‘ shown that (HK) a=Haf\Ka. Thus each right coset of HNK 
is given by the intersection of a right coset of H and a right coset 
of K. Since the number of distinct right cosets of H is m and the 
number of distinct right cosets of K is n, therefore the number of 
distinct fight cosets of HK can be at most equal to mn. Hence 
H(\K is of finite index in G. . 
Ex. 8. Use Lagrange’s theorem to prove that a finite group can- 
not be expressed asthe union of two of its proper subgroups. 
; | (Madurai 1988; Poona 73) 
.. Solation, Let G bea finite group of order. Suppose G is 
‘the union of two of its proper subgroups /7 and K. 
- Since ee both H and K and G=AUK, therefore at least one 
of H and K (say, H) must coptain more than half the elements of 
G. Let o(H)=p. Then n/2 p<n. (Note that H is a proper 
subgroup Of G). — 
Since'n/2 < p <n, therefore p cannot be a divisor of n. This 
contradicts Lagrange’s theorem which states that the order of each 


subgroup of a finite group is a divisor of the order of the group. 
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Hence our initial assumption is wrong and so a finite group 
cannot be expressed'as the union of two of its proper subgroups.. 


§ 31. Cayley’s Theorem. Every finite group Gis isomorphic 
to a permutation group. (Agra 1986; G.N.D.U. Amritsar 82; 
Patna 86; Allahabad 82; Kanpur 86; Madras 83; 
Meerut 81, 83P, 85, 87, 89) 
Proof. Let G be a finite group. If a&G, then for every xin 
G the product ax is also an element of G. Now consider the func- 
tion f, from G into G defined by 
ta (x)=ax ¥ X EG. 
The function /2 is one-one because if x, y € G, then 
Sa (x)=fa (y) > ax=ay os | 
=> x=y. [by left cancellation law in G] 
The function f, is also onto because if x is any element of G, 
then 3 an element a~' x in G such that 
fa (a@"' x) =a (a- x)= (aq!) x=ex=x. 
Thus f, is a one-one function from G onto G. Therefore./, is 
a permutation on G. Let G’ denote the set of all such one-one onto 
functions defined on G corresponding to every element of G i.e., 
“~G'=f{ fa : a&G}. 
First we shall show that G’ is a group with respect to the 
operation known as composite or product of two functions. 
Closure property. Let /2,jsEG' where a, bGG. From our 
definition of product of two functions, we have 
(Sa fo) (*) =fa [ fo (x) =fa (bx) =a (bx)=(ab) x 
=fap (x) for all xEG.. 
Therefore by the definition of equality of two functions, we 
have Sa fo=fas. .(Q) 
Since ab & G, therefore fa, € G’ and thus G’ is closed with 
respect to the product of functions. 


Associativity. Let fa, fo, fe & G’ where a, b, ceG. Then 


Ja ( fe f=Sa See [.° from (1), fe fe=fec] 
=fa(be) -. [from (1)] 
=fiab)e [by associativity in G] 
=far fe . [from (1)] 
=( fa fo) fe- * Tfrom (1)] 


Therefore the operation in G’ is associative. 
Existence of Identity. If e is the identity of G, then f. is the 
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identity of G’ because for every f. in G’, we have 
Se fa=fea=fa and fa fe=fae=fa- 
Existence of Inverse. If a~ is the i inverse of'a in G, then far 
is the inverse of f, in G’ because 
Sa- fa=fa-ra=fe and fy fa*=faa-=fe. 
Thus G’ is a group. 
Now we shall show that G&G’. Consider the function “a from 
G into G’ defined by ¢ (a)=f. v acc. 
is one-one. If.a, b&G, then 
¢ (a)=¢ (b) > fa=fe > fa (x)=fe (x) ¥ xEG 
=> ax=bx ¥ xEG > a=b, 
“. is one-one. 
¢ is onto. . Let f, be any element of G’. 
Then a&G and we have ¢(a)=/2. Therefore ¢ is onto. 
¢ preserves compositions in G and G’. If a, bEG, then 


 (ab)=fos [by def. of 4] 
=fe hy [from (1)] 
=¢ (a) $ (6). [by def. of 4] 
d preserves compositions. in G and G’. 
. Geo. 


Definition. The permutation Sroup to which G is isomorphic is 
called a regular permutation group. 

Note 1. While forming the function f, we have multiplied the 
elements of G on the left hand side by a and not on the right hand 
side. Thus we have taken f, (x)=ax and not f,(x)=xa. If we 
take f, (x)=xa, we shall get fa fs=foa. Then while defining the 
mapping ¢ : G->G’ we should set ¢(a)=far: and not ¢(a)=fz. 

Note 2. Important. Cayley’s theorem i is true even if the group 
G is not finite. The same proof can be given in that case because 
while proving the theorem we have not assumed that G is finite. 

But if G is not finite, then the word permutation should be 
omitted from the statement of the theorem. In that case we should 
state the theorem like this : 

‘Every group is isomorphic.to a group of one-one onto functions. 

- (Sagar 1966, 68; Dibrugarh 67; Jabalpur 69) 
Example. Find the regular permutation group isomorphic to 
the multiplicative group G=(1, —1, i, —i}. (Raj. 1978) 

Solution. By Cayley’s theorem the regular permutation group 

G' isomorphic to G consists of the following four permutations 


Ji» Sate, fi 


1 Re, of =i 1-1 i -t_ 
f(r ay oo creo) Ite Te! 
| —l f —i 


f(y (—1)(-1) (-Di (2) 9) 


ee “ss HG -D G 0. 


1 -] i 1 
fol OK, 1 OCD) 
=(] = a iad 4-1, —i), 


fl —1 i —i 
f=\(-n 1 (-)(-1) (-Di (—D(—) 
) —-l i —i ‘ 
=(_} 7) 1 2y)=0.-4-19. 
' Exercises 
1. What is a coset ? Give an example. (Meerut 1972) 
2. What are the left cosets and right cosets of a subgroup H 
of a group G? Prove that any two left cosets of H inG are 
identical or have no elements in common. Show that there is a 
1-1 correspondence between any two left cosets of H in G. 
(Kerala 1970) 
3. Correct the following statement : 
If G is a group and H is assubgroup of G, then o (H).is a 
divisor of o (G). (Meerut 1976) 
4. Answer the following questions : . | 
(i) What is the order of the group P,? 
(ii) | What is the order of the group A, ? 
(iit) Is Ag.a subgroup of P, ? If yes, what is the index of 4, 
in Py? Ans. (i) 24, (ii) 12, (iii) 2. 
5. Use Fermat’s theorem to determine the remainder, if 808 
is divided by 103. Ans. 8. . (Meerut 1977) 
6. Prove that any group is isomorphic to a transformation 
group, a _  (Kumayun 1977; Allahabad 80) 
7. (i). Show that every group is isomorphic to a subgroup of 
A(S) for some appropriate S. Here 4(S) is *he group of all one- 
one functions of S onto itself. (Meerut 1973; Vikram 76) 
(ii) Let G be a finite group. Prove that G is isomorphic to 
@ subgroup of S,, the symmetric group of degree n, for somé n. 
| _ (G.N.D.U. Amritsar 1982) 
8. Let G be the group of integers under addition and let N 
be the set of all integral multiples of 3. Prove that JH is a sub- 


170 Modern Algebra 


group of G and determine all the cosets of Nin G. (I.A.S; 1973) 

‘9. Let G be a finite group, a & G; show that the prder of a 
equals the order of the subgroup Hof G generated by a. Hence or 
otherwise deduce that o (a) Mivides 9 (G). (Meerut 1975) 

10. Consider two subgroups H={/, (1 2)}and K={/, (1 3)} 
of Ss. Determine HK. Using Lagrange’s theorem or otherwise 
prove that HK is not a subgroup of S3. (Meerut 1976) 

11. If H and K are-subgroups of a finite group G, give an 
example to show that o (HK) need not divide o(G). (Meerut 1973) 

12. Ifa finite group G contains an element of even order, 
show that G must also be of even. order. (Allahabad 1983) 

‘13. Ifa finite group possesses an element of order 2, prove 
that it possesses an odd number of such elements. 

14. Sis a subset of a given group G and one defines a rela- 
tion a ~ 6 in G if and only if ab-' & S. Show that the necessary 
and sufficient condition that this is an equivalence relation is 
that S isa subgroup of G. (1.A.S, 1975) 

15. Use Lagrange’s theorem to show that any group of 
prime order can have no.proper subgroups. 


§ 32. Cyclic groups. 


Definition. A group G is called cyclic if, for some a & G, every 
element x & Gis of the forma", where nis some integer. The 
element a is then called a generator of G. 

(I.A.S. 1974; Meerut 81; Garhwal 76; Madras 74; 
Kumayun 78; Madras 77; Bombay 70; Rajasthan 77) 

There may be more than one generators of a cyclic. group. If 
G-is a cyclic group generated by a, then we shall write G={a} or 
G=(a). The elements of G will be of the form 

«5 @~§, a-*, a=}, a®=e, a, a’, a’,... 

Of course they are not necessarily ail distinct. 

Example 1. (Vikram 1978). The multiplicative group G={I, 
—1, i, —i} is cyclic, We can write G={i, i?, ®, i}. Thus Gisa 
cyclic group and i isa generator. Also we can write 

G={—i, (—i*, (—i)3, (a). 
Thus —iis also a generator of G. . 

‘Example 2. The multiplicative group {1, w, w?} is cyclic. The. 
generators are w and w?. 

Example 3.. Suppose G is any group anda @G. Let H be 
the subgroup of G consisting of all integral powers ofa i.e., 
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H=a{a":n G1 (the set of integers)}. Then H is a cyclic sub- 
group of G generated by a. 

Example 4. The group A=({0, 1, 2, 3, 4, 5}, +e) is cyclic. 
This group is generated by 1. Another generator is 5. 

We sev that !=1,, 8=1+.6 1=2, =1+. =3, 

lt=1+6—. B=1+6 3=—4, 1S=1+, 1*=5, 1°=0. 

Thus G={I, 1%, 15, 14, 15, 18=0}. 

Example 5. The multiplicative group of n nth roots of unity 
is cyclic, a generator being e®*//", (Allahabad 760; Raj. 78) 

Example 6. The additive group G of all integers is cyclic, a 
"generator being 1. We have 190, P=1, P=1+1=2, 
13=31414+1=3 and so on. Similarly 1-!=inverse of 1=—1, 
1~2=:(]®)-!= —2, 1-9=(]*)-1=(3)-'= —3 and So on. 

Thus-each element of G can. be expressed as some integral 
power of 1. Also -—1 is a generator. 


§ 33. Some Properties of Cyclic Groups. 


Theorem 1. Every cyclic group is an abelian group. 
. (Meerut 1976; Allahabad 80; Vikram 78) 
- Proof. Let G={a} be.a cyclic group generated by a. Let x,y 
be any two elements of G. Then there exist integers r and s such 
that x=a’, y=a'. Now xy=a"a'=a'ts=ast =a a= yx. Thus we 
have xy=yx ¥ x, y@G. Therefore G is abelian. 


Theorem 2, If a is a generator of a cyclic group G, then a is 
also a generator of G. 


Proof. Let G={a} be a cyclic group generated by a. Let a’ be 
any element of G, wherer is some integer. We can write 
a’ =(a-!)~". Since —r is also some integer, therefore each element 
of G, is-generated by a~!. Thus a“ is also a generator of G. 

Theorem 3. A cyclic group G with generator of finite order n, 
is isomorphic to the multiplicative group of n nth roots of unity. 

(Meerut.1971; Poona 70; Madurai 78) 
Proof. Let a be a generator of the cyclic group G. Since the 
order of ais n, therefore n is the least positive integer such that 
G'me, . ; 
_ We shall show that the group.G has exactly n distinct elements 
a, a’, a®,..., a®=e=a’, (1) 

No two elements of (1) can be equal. For if possible, let 

af'=a,l <s<r <n. Then a-s=a'=e. 
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Since 0<r—s<n, therefore a’-!=e implies that the order of 
ais less thann. Hence a’<a', | 

Therefcre all the n elements in (1) are distinct. 7 

Again let a' be any element of G. By division algorithm, 
there exist two integers p and q such that 

t=np+q, 0<q <n, (Note. We can write tn=p+g/n] 

.. a = "Pd = QnPgi = (a")?al—erat—egi=gi, 

Since 0 < q < 4, therefore a? js one of the n elements in (1). . 
Thus each element of G is equal to some member of (1). There- - 
fore G has exactly elements given in (1).. Then 0 (a)=o (G). 

We shall now show that Gis isomorphic to the multiplicative_ 
group G’ of the n nth roots of unity, namely 

l= e®ri0/n. e@ri/a, efti/n ; e*nri/a, err(a- 1)i/n, 

Consider the mapping f : G->G’ defined by 

Sf (a )=e*tr/a, where O<r<n—1. 
The mapping f is one-one. Since 
S(a’)=f(a°), where O0<r<n—1, 0<s<n—] 
=> eStir/n— e@nis/n > r=§ > a’=as, 


Again the number of elements in G is equal to the number of 
elements in G’. Therefore Jf is one-one implies f must be onto G’. 
Finally (f(a a')=f(ar+s)=f(a+k), where u is some integer 
, and 0<k<n 
[Note. We can write (r+s)/n=u+k/n] 
=f(atat)=f [(a")" ak] 
=f(a*) 


(ate) 
= e2nki/n [by def. of f] 
== @2naui/n e2rki/n [ 7° efter! 1j 


—_ efi (niet k)/n — e2ri(r+s)jn— etnirjn e@nis/n— f(qr) S (a). 


Therefore f preserves compositions in G and G’. Hence G is 
isomorphic to G’. 

Since every finite cyclic group of order n is isomorphic to 
the multiplicative group of n nth roots of unity, therefore we can 
Say that there is one and cnly one cyclic Sroup of order n. 


Cor. if a is a generator of an infinite cyclic group G, then 
the order of a must be infinite. If the order of a is finite, then 
the cyclic group generated by a will be of finite order. Thcrefore- 
‘the order of a cyclic 8roup ts equal. to the order of its generating 
element, | (Robilkband 1980) 
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Theorem 4. A cyclic group G with a generator of finite order n, 
is isomorphic to the additive group of residue classes modulo n. 
. (Patna 1986; Jiwaji 78; Meerut 87) 


Proof. First to prove that the group G has exactly n distinct 
_ elements, give the same proof as in theorem 3. The group G’ is 
here the group of residue classes modulo n. 


For any integer a let [a] denote the residue class of the set of 
integers modulo n. Then G’={[a}:: a © I where Tis the set of 
integers}. The group G’ has only v distinct elements and we have 
G’={(0], [1], (2], ..., [2—1]}. Also G={a' ; rel}. 

Consider the mapping f : G->G’ defined by 

S(a")=[r] ¥ rel. 

First we must show that the mapping / is well-defined. 

Let r, s & I be such that a’==a". 

Then we must show that S(a")=f(a‘). 

We have a’=a = a'a-s=a'g-s => at-sme 

=> nis a divisor of r—s [‘ o(aj=n) 
=> r=s (mod n) > [(r)=[s] = f(a")=/(a"). 
the mapping / is well-defined. 
f is one-one. Let a’, a’ be any two elements of G where r, sel. 

We have f(a") =f(a‘) > ([r]=[(s] + r—s is divisible by n 

=> r—s=kn where kel 

=> Qgl-s=gqka ~ a’aés=(a")* ; 

> ala-s=ek => ala-s=e => a’=a! = f is one-one. 

fis onto. Let [r] be any element of G’. Then r is an integer. | 
We have a'&G and f(a")=[r). Therefore / is onto-G’. : 
Hi meserie compositions. . 

We have Baal al =([r]+[s]=f(a")+fla’). 

Theorem 5. If a finite group of order'n contains an element of 
order n, the group must be cyclic. (Banaras 1970) 


Proof. Suppose G isa finite group of order n. Leta & G 
and let be the order of a. If H is the cyclic subgroup of G gen- 
erated by a f.e., if H={a" : reJ}, then the order of H is.n because 
the order of the generator a of Hism. Thus His a cyclic sub- 
group of G and the order of H is equal to the order of G. Hence 
H=G and therefore G itself is a cyclic group and a is a generator 
of G. 
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Note. Suppose G is a finite group of order n and we-are to 
find whether G is cyclic or not. We should find the orders of the 
elements of G. If we are able to find an elément a&G such that 
o (a)=n, then G will be a cyclic group and a will be a generator 
of G. 

Theorem 6. Every group of prime order is cyclic. . 

(1.A.S. 1972; Kanpur 80; Guru Nanak 75; Madurai 78; 
Rajasthan 76; Meerut 80, 81; Pata 87) 


Proof. Suppose G is a finite group whose order is a prime 
number p, then to prove that G is a cyclic group. Note that an 
integer p is said to be a prime number if p40, p#+1, and if the 
only divisors of p are +1, +p. 

Since G is a group of prime order, therefore G must contain 
at least 2 elements. Note that 2 is the least positive prime integer. 
Therefore there must exist an element a © G such that athe 
identity element e. | 


Since a is not the identity element, therefore o(a) is definitely 
>2. Let o(a)=m. If His the cyclic subgroup of G generated by 
a. then o(H =o (a)=m. By Lagrange’s theorem m must be a 
divisor of p. But p is prime and m>2. Hence m=p. 

H=G. Since H is cyclic therefore G is cyclic and ais a 
generator of G. 


Note. Every group of prime order p is cyclic. Also every 
cyclic group of order p is isomorphic to the additive group of 
residue classes modulo p. Therefore we can say that if.p is prime 
then there js one and‘only one group of order p. 


Theorem 7. Every finite group of composite order . possesses 
proper subgroups. (Delhi Hons. 1970; Allahabad 80; Meerut 70) 


_ Proof. Let G be a finite group of composite order mn where 
neither m nor nis 1. Note that a non-zero integer « is said to be 


a composite number if there exist two integers 8, y such tbat 
=By while |B| > 1,]/ y|]> 1. . 
Suppose G is cyclic and dis a generator.ofG. Then 
*@(a)=0(G)=mn, 
QMO 7 
=> (a")"=e => 0 (a) is finite and is < m. 
- Let o (a")=r whére rm: Then (a")"=e > ave. 
 Butr<manioe- . 
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Thus ‘a”"=e where nr<mn while o(a)=mn, This is not pos- 
sible because mn is the least positive integer such that a™"=e. 
We must have r=m. Thus o(a")—=m. 


. H={a"} is a cyclic’subgroup of G and the order of His 
equal to the order of its generator a". Thuso(H)=m. Since 
2<m<mn, therefore H is a proper subgroup of G. 

Suppose G is not cyclic. Then the order of each element of 
G must be less than mn. So G will contain at least one element, 
say b, of order p where 2<¢p<mn. Then H={b} is a subgroup of 
G and o(H)=p. Therefore H is a proper subgroup of G. 


. Theorem 8. Ifa cyclic group G is generated by an element a of 
order n, then a™ is a gencrator of G if and only if the greatest com- 
mon divisor of m and nis 1 i.e., iff mand n are relative primes. 

(Jabalpur 1986; Calicut 75; Kumayon 78; Meerut 79; 

(Nagarjuna 79; Rajasthan 77) 

Proof. Suppose m is relatively ‘prime ton. Consider: the 
cyclic subgroup H={a"} of G generated by a". Obviously HCG 

since each integral power of a” will also be an integral power of a. 

Since m is relatively prime to 7, therefore there exist two in- 
tegers u, v such that umtyn=l. 
quntyn — q' 
— qum a’"=@a 
> (a")"=a; since a'"=(a")"=e"=e.- 
*, each integral power of a will also be some jnteeral'a power. 
of a”, Therefore G © H. Hence H=G and a” is a generator of G. 


Converse. Suppose a” is a generator of G. Let the greatest 
common divisor of m and n be d and del fe, d>1. Then mid 
and n/d must be integers. 


Now (a™)n.¢=(qr)m/d=senlt=e, Obviously njd is a positive 
integer less than n itself. Thus 0 (a”) <a. Therefore a” cannot 
bea generator of G because the order of a” is not equal to the 
order of G. Hence d must be equal to I. Thus m is prime to x. 


Note. If G is a cyclic group of order a, then the total. number 
of generators of G will be equal to the number of integers less 
than n and prime to x. For example ifa isa generator of a cyclic 
group G of order 8, then a, a®, a’ will be the only other genera- 
tors of G. Since 4 is not prinie-to 8, therefore a‘ cannot’ be a 
generator of G. Similarly a*, a*, .a® cannot be generators of G. ~ ° 


176 Modern Algebra 


If G is a cyclic group of prime order p generated by a, then 
a, a°,..., a? are all generators of G and thus G has p—1 genera- 
tors. 8 , 


Theorem 9, If G is an infinite cyclic group, then G has exactly 
two generators and G is tsomorphic to the additive group of integers. 
(IA S. 1974; Punjab 76; Sagar 77; Madras 74; Meerut 75) 


Proof. Let G={a} be an infinite cyclic group generated by a. 
The elements of G will be integral powers of a. We claim that no 
two distinct integral powers of a can be equal. 

For, if possible, let a'eaas, r>s. 

Then a’ a-*=a! q=a"=e, 

| “. ase, 

Since r—s is a positive integer, therefore a'-=e implies that 
o (a) is finite. So acannot be a generator of an infinite cyclic 
group G. Hence a’ a’, unless r=s. 

Therefore we can write G={...,a78, a-?, a—}, a°=e, a, a*, a°,...}. 

If a’ js any element of G, we can write a’=(a-!)-". Thus a7? 
is also a generator of G. Also as proved above a and a are dis- 
tinct elements of G. 

Now if m1 or —1, then a™ cannot be a generator of G. If 
a” is (o be a generator of G, there must exist an integer k such 

that (ako a, Le, amk=a, Now m%1 or —1, > mk1. There- 
fore two distinct integral powers of a are equal and this contra- 
dicts the statement we have just proved. Hence a” cannot be a 
generator of G if m1 or —1. Thus G has exactly two generators 
L.e,aanda-', Let I be the additive group of integers é.e., 
I={..., —3, —2, —-1, 0, 1, 2, 3,...}. 
- To prove that Gel. 7 

Consider the mapping ¢ : G->I defined by 

¢(a=m¥mel. 

The mapping.¢ is one-one because 

¢ (a")=¢ (a") > mon > a™=9", 

Obviously ¢ is onto'I. 

_Also:¢'(a"a")=¢ (a"+*)=m-+-n=¢ (a")+¢ (a*). 

Hence ¢ is an isomorphism of G onto I. | 

Note. Since every infinite cyclic group is isomorphic to the 
additive group of integers, therefore we can say that there is one — 
and only one infinite cyclic group. 
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Theorem 10. Every subgroup: of a cyclic group is cyclic, 
. (Punjab 1970; Ositiania 72; Allahabad 79; Bombay 70; . 
Iadorc’70; Madurai 75; Madras 74; Meerut 78) 
- Proof. Suppose G={a} is a cyclic group generated by a. If 
H=G or {e}, then obviously H is cyclic. So let H be a proper. 
subgroup of G. The clements of Hare integral powers of a. If 
a‘ & H, then the inverse of a’ i.e., a-"EH. Therefore F contains 
.clements which are positive as well as negative integral powers of | 
a. Let m be the least positive integer such that a" © H. Then 
we shall prove that H={a™} j.e., H is cyclic and is generated by 
am, 
Let a‘ be any arbitrary element of H. By division algorithm, 
there exist integers g and r such that t=mg+r, O<r<m. 


Now a"GH => (a")1 © H [by closure. property] 
> aMeH > (a)ec H 
>a™ eH. 
Also at © H,a-"9 © H > ata-m? © H > at-m © H 
>a’ eG H. [".. r=t—mg] 


Now mis the least positive integer such that am © H and 
0<r<m. Therefore r must be equal to 0. Hence t=7q. 

. ‘agt=qi"@= (a™)@: | 

Thus every element at € H is of the form cane ' Therefore 
#7 is cyclic and a” is a generator of H. 

Theorem 11. Every proper subgroup of an ie eee group 
is infinite. 

Proof. Let G={a} be an infinite cyclic group. Let Wbea 
proper subgroup'of G. Then H is cyclic and if m is the least posi- 
tive integer such that a” & H, then H={a"}. 

Suppose H is a finite group of order p. Since a” is a genera- — 
tor of H, therefore (a)? =c i.e., a~»=e where mp > 0. 

", Order of a is finite and consequently G is finite, contrary 
to the hypothesis. Hence H must be an infinite cyclic subgroup 
of G. : 

Note. Since every infinite cyclic group is isomorphic to the 
group of integers, therefore any:two proper subgroups of an in- 
finite cyclic group are isomorphic, even isomorphic to the group 
itself. 

; a -Solved Examples 

Ex. 1. ‘Show: that the group ({1, 2, 3, 4, 5, 6}, x7) .és cyclic. 

How many generators are there? © 
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Solution. Let us denote the given group by G. If there exists . 
en element a & G s:ich that o(a)=6 i.e., equal to the order of the 
group G then the group G will be a-cyclic group and a will be a 
generator of G. . 

7 ‘We see that 0(3)=6 because 3'=3, 3°=3x, 3=2, 3°=3* 
x qo=2X 73=6, 34*=6 x 73=4, 35=4 x p= 5; 3°=>5 x Pr l i.eé., 
the identity element. . , 
G is cyclic and 3 is a generator of G. We can write 
- G={3, 3%, 3%, 34, 35, 3°}. 

Now 5 is primeto6. Therefore 35 7.e., 5is also a generator 

of G. - 


Ex.2. How many generators are there of the eyclic group G of 
order 8 ? 


Solution. Let a be a generator of G. Then o (a)=8. We can 
write G={a, a*, a®, at, a®, a®, a’, a*}. 

7 is prime to 8, therefore’a’ is also a generator of G. 

5 is prime to 8, therefore a is also a generator of G. 

3 is prime to 8, therefore a® is also a generator of G. 

Thus there are only four*generators of G i.e., a, a°, @°, a’. 

Ex. 3. Show that every isomorphic image of a cyclic group is 
again cyclic. (Panjab 1970; Vikram 78) 


Solution. Let G={a} be a cyclic group generated by a. Let 
G’ be an isomorphic image of G under the isomorphism f. The ele- 
ments of G’ are the images of the elements of G under the func- 
tion f. Let f(a") be any element of G’. We have 
f(a")=f(aaa...to n factors)=f(a) f(a) f(a)...to n factots=[ f(a)]*. 
Thus we see that every element of G’ can be expressed as an 
integral power of f(a). Thus G’ is cyclic and f (a) is a generator 
‘of G’. . ; 
Ex. 4. If G={a} be a finite cyclic group of order n, then for 
any divisor d of n, there exists a unique subgroup of G of order d. 
(Allahabad 1985; Meerut 76) 
Solation. Existence. Since d is a divisor of n, therefore we 
nave n=dm for some integer m. : | ate , 
- Since G={a} is of order n, therefore 
: — o(aj=n 
=> aime . 
=> aime . (‘°  a=dm) 
=> (amie > o (a) <d. 
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Let o (a")=s where s << d. Then 
_ (a"p=e>a™ =e where ms < md i.e., ms <n. 
Now o(a)=a. Therefore if ms <n, then we éannot have 
a" me, 
o (a”) cannot be less than d and it must be equal. to d. 


Now a” & G and o (a@")=d. Therefore {a} is a cyclic sub- 
group of G of order d, 


Uniqueness, We know that every subgroup of a cyclic group 
is cyclic. 


If possible suppose there is another subgroup {a*} of G of 
order a where n=dm. 
We shall show that {a¥}=x{am}, ‘By division algorithm, there. 
exist integers g and r such that 
k=mg+r where 0<r<im. «(1) 
' Therefore kd=mqd+rd where O<rd<amd. 
So qkd-- qmadtrd — amedgrd — (amd)a. ard ==(q")? ard 
c= e%grd==grd, | +e(2) 


Since the subgroup {a*} is of order d, therefore its generator 
a* is also of order d. Therefore atime. 
_ So from (2), we get—~~ ee 
ardexe, < 
which is impossible unless r=0 because id < md Le. rd < nand 
o oe n. Putting r=0 in-(1), we g get 
k=mq. i eetest ater), be 
. ak=gn(am)a, eee 
 ake{ar}, . 
". {a} C {an}. | ...3) 
But number of elements of {a*}=number of elements of {ar}. 
(3) implies {a*}= {a7}. 


Ex. 5. LetG bea group, G#{e}. Then G has no proper sub- - 
~ -groupsif, and-culy if, Gis a finite cyclic group of prime order. 
(Panjab 1970; 1 Cc. S. ») 


- Solution. ‘If’ part. Let G be a finite group_of prime e order 
p. Then G is cyclic. By Lagrange’s theorem the order: of every 
_. subgroup 7 of G must be a divisor of the order of G. So if H is. 
~ aay subgroup of G, we must have either o (H)=1 or 0 (H)=p.- 


Note that pis prime. Thus G can have no proper subgroups. 
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‘Only ff’ part. Suppose G has no proper subgroups. Then to 
prove that G must be a finite cyclic group of prime order. Let 
x € G be such that xe. Then the cyclic subgroup {x} of G 
generated by x is all of G because it is given that G has no proper 
subgroups. Note that xe=>{x}<{e}. Thus Gis acyclic group 
generated by x. Now if x is of infinite order, then x* generates a 
proper subgroup of the cyclic group G and this again contradicts 
the hypothesis that G has no proper subgroups. So o (x) must be 
finite, say . Since xe, therefore 2 > 1. Suppose a is not prime. 
_ Then we must have n=rs where r and sare some positive integers 
such that 1 <r <dn,1<s<n. Nowo(x)=n and r is a pasi- 


tive integer which divides n. So we must have o (xt)at=s. 


Then x’ generates a proper subgroup of G of order s which again 
contradicts our hypothesis. So m must be prime. Thus G is a cyclic 
group whose generator x is of prime ordern. But the order of a 
cyclic group:is equal to the order of its generator. Hence G must 
be a finite cyclic group of prime order. 
Ex. 6. Show that every finite group of order less than six must 
be abelian. (Meerut 1971; Madurai 88) 
~-~~Solution. We know that every group of prime order is cyclic 
and every.cyclic group is abelian. Since. 2,3 and 5_are. prime 
numbers, therefore all groups of order 2, 3 and 5 must be abelian. 
Now let G be a finite group of order 4. If every element of G 
is its own. inverse, surély.G i is abelian. [See Ex. 7, page 119]. So 
_ let-G. contain an element, say a, such that axa-, ‘But then _ 
axta-<>aa£aa-'=>a*#e,.80 that o (a) >2. Since in a finite— 
~ group the order of an element must be a divisor of the order of 
the group, therefore o (a) cannot be 3 and so we must have 
o (a)=4=the order of the group G. But then G is cyclic and so 
abelian. Thus every group of order four is always abelian. Hence 
every group of order less than six must be abelian. 
| Ex. 7. Taking a group {e, a, 6, c} of order 4, construct two 
~ composition tables which are not isomorphic. . (Meerut 1980,.82). - 
- Solution. Every group of order 4 is abelian. But a group of 
“order 4 may be cyclic or it may not be cyclic. Suppose {e, a,.b, c} 
is a group of order 4, _ It t must contain an element, other than e, 
which is its own inverse. Let a-'=a. Then a*=e and 0 (a)=2. 
_ _ Now two cases arise. If b-1=5, we must have c~!=c. In this 


ease the group contains no element of order 4 and so-it-is- not 


cyclic. 


Groups (181 


_ But if b-'=c, then we must have c-! =, Also ‘in this case 
o (5) cannot be 2 and so it must be 4. Thus in this case the group 
iS cyclic. 
The composition tables for the two groups of.the order four 
are as given below : se 


Cyclic group of order4 Non-cyclic group of order 4 


cle 6 e 4 cle 6b -@ e 
The two types of groups given above are not isomorphic. 
We see that one group is cyclic while the other is not cyclic, 
Ex. 8. Give an example of a finite abelian group which ts not 
cyclic. (Meerut 1979, 83P) 
Solution. Let G be the set of the four real matrices 


ils fh a[g thant tpeoft th 


It can be easily seen that G is an abelian group with respect 
to multiplication of matrices, The identity element of this group 
is the identity matrix /. Let us find the order of each element of 

_G. Wehaveo(/)=1. Also. 


—1 O]f-1 O7_f! o7_, , , 


Bl 9 aN [0 Hee . 0(B)==2; 
l 


oof} $3 SH the sere 


Now G is a group of order 4 and G contains no element of 
order 4. Therefore G_is not a cyclic group. Hence G is a finite’ 
abelian group which is not cyclic. a 

Ex. 9. Leta and b be two elements of finite order, of a group 
G. If 0 (a) and o (b) are co-prime and ab=ba, prove that 

o (ab)=0 (a) o (5). . 
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_ Solation. Suppose o (a)=m and o (b)=n, where m and n are 
relatively prime. Consider the cyclic subgroup H of G generated 
by ab.. We have 
| Poe (ab)™"=ambm [°° ab=ba) 
=(am)r (b")m=ere™ [°° o(2)=m>a"=e and similarly 6°=e] 
=e, 
o (ab) | mn. 
But o(ab)=0(H), ab being a generator of the cyclic group H. 
*, o (A) | mn. (1) 
Again ab is a generator of the cyclic group H = (ab)" © H 
> a& b"GH > eb"EGH > b"EH. Since b is of order 1 and m is 
relatively prime to n, therefore o(b")=n. But we have just shown 
that be H. Therefore by acorollary to Lagrange’s theorem, 
o(b") | o(H) ie., n | o(H). -Similarly we can show that m | o(#). 
But m and ware relatively prime. Therefore m | o(H) and 7 | o( 77) 
| => mn|o (#). (2 
From (1) and (2), we conclude that o(H)=mn. Consequently 
0 (ab)=mn. ee ies 
’ Ex. 10. Jf an avelian group of order six contains an element of 
order 3, show that it must be a cyclic group. 
Solution. Let G be an abelian group uf order 6. Let acG 
_ be such that o (a)=3. To prove that G is cyclic. Since G is of 
order six (even), therefore G must contain an element 5 other 
than e such that b'=5 i.e., bse Le., 0(b)=2. We shall show 
that o (ab)=6 and consequently G will be a cyclic group genera- 
ted by ab. | 
We have b-!a, since 0 (b-!)=0(b)=2 while: o (a)=3. 
Thus abe. Now (ab)*=a%h'=a"e=a* He, since 0 (a)=3. Again 
(ab)S=a°b'= eb*b =eeb=b Fe. Therefore we must have o(ab)>3. 
But o (ab) must be a divisor of o (G) ie., 6. So o(ab) can neither 
be 4 nor it can be 5. Hence we must have o(ab)=6 and conse- 
quently G is cyclic. i 


Exercises 
OL, Show that any two cyclic groups of the same order are 
isomorphic. (Jabalpur 1970; Marathwada 70; Mysore 70) 


2. Show that all finite cyclic groups of order nm are isomor- 
phic to the additive group of integers modulo n. (Kerala 1970) 

3. Find the order ofeach element in the multiplicative group 
of residues 1, 2, 3, 4, 5, 6 prime to 7. Show that the group is cyclic 
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of order 6 and that it can be generated by 3 and’5 and not by any of the © 
other elements. (Kerala 1970) 

4. "A group may be isomorphic to one of its proper sub-groups". 
Either disprove this statement or rt give: an example to prove it. 


(Nagpur 1970) 
5. Explain the statement, ncaa element of a group generates a 
subgroup". (Nagpur 1970) 


6. Define acyclic group. 

Let a be a generator of a cyclic group G. Letd:n— a” bea 
mapping of the additive group of all integers I onto G. (i) If 6 is one-one, 
prove that G is isomorphic to I. (ii) If is not one-one, prove that Gis a 
finite cyclic group. (Kerala 1970) 

7. Give an example to stow that a group of order 4 is not 
necessarily cyclic. . 

8. Give an example of an infinite non-abelian group and one 
example of an abilene group which is not cyclic. (Mysore 1970) 


9. Ifw be the cube root of unity, show that the set {1,0,@7} is a 
cyclic group of order 3 with respect to multiplication. (Meerut 1975) 
10. Show that the setU, of nn™ complex roots of unity forms a 


cyclic group with respect to multiplication. (Allahabad 1970) 
11. Prove that a non-commutative group has at least six elements. 
(Banaras 1971) 


12. What is the least order of a non-abilene group? Show that all 


proper sub-groups of a group of order 8 must be abilene. 
(Meerut 1976, 80) 


13. Show that the group (41, 2, 3, 4} x, ) is cyclic. 


14. Show that the residue classes {1}, {3}, {5}, {7} modulo 8 
form a multiplicative group. Is this a cyclic group ? Ans. No. 
(Kanpur 1970) 
15. (i) How many generators are there of the cyclic group of order 
10? ; Ans. Four i.e,a,a°,a’,a?. 
6) How many generations can a cyclic group of order 12 have ? 
(Ans. 4) — - (Meerut 1980, 82; Rajasthan 77) 
16. How many elements of the cyclic group of order 6 can be used 


as generators of the group ? Ans. Two i.e.,aand a. 


17. Prove that each elements b # ein an infinite cyclic group {a} is 
of infinite order. 
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18. Verify that the six matrices 

1 01] f-1 1] fo —-1 —! 0 e 

E a0 oft mo 0 mi ~ a 
1 —1 0 1 
[ook L-1 


form a group for multiplication of matrices. Show that this group 
' is cyclic and that it may be generated by either of the last two 
matrices. se 

19. Define:a cyclic group. Let G=(a) be a finite cyclic group 
of order n. Show that the number of subgroups of G equals the 


number of divisors of 7. ~ (Meerut 1976) . 
20. Show that if G isa group of prime order p, then-G is 
cyclic and has (p—1) generators. -(1.A.S. 1972) 


21. Explain the notion of isomorphism of groups. 
Prove or disprove the following statements : 
(i) Any infinite cyclic group is isomorphic to the group I of 
integers under addition. at. 
(ii) Any two finite groups with the same number of elements 
are isomorphic. (LA.S. 1972) 
22. Let G be a group having no proper subgroups. Show 
that G must be a finite group of order n where nis either 1 or @ 
‘prime number. | (Punjab 1970) 
23. Prove that the order of acyclic group is equal to the 
order of its generator. - 
24. Show that the number of generators of a finite cyclic 
group of order m is ¢ (m) where ¢ is the Euler’s ¢-function. 
re (Meerut 1979) 
25. Prove that a cyclic group with only one generator can 
have at most two elements. (Meerut 1980) 
26. If the generator of a cyclic group G is of infinite order 
(or of-order zero), prove that G is isomorphic to the additive 
group of integers. 


§ 34. Subgroup generated by.a subset of a group. 


Definition. Let M be any arbitrary subset of a group G Then 
a subgroup H of G is called the smallest subgroup. of G containing 
M if H contains M and if H is contained in every subgroup of G 
containing M. (Osmania 1972) 
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The smallest subgroup of G containing Mis called the sub- 
group generated by Mand will be denoted by {M} or by (4). 

Theorem 1. Let M be any subset of a groupG. Prove that the 
smallest subgroup of G containing M exists andis unique. 
' Proof. Let {M4} be the smallest subgroup of G containing M. 
Let F be the family of all subgroups of G which contain M. The 
- family. F isnot empty because at least G belongs to this family. It 
should be noted that G itself is a subgroup of G and G definitely 
contains M. Let H be the intersection of the family F. Then H 
is a subgroup of G. Also obviously M ¢ H. 

Let K be any subgroup of G containing M. Then K is a mem- 
ber of the family F. Since H is the intersection of the family F, 
therefore HC K. 

'. H={M}ji.e., H is the smallest subgroup of G containing M. 


Uinigucnsce: Let H,, Hz be two smallest subgroups of G con- 

taining M@M. Then we have H, € H, and A; © Mi. 
. My=H. 

Theorem 2. Let M bea subset of a group G. Then the set of 
elements of G expressible as products of positive and negative inte- 
gral powers of finite numbers of elements of M is the smallest sub- 
group of G containing M. 

Proof, The proof is easy. Let H be the set of those elements 
of G which can be expressed as products of positive and negative 
integral powers of finite numbers of elements of /. Leta, 6 & H. 
Then obviously ab-' G H. Therefore, His a subgroup of G. 
Obviously M C H. Also if A is any subgroup of G containing M, 
then definitely H must be contained in X. Therefore, - 

H={M}. 


§ 35. Generating system of a group. 


Definition. A set M of a group G is said to bea generating 

system of G, if the subgroup generated by M coincides with G i.e., 
G={M}. 

Every arbitrary group possesses at least one generating 
system namely, the group itself. 

Independent generating system. A generating system is said 
to be irreducible or independent if no proper subset of it can gene- 
rate G. Thus if G={M} and if no member of belongs to the 
subgroup of G generated by the set of remaining members of M, 
then M is an independent generating system of G.J 
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It can be easily seen that every finite group possesses an in- 
dependent generating system. As infinite group may or may not 
possess an independent generating system. A finite group may 
possess several distinct independent generating systems containing 
different numbers of elements. It will be clear from. the following 
example. 

-Example. Let G be the cyclic group of order 6. 


Let ={a, a, a®, a‘, a®, a'=e}. 

The elements a and a‘ are both generators of u. We have 
G={a}, G={a'}. 

Both these are independent generating systems of G. Also 
G={a’, a°}. 


The two elements a?, a® also form an independent generating 
system because any of these elements does not lie in the subgroup 
generated by the other. The subgroup; generated by a? is 
{a*, a‘, a®=e} and a® is not init. The subgroup generated by a® 
is {a®, a°=e} and a? is not in it. 


Solved Examples 


Ex. 1. Show that the set of permutations 
(1.2), (13),...,(1 0) 
is an independent generating set for the symmetric group Pp of per- 
mutations of degree n. 

Solution. We know that every permutation in P, can be 
expressed as the product of disjoint cycles. 

Now we shall show that every cycle can be expressed as pro- 
duct of members of the given set. Then the given set will generate 
Pre. . 
For a cycle containing the symbol 1, we have 

(1 ay; &g.. -Ok)= (1 a) (1 Gg).. mG! ax). 
For a cycle not containing the symbol 1, we have 
(b1 ba...6))=(1 by) (1 Be bs...8; 53) | 
==(1 by) (1 be) (1 bg)...(1 by) (1 1). 
Thus every permutation in P, can be expressed as a product 
of pee of the given set. 

. Also we see that each member of the given set of 
permutations contains an element not contained in any of the 
others. Therefore P, cannot be generated by a proper subset of 
the given set of permutations. Hence the given set of per- 
mutations is an independent generating system of P,. 
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Ex. 2. Show that the (n—1) permutations 
(1 2), (2, 3),---) (2—1 2) 
constitute a set of independent generators of Pn. 
Solution. We have 
(2 3) (1 2) (2 3)=(1 3), 
(3 4) (1 3) 3 4)=(1 4). 


(n—1 n) (1 n—1) (n—1 2) =(1 n). 
Therefore each member of the set of permutations 
(1 2), (1 3),...5 (1 a) 
is generated by the given set of permutations. 
Now as shown in exercise 1, the set of permutations 


(1 2), (1 3)... (1 a) 
generates rn. 


Therefore the set of permutations | 
(1 2), (2 3),.... (a—1 7) 
also generates Ph. - 

- Also we see that each member of the given set of per- 
mutations contains an element not contained in.any of the 
others. Therefore P, cannot be generated by a proper subset of 
the given set of permutations. Hence the given set of per- 
mutations is an independent generating system of Pr. 

Ex. 3. Let Ss be the group of permutations of the set {1, 2, 3}. 
Prove that {(1 2), (1 2 3)} generates Ss. ~" * (Meerut 1973) 
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§ 1. Normal subgroups. Let G be an abelian group the 
composition in G being denoted multiplicatively. Let H be any 
subgroup of G. If xis any. element of G, then Hx is a right coset 
of H in G and xH isa left coset of Hin G. Also G is abelian, 
therefore we must have Hx=xH ¥ x & G. However it is possible 
that G is not abelian, yet it possesses a subgroup H such that 
Hx=xH ¥ x & G. Such subgroups of a group G come under the 
category of normal subgroups and these are very important. 

‘Normal subgroup. Definition. | 
(i. A. S.'1970; Guru Nazak 82; Nagarjuna 80; B.H.U. 87; 
Patna 86; Meerut 81, 82, 83, 84, 86, 87, 90, 91; 
Kanpur 87, 88; Allahabad 80) 

A subgroup H of a group G is said to be a normal subgroup of 
G if for every x & G and for every h G H, xhx © H. 

From this definition we can immediately conclude that H is 
@ normal subgroup of G if and only if xH#x-' CH ¥ x EG. 

Remark. We have x ©@G = x-' GG. Therefore H isa 
normal subgroup of G iff x-! hk (x7!) ie., x7 hx CH XEG 
and ¥ fh E H. 

Every group G possesses at least two norma! subgroups 
namely G itself and the subgroup consisting of the identity 
element e alone. These are called improper normal subgroups. 


There exist groups for which these are the only normal sub- 
groups. Such groups are known as simple groups. 


Simple Group. Definition. A group having no Proper normal 
subgroups is called a simple group. 
Every group of prime order ‘is simple. By Lagrange’s 
theorem such a group has no proper subgroups. 
Theorem 1. A subgroup H of a group G is normal if and only if 
xHx"'=H ¥ x GG. 
(Rajasthan 1978; Meerut 84, 87, 91; Kanpur 87; 1.C.S. 82) 


Proof. Let xHx-'=H ¥ x © G. Then xHx3 CHYxeEG. 
Therefore H is a norma) subgroup of G. 


Converse. Let // be a normal subgroup of G. 
Then xx" CQH¥xEG | (1) 
Also x*x€@G=z>x-'GG. Therefore we have 
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x7H(x)' CHv¥xeEGrax  HxGHy¥xeEeG 
=> x (x7! Hx) x7! © xHx7! ¥ xEG 
=> H © xHx" for all x & G. (2) 
From (1) and (2), we conclude that xHx-!=4H for all xEG. 
Theorem 2. A subgroup H of a group Gisa normal subgroup 
of G if and only if each left coset of H in G is a right coset of Hin 
G. (Kanpur 1986; 1.A.S. 72; Nagarjuna 79; Meerut 82, 87, 89) 
Proof. Let H be a normal subgroup of G. 
Then xfx7'=H ¥ xEG => (xHx-') x=Hx for all xEG 
=> xH=Hx for all xeG . 
=> each left coset xH is the right coset Hx. 
Conversely suppose that’each left coset of Hin Gis a right 
coset of Hin G. Let x be any element of G. Then 
xH= Hy, for some yEG. 
Since eH, therefore xe=xExH. 
xeHy. {. Hy=Hx] , 
- But xeHy = Ax=Hy [See theorem 3, page 154] 
Hx=xH. {°° Hy=xH] 
Thus we have 
xH= Hx 4% xEG = xHx3=Hxx3 ¥ x EG 
=> XHx-!=/1 4 xEG = His a normal subgroup of G. 
Thus H is a normal subgroup of G «+ xH=Hx ¥ xG&G. 


Theorem 3, A subgroup H of a group G tsa normal subgroup 
of G if and only tf the product of two right cosets of H in G is again 
“a ight coset of H in G. (Andhra 1987; Meerut-80, 83, 88, $0) 
Proof. Let H be a normal-subgroup of a group G. Let a, b 
be any two elements of G. Then Ha and Hb are two right cosets 

of HinG. Wehave 

(Ha) (Hb)=H (aH) b 

=H (Ha) b -  [*: His normal > Ha=aH] 
= HHab= Hab. (. HH=H] 
Since a&G, bEG > abeG, therefore Hab is also a _Tight 
coset of H in G. Thus the product of ‘the ‘right cosets Ha and nd Hé 

_ —-—~is the right coset ‘Hab. 

‘Converse. Let H be a subgroup of G such that the product of 
two right cosets of H in G is again a right coset of H in G. Let x — 
be any element of G. Thenx-'GG. Therefore Hx and Hx-! are 
two right cosets of H in G. Consequently, by hypothesis HxHx-} 
is also a right coset of HinG. Since e@H, therefore exex-'=e 
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is an element of the right coset HxHx-'. But H itself isa right 
coset of HinGandeGH. Also if two right cosets have one 
element common they must be identical. Therefore ve must have 
HxHx"=H ¥ xeEG 
=> hxhx-) GC H ¥ xeGand ¥ hy, AEH 
> h,-} (hy xhx-) eh," H ¥ xeEG and ¥ Ay, heH 
=> xhx GH ¥.xeEG and ¥ AGH 
(. Ac’ H=H as hGH since ,EH] 
=> H is a normal subgroup of G. 
Theorem 4. The intersection of any two normal subgroups of a 
group is a normal subgroup. 
(Madras 1983; Meerut 86, 87; Kanpur 88; Patna 86) 
Proof. Let H and K be two normal subgroups of a group G. 
Since H and K are subgroups of G, therefore HK is also a sub- 
group of G. Now to prove that Hf) XK is a normal subgroup of G. 
Let x be any element of G and be any element of H{\K. We 
have n@HN K=neEH, nek. Since H is a normal subgroup of G, 
therefore xeG, nEH = xnx GH. Similarly xnx7Ek. 
Now xnx7 GH, xnx71© K = xnx © HK. 
Thus we have xEG, nEHN)K => xnx7GAN kK. 
Hence H()K is a normal subgroup of G. 
Theorem 5. The intersection of any collection of normal sub- 
groups is itself a normal subgroup. (Meerut 1980; Kanpur 80) 
Proof. Let G be a group and let {H, : 17} be any family of 
normal subgroups of G. Here 7 is an index set and is such that 
_¥ tT, H, is a normal subgroup of G. 
Let ¥= n H,={aeG: aH, ¥ 1e_T}  _—-~_ 
teT 
be the intersection of this family of normal subgroups of G. Then 
to prove that H is also a normal subgroup of G. 
We know that the intersection of any collection of subgroups 
is itself a subgroup. Therefore H is a subgroup of G. Now to 
prove that H is a normal subgroup of G. 


Let x.be anv element of G and # be any element-ofH= 0 F,. — 
. ‘eT 
We have hen H, > hEH, ¥ tET. Since H,is a normal 
' teT _ 


subgroup of G, therefore xEG, heH, > xhx-) & H,. 
Thus we have xEG,h © 1) A, > Wx GH, ¥ 1ET 
: teT . 
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=> xhx7) © 1) H, > f) H,is a normal subgroup of G. 
teT te@T 
Solved Examples 
Ex. 1, Show that every subgroup of an abelian group is normal, 
(Kanpur 1980; Meerut 79; Guru Nanak 75) 

Solution, Let G be an abelian group and 7 a subgroup of G. 
Let x be any element of G and A any element of H. We have 

xhx7=xx- h (°. Gis abelian > x7 h=hx"'] 

seh=h © H. 

Thus xeG, hGH = xhx-! G H. Hence H is normal in G. 

Note. Since every cyclic group is ‘abelian, {therefore every 
subgroup of a cyclic group is normal. 

Ex. 2. Let Pn be the symmetric group on n symbols. Prove that 

An ts a normal subgroup of Pn. (Rajasthan 1977; Nagarjuna 79; 
G.N.D.U. Amritsar 87; I.C.S. 88; Kanpur 86) 

Solution. Let « be any element of P, and B any element of 
An. Then £ is an even permutation and « may be odd or even. 
We claim that «Ba-! is an even permutation. 

If « is odd, then «~! is also odd. Now af is odd and conse- 
quently «fa-! is even. 

If « is even, then «—! is also even. Now 2f is even and conse- 
quently «Ba-! is even. . 

Thus «€@ Pn, BE An>aPa-) E Ap. Hence A, is a normul sub- 
group of P,. A 

Ex. 3. IfGisagroup and Hisa subgroup of index 2 inG, 
prove that H isa normal subgroup of G. 

(Nagarjuna 1978; I.A.S. 74; Poona 73; Allahabad 85; 
Raj. 78; Meerut 82P, 83P, 84P; Madurai 88) 

Solation. Let H be a subgroup of index 2 in a group G. Then 
the number of distinct right (left) cosets of H in G is 2. Let x be 
any element of G. If xGH, then we have 

xH=H=Hx. 

If x € H, then the right coset Hx is distinct from H and the 
left coset xH is distinct from H. But H is of index 2; therefore the 
-number of distinct right (left) cosets in right (left) coset decom- 
position of G will be 2.. Therefore the cosets H, Hx, xH are such 
that GoHUAx=HUxH. But there is no element common to H 
and Hx and also there is no element common to H and xH. 
Therefore we must have Hx=xH. Thus we have Hx=xH ¥ xeEG. 
Hence # is a normal subgroup of G. 
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Ex. 4. H is a normal subgroup of G and K isa subgroap of G 
such that HKGG. Show that H is also a normal subgroup of K. 

Solution. His anormal subgroup of G. Therefore His a 
subgroup of G. But K is a subgroup of G and H C K. Therefore 
Hf is also a subgroup of K. Now to show that #7 is normal in K. 
Let x be any element of K Thenx@ K>xEG. Since H is 
normal in G, therefore we have Hx=xH. Thus H is a subgroup 
of K and we have Hx=xH ¥ x © K. Hence His a normal sub- 
group of K. 

Ex. 5. If H is a subgroup of G and N ts a normal subgroup of 
G, show that H (\-N ts a normal subgroup of H. 

(Meerut 1979, 81; Punjab 66; Kanpur 86) 

Solution. Since H and N are subgroups of G, therefore HN 
is also a subgroup of G. Also we have HN CH. Therefore 
H(\ Nis a subgroup of H. Now to show that HNN isa normal 
subgroup of H. 

Let x be any element of H and a any element of Hf N. Then 
aG&H and a&N. Since N is a norma! subgroup of G, therefore we 
have xax-'EN. Also H is a subgroup of G. Therefore, we have 
xEH,. aGH = xax © H. 

Thus xax-! GH()N. Thus we have shown that 

xEH,ae H(\N => xax- © HNN. 

Consequently H f) N is a norma! subgroup of G. 

Ex. 6. Show that a normal subgroup is commutative with every 
complex. (Meerut 1979) 

Solution. Suppose N isa normal subgroup and # is any 
complex of a group G. Then to prove that HN=NH. 

Let nh © NH wherenEN, hEH. We can write nh=hh- nh 
=h (h-'nh). But Nis a normal subgroup. Therefore k=! nheN. 
Hence nhE HN. Therefore NHCHN. 

Again let hnG@HN where hEH, nEN. We can vrite 
hn=(hnh-) h. But hnh- EN because Nis normalinG. — 

Therefore hn@NH. Thus HNGCNH. Hence HN=NH. 

- Ex. 7%. If N is anormal subgroup of G and H is any subgroup 
of G, prove that NH is a subgroup of G. (G.N.D.U: 1936) 

Solution. We know that a normal subgroup is commutative 
with every complex. 

Since N is a normal subgroup of G and # is any subgroup of 
G, therefore we must have NH= HN. Now N and H are two sub- 
groups of G such that NH=HN. Therefore NH is also a subgroup 
of G. [See Theorem | on page 144 of first chapter on groups}. 
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Ex. 8. If H isa subgroup of Gand Nitsa normal subgroup, of 
G, show that : 

() HIN is a subgroup of G. 

(ti) Nts anormal subgroup of HN. (Punjab 1966) 

Solution. (i) Proceed as in Ex. 7. 3 = 

(ii) Since e © H, therefore obviously N GHIN.: Because if 
neEN, then we can write n=en which is an element of HN. 

Now HN is a subgroup of G and Nis also a subgroup of G. 
Also N C HN. Therefore N is asubgroup of HN. Now to show 
that N is a normal subgroup of HN. Let jm be any. element of. 
HN and n be any clement of N. Then 4;EH, GN and we have 
| (hym) 1 (lym) 22h (nn,-!) 4x7" & N since N is normal in G and 
nnn,—"GN, EG. Therefore N is a normal subgroup of HN. 

Ex. 9. If N and M are normal subgroups of G, prove that NM 
is also a normal.subgroup of G. — (Nagarjuna 1978) 
'  Sotution. We know that a normal subgroup is commutative 
with every complex. Therefore we have NM=MN. Now N and 
M are two subgroups of G such that NM=MN. Therefore NM is 
@ subgroup of G. ss 

Now to show that NM is a normal subgroup of G. Let x be 
any element of G and nm be any element of NM. ThenneN, 
meM and we have 

x (am)x71=(xn x7!) (xm x7) 

eNM {.’ Nis normal > xnx-1GN and 

M is normal => xmx7EM}. 

Hence NM is a normal subgroup of G. 

Ex. 10. Suppose that N and M are two normal subgroups of G 
and that N(\M={e}. Show that every element of N commutes with 
every element of M. | 

a (Meerut 1971, 79, 81; Lucknow 70; I.C.S. 88) 

Solution. Let 1 be any element of N and m any element of M. 
Then to prove that um=mn. Consider the element. nmn=* m-". 

Since N is normal, mn=! mG N. Alson GN. Therefore 
nan m-! & N. " 7 

Again M is normal > nmn-) € M. Also m- & M. There- 
fore nmn—' m-' © M. Thus 

nmn- m=! & N and nmn— m— €: M 

> am msteNnnM 

=> nmn-! m— =e te) fe=N 1M] 
=> nm=mn, - . “ 


tian 
ac 
oan $e", 
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Ex. 11. . Let G be a group, HT a subgroup of G. Let, for 
& & G, gHg={ehe- : heH}. 

Prove that gHe~ is a subgroup of G. — . (Meerat 1979) 

Solution. Let gi,g-!, ghsg-' be any two elements of gHe-. 
Then f;, hj G H. Also we have 

(gh: g-') (gheg-*)-?=ghg=? ey hs*g~'=ghyg~ghg! 

=gh hs gEgHg= since hike. 
 gHg~ is a subgroup of G. 

Ex. 12. Suppose His the only subgroup oy finite order m in the 

group G: Prove that His a normal subgroup of G. 
(Meerut 1987; Madurai 88) 

Solution. His a subgroup of G and o (H)=m. If xis any 
element of G then as in Ex. 11, xHx-) is also a subgroup of G. 
We shail show that 0 (xHx-)exm. Let H={hy, ha,..., hm}. 

‘Then xHx7!={xh,x7}, xhgx7},..., Xhmx7}. 

The number of distinct clements in xHx-" is m because 

xhix-l==xhjx-! > hy=h;. i 
0 (xx )=0 (H)=m. 

But # is the only subgroup of G of order m. Therefore we 
must have xHx"'=H ¥ xe@G. Hence Hisa normal subgroup 
of G. 


Ex. 13. Jf H is a subgroup of G, let 
N (A)={geEeG : aa 

Show that 

(i) N (HA) is a subgroup of G. 

(ii) His a normal subgroup of N (H). 

(ili) If H is anormal subgroup of the subgroup KinG, then 
KCN (Ajie., N (H) is the a a subgroup of G in which H ts 
normal. 

(iv) His normal in G if and only if N (1)=G. 

(Poona 1973) 


_ Soletion. Let a, bE N(H). 
_ Then by def. of N (#1) we have aHa!=H and bHb'=H. 
Now ' 6Hb3=H 
= b-! (bHb-) b=b- Hb => H=b- Hb. 
We have ah H (ab-))-!=ab" H ba~=a (b-! Hb) am 
=aHa-} {°" H=b-! Hb) 
=H, . 
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| ab? @ N(H). 
Thus = a,6€ N(H) = ab“ & N(H). 
Hence N (Z).is a subgroup of G. | 
_ (ii) Let kbe any element of H. Since AHh-'=4H, therefore 
he N(#). ThusHCN(H). Therefore H isa subgroup of 
N (#1). Now to show that H is normal in N(H). Let x be any 
element of N(H). Then by definition of N (A), .we ‘have 
xHx-'=H. Therefore H isa normal subgroup of N (H). 
(il) LetkeK 
__. Since-H is a normal subgroup of K, therefore we have: 
kKHk3oH>kEN(H). ThuiskeK>kEN (#7). Therefore 
KGN(@®. ee 
(iv) Let H be normal in G. Let x © G. Then | 
Xx =H be 2 _('° is normal in G] 
> xe N (A). : ee oe 

Thus x©&G=>xGWN(H). Therefore GC N(H). But. 
N(H#)CG. Therefore G=N(H). 

Conversely let N(H)=G. Thenx GG => x © N(H) 
=> xHx-'=H. Thus we have xHx-'=H ¥ x @G. Therefore-H 
is a normal subgroup of G. 

Ex. 14. If acyclic subgroup N of G is normal. 
that every subgroup of N is normal in G. . 

Solution. Let a be a generator of N. Let H be any subgroup 
of N. We know that every subgroup of acyclic group is cyclic. 
Therefore # is cyclic and a™ will bea generator of H where mis 
the least positive integer such that a" © H. 

‘Now to show that H is normal in G. Suppose xis any arbi. 
trary element of Gand # is any arbitrary element of H. Then 
h=(a™)* where k is some integer. 

We have xhx-!=x (am)k x-1=x (gk)mx- 

=(xa* x-1) (xa* x-1)...to m factors=(xa* x71)", »-(1) 

_ Now a it = generator of N. Therefore at & N. . 
Also N is normal in G. Therefore, we have 
xEG, akEN => xak xen, | 7 

. xakx-!=a' for some integer s because a isa generator of 
N. Then from (1), we get xhx-!=(a‘)™=(a™): © H because a” is. 
a generator of H. . 

Thus x & G,hE@ H > xhx!. © H. Hence His a. normal 
subgroup of G. ho 


in G, then show 
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Ex.15. Give an example to show that if His a normal sub- 
group of G and K-is a normal subgroup of H then K may not bea 
normal subgroup of G. (Allahabad 1980) 

Solution. . Consider the following subgroups of S;, the sym- 
metric group of permutations on four. symbols.a, 5, c, dé 

G={I, (abcd); (adcb), (ab)(cd), (aey(bd), (ad)(be), (ac), (bd)}, 

H={I, (ab)(cd), (ac)(bd), (ad)(be)}, 
and K={I, (ab)(cd)}. 

It can be easily seen that His a subgroup of G and XK is a sub- 
group of H. Further any subgroup of.index two in a group isa 
normal subgroup of the group. Here the index of H in G te., 

. [G6 : H]=o (G)/o(H)=8/4=2. 

Therefore H is normal inG. Also [H: K)=0(H)/o(K)=4/2=2. 
Therefore K is also normal in H. But here K is not a normal sub- 
group of G as can be easily. seen. Take the element (abcd) & G 
‘ and the element (ab)(ced)EK. We have 

(abed) (ab)(ed) (abed)-? = (abed)(ab)(ed) (dcba)=(ad)(be)& K.- 

Therefore K is not a normal subgroup of G. 

Exercises . 

1, Show that a subgroup H of a group Gis normal if and 
only if the set G/H of all its left cosets is closed under (complex) 
multiplication. (Punjab 1970; Dibrugarh 76; Meerut 85, 91) 

(Hint: Proceed as in Theorem 3 on page 189}. 

2. Determine the coset decompositions. of the subgroup 

H={I, (1 2)} : 
in S, the permutation group of degree 3 ; and further show that 
His not normal in Ss. (Rajasthan 1977) 
| 3. Show that a subgroup of index 2 is always an invariant 
(normal) subgroup. Hence show that alternating group 4, is an 
invariant subgroup of S, the symmetric group of degree 7. 

(Lucknow 1970; Madurai 88) 

4. If M and N are two normal subgroups of G and M) N= (e), 
then prove that for any n= N, mEM 

| nm==mn. 

5. Let G be a group and N a subgroup of G. Prove that the 
following statements are equivalent : 

(i) gag? & N for all g EG, neEN. . 

(ii) gNg=N for all g € G. 

(iii) Every left coset of N in G is a right coset of N-in G. 
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(iv) Product of two right cosets of Nin G is again a right 
coset of N in G. (Meerut 1974) 

6. Show that if H and N are subgroups of a group. G, and 
N is normal in G, then ANN is-normalin H. Show by an 
example that H ( N need not be normal in G. (L.A.S. 1971) 

7. Give an example of each of the. following ‘ 

(i) A sub-group H of some group G, which is not cormal 
in G. 

(ii) A non-trivial sub-group H of a non-abelian group ‘G, 


which is normal in G. (Guru Nanak 1975) 
§2. Conjugate elements. 
Definition. (Agra 1969; Banaras 61) 


If a, b be two elements of a group G, then b is said to be conju- 

gate to a if there exists an element x & G such that 
b=x-! ax. 

If 6=x-! ax, then b is also called the transform of a by x. 

If p is conjugate to 2 then symbolically we shall write b~a 
and this relation in G will be called the relation of conjugacy. Thus. 
b~a iff b=x- ax for some xGG. 

Theorem 1. The relation of conjugacy is an equivalence rela-. 
tion on G. (Vikram 1976; Banaras 61; Kanpur 88) 

Proof. Reflexivity. If a is any element of G, then we have 

a=e-! gema~a. 

Thus a~a.¥ a&G. Therefore the relation is reflexive. 

Symmetry. Wehave a~b > a=x" bx for some x EG 
=>xax-l=x (x7) bx)x7! > xax-1=b>b=(x-!)-! ax-! where x-1EG 
=>b~a, 

Therefore the relation is symmetric. 

Teansitivity. Leta~b,b~c. Then a=x~!bx, b=y='cy for 
some x,y & G. From this we get 

a=x7! (y7 cy) x h ag b=y-) cy] 
=(yx)—" ¢ (yx) where yxe. 

; a~c and thus the relation is transitive.. Hence the rela- 
bees of conjugacy in a group G is an equivalence relation. There- 
fore it will partition G into disjoint equivalence classes called 
classes of conjugate elements. These classes will be such that 

(i) any two elements of the same class are conjugate. 

(ii) no two elements of different classes are conjugate. 

The collection of all elements conjugate to an element a € G 
will be symbolically denoted by C (a) or by 4. Thus — 


198 | | Modern Algebra 


C(a)= sea: x~a}. 
C(a) will be called the conjugate'class of a in.G. We have. (y-tay)~a 
for ally eG. Also if b~a then 5 must be equal to y-' ay for 
some y © G. Therefore C (a)={y~ay : ySG}. 
If G is a finite group, then the number of distinct elements in 
C(a) will be denoted by c,. 
Normalizer of an element of a group. 

Definition. Jf ae G, then N (a), the normalizer of ain G ts 
the set of all those elements of G which commute witha. Symbolt- 
cally N (a)={xEG : ax=xa}. | 

(1.A.S, 1975; Nagarjuna 78; Meerut 81, 84, 88; B.H.U. 88) 
Theorem 2. .The normalizer N (a) of a&G isa subgroup of G. 
: (Agra 1986; 1.A.S. 72; Kanpur 86; Meerut 84, 88; Punjab 70) 
Proof. We have N (a)={x © G : ax=xa}. 
Let x1,:X%3EN (a). Then ax,==%14, ax2=X20. - 
First we show that xs7'GN(a). . 
We have axg=X9a => X37! (axe) Xs7!==x9"! (%20) X27" 

=> Xs7a=axg) > xe N(a). 
Now we shall show that x,x.-"GN(a). 
We have a@ (x1x97!)= (4%) ¥97?=(x14) x97" 
“2X1. (4X97!) =, (Xp71a) = (%1X97?) 2. 
& %Xs te N(aQ). 
Thus x1, X2EN(a) > x%1x,7? € N (a) 
a N (a)is asubgrovp of G. 
Note 1. It should be noted that N (a) is not necessarily a 
normal subgroup of G. 

Note 2. Since ex=xe ¥ xe&G, therefore N (e)=G. 
Note 3. If G is an abelian group and a&G, then 
. xa=ax ¥ x © G. Therefore N (a)=G. 
Theorem 3. Leta be any element of a group G. Then two 


elements x, y & G give rise to the same conjugate of a if and only 
if they belong to the same right coset of the normalizer of a in G. 


Hence show that if G is a finite group, then ca= 0 (G) 
the number of elements conjugate to a in G is the index of the nor- 
malizer of a in G. 


(Nagarjuna 1978; I.4.S, 72; Meerat 74; Kanpur 87; B.H.U. 88) 
Proof: We have 
*, y & G are in the same right coset of N (a) inG 
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= N (a)x=Ma)y [x S Na)x, y & N(a)y. Note that 
if H is a subgroup, then x © Hx.} 


<> xy) © Na) ( if isa subgroup, then 
a 3 Ha=Hb<ab- © H) 
<> axyl=xy-lg [by def. of N(a)) 


> xo! (axy") y=x" (xy-a) y 
<> xax=yay 
<> X, y give rise to the same conjugate of a, 


Hencs the first result follows. 


Now consider the right coset decomposition of G with respect 
to the subgroup N (a). We have just proved that if x, yeG are in 
the same right coset of N (a) in G, then they give the same con- 
jugate of a. Further if x, y are in different right cosets‘ of N (a) in 
G, then they give rise to different conjugates of a. The reason is 
that if x, y give the same conjugate of a, then they must belong 
to the same right coset of N(a)inG. Thus there is a one-to-one. 
correspondence between the right cosets N(a) in G and the’ con- 
jugates ofa. So if G is a finite group, then 

¢Ca==the number of distinct elements in C (a) 
=the number of distinct right cosets of N (a) in G 


ee in Ga 2G). 
=the index of N (a) in C= TTNCa)] 


Corollary. . If G is a finite group, then’ 
_y _9(G) | 
“= CNG 
where this-sum runs over one element a in each conjugate class. — 
(Panjab 1970; Meerut 84P) 


Proof. We know that the relation of conjugacy is an equiva- 
lence relation on G. Therefore it pattitions G into disjoint con- 
jugate classes. The union of all distinct conjugate classes will be 
equal to G and two distinct conjugate classes will have no com: 
mon element. Since G is a finite group, therefore the number of 
distinct conjugate classes of G will be finite, say equal to k. Sup- 
pose C (a) denotes the conjugate class of a in G and Ca denotes che 
number of elements in this class. If C (4), € (as), ......... »C (ax): 
are the & distinct conjugate classes of G, then . 

=C (@;) U C (as) U ocenes U C (ax) ; 
=> the number of elements in G=the number of 2lements in 
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elements in C (ax). 

(‘. two distinct conjugate classes have no common element) 

>o (G)= ca, the summation being run over one element @ 

in each conjugate class 
=> 0 @=25r@ hoe 7 by previous theorem. 

Note. The equation in this corollary is often called the class 
equation of G. 

Self-conjugate elements. 

Definition. An element a & G is said to be self-conjugate ifa 

‘ig the only member of the class C (a) of elements conjugate to a i.e., 
“if C (a)={a}. | fs 
"Thus, a, is self-conjugate if and only if aaxax¥xEG 
or xa=ax ¥ x © G. 

Thus a self-conjugate element is one which commutes. with 
each element of the group. If ais a self-conjugate element, then 
we have a=x71 ax ¥ xEG. . \ 

Thus the transform of a by every element of G remains equal 
tog. Therefore sometimes a self-conjugate ee is also called 
an invariant element. \ i 

The centre of a group. 

Definition. The set Z of all self-conjugate elements of @ group — 
G is called the centre of G. Symbolically . 

Z={z EGiwx=1xZ¥ XS G}. 
(Punjab 1968; B.H.U. 71; Meerut 90) 

Theorem 4. The centre Z of a group G is a normal subgroup 
: (Banaras 1971; Meerut 81, 90; Agra 86) 
Proof. We have Z={z © Gi: zx=xz ¥ xX & Gh. 
First we shall prove that Z is a subgroup of G. 
Let 2, zs & Z. Then 3x=%2; and zx=xzs for all xe G. 
We have 72X=xz, ¥ xEG | 

=> 27) (Zax) Za = Za! (x2Za) zy"! 

=> xzg7!= 237! x¥xEG 

=> za Se zZ. - 
Now (21Za7') X=% (297 1%) =21 (xz57*)=(21%) 297 *==(X2)) z27* 

= x (2,237). 
2. Zs EZ. 
Thus z), 72 & Zeuza’ & Z. 

., Zis a subgroup of G. 


of G 
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Now we shall show that Z is a normal subgroup of G. Let 
xe@Gandze Z. Then . 
xzx7l=(xz) x-l=(2x) x =2z & Z. 
Thus xEG,zEeZ> xx eZ. 
Z is a normal subgroup of G. 


Theorem 5. a@Z if and only if N (a)=G. If G is finite, aeZ 
if and.only if o (N (a)j=o (G). (Nagarjuna 1978) 

Proof. Leta & Z. Then by def. of Z, we have . 

ax=xa¥ xeEG. 

Also N (a)={xEG : ax=xa}. 

Now aecZeax=xa¥xeG [by: def. of Z} 
oxEN(a)¥xEG [by def. of N(a)] 
< N(a)=G.[° N(a) CG and each element | 

of G is in N(a)) 

If the group G is finite, then N(a)=G <> 0 (G)=0 [N(a)]. - 

Therefore if the group G is finite, then a © Z if and only if 

o [N(a)]=0 (G). - 


Theorem 6. Let G be a finite group and Z be the centre of G. 
Then the class equation of G can be written as 
. 0(G) 
G)= ss —> 
0 (G)=0(Z)+ = stay 
where the summation runs over one element a in each conjugate class 
containing more than one element. . 


Proof. The class equation of G is 


0 (G)=z2 SNOT? the summation being extended over one 
element a in each conjugate class. 

Now a & Z.< 0 [N(a)]=0 (G) < 0 (G)/o [N(a))=1 <> the 
conjugate class of a in-G contains only one element. Thus the 
number of conjugate classes each having only one element is 
equal to 0 (Z). if ais an element of any one of these. conjugate 
classes, we have o (G)/o [N(a)]=1. Hence the class equation of G 


takes the desired form G 
=—5(2 y 2M) 
oG)=0(Z)+ 27 OIN@l 


Theorem 7. If o(G)=p" where p is a prime number, then the 
centre Z{e}. 
(Agta 1986; 1.A.S. 72; Guru-Nanak 90; Mecrut 74; B.H.U. 87) 
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Proof. By the class equation of G, we have 


o(G) mG 
0 (G)=0 a oval’ (1) 


where the summation runs over one element a in each coniugate 
class containing more than one element. 

Now ¥a€G,N(a)is a subgroup of G. Therefore by 
Lagrange’s theorem, o ([N (a)] is a divisor of 0 (G). _ Also 
a@& Z => N(a)¥G => o[N(a)] < 0 (G). Therefore if a & Z, then 
o [N(a)] must be of the form pa where ng is some integer such 
that 1-< 1, <n. Suppose there are exactly z elements in Zi.e., 
let o (Z)=z._ Then the class equation (1) gives 


prez 5 Pr » where each 7, is some integer such that — 
oe pra - 1 < No <i. 
w zexpr py | ~ 4.42) 
: : pra a 
where 7,’s are some positive integers each being less than 7. 
Now p|p*". Also p divides each term inthe = of the right 
hand side of (2) because each n, <n. Thus we see that p is a 
divisor of the right hand side of (2). Therefore p is a divisor of z. 
Now e@Z. Therefore z40. Therefore z is a positive integer 
divisible by the prime p. Therefore z > 1. Hence Z must contain 
an element besides e. Therefore Z #{e}. 


Corollary. Jf o (G)=p? where p isa prime number, then G is 
abelian, — (Agra 1986; Kumayun 77; Kanpur 80; Meerut 81; 
B.H.U. 87; G.N.D.U. Amritsar 87) 


Proof. We shall show that the centre Z of G is equal toG: 
itself. Then obviously G will be an abelian group. 
 Since'p is a prime number, therefore by the previous theorem 

-Z#{e}. Therefore o(Z) > 1. But Zisa subgroup of G, therefore 
o(Z) must be a divisor of 9 (G) i.e., o (Z) must be a divisor of p*. 
Since p is prime, therefore either 0 (Z)=p or p?. 

If o (Z)=p*, then Z=G and our Proof is complete. 

Now. suppose that 0 (Z)=p. Then o(Z)<o(G) because p<p’. 
Therefore there must be an element which is in G but which is 
notin Z. Let a&G and a@Z. . = 

Now Ma) is a subgroup of G and g © Ma). Alsox eZ 
=> xa=ax and this implies x & Na). Thus ZC Nia). Since 
a& Z, therefore the number of elements in N(a) is > P te., 
o[N(a2)] > p. But order of N(a) must be a divisor of p*. Therefore 
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o [N(a)] must be equal to p’. Then N(a)=G. Therefore aeZ and 
thus we get a.contradiction. 
Therefore it is not possible that o(Z)=p. ‘Hence the only 
possibility is that 
o(Z )==p* > Z=G > Gis abelian. 
Ex. Is a group of order 121 abelian ? (Meerut 1977) 
Ans. Yes. 


- §3. Conjugate subgroups : : 

Definition. If 4, B be two subgroups of a groupG, then B is 
said to be conjugate to A if there exists an element x S G such that 

B=x"! Ax. 

If Box? Ax, then B is also called the transform of A by x. 

If B is conjugate to A, then symbolically we shall write B~A. 

Theorem 1. The relation of being conjugate is an equivalence 
relation on the set of subgroups of a group G. 

Preof. Proceed as in theorem 1 of § 2, page 197. 

The relation of conjugacy in the family of subgroups of a 
group G will partition the family into disjoint. equivalence classes. 
The collection of all subgroups conjugate to a subgroup 4 of G 
will be symbolically denoted by C (A). Obviously — 

C (A)={x7! Ax : xEG}. 

Normalizer of 2 subgroup of a group. 

Definition. Jf A is a.subgroup of a group G, then N.(A), the 
normalizer of A in G is the set of all those elements of G which 
commute with A. Symbolically N (A)={xEG : xA=Ax}. 

Theorem 2. The normalizer N (A) of a subgroup A of a group 
G is a subgroup of G. (Kanpur 1988) 

Proof. Proceed as in Theorem 2 of § 2. 

Theorem 3. Suppose A is a suogroup of a group G/ Then there 
is a one-to-oné correspondence between the right cosets of N(A) inG 
and the conjugates of A. (Punjab 1969) 

Proof. Proceed as in Theorem 3 of § 2. 


Self-conjugate subgroups. 


Definition. A subgroup A of a group G ts said to be self-conju- 
gate if A is the only member of the class CCA) of ee conju- 
gate to A. 

Thus, A, is self conjugate iff 

A=x"! Ax ¥ xGG 
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or xA=Ax ¥ xEG 
or A is a normal subgroup of G. . 

If A is a self-conjugate subgroup of a group G, then we have 
A=x-" Ax 4 x@G. Thus the transform of A by every element of 
G remains equal to A. Therefore sometimes a self-conjugate sub- 
group is also called an invariant subgroup. It is quite obvious that 
a subgroup of a group G is invariant if and only if it is normal. 
Therefore sometimes a normal subgroup is also called an inva- 
riant subgroup. 


§4. Quotient Groups. We are now going to introduce the 
very important concept of Quotient Groups. 
Let H be any normal subgroup of a group G.. If. a@G, then 
Ha is a right coset. of H in G. Also H being normal in G, the left 
coset aH will be equal to the right coset Ha. Thus there is no 
distinction between right and left cosets. So we can say that Ha 
is a coset of Hin G. Let G/H be the collection of all cosets of H 
in G i.e., let G/H={Ha : a&G}. 
If a, b G G, then we have 
(Ha).(Hb)=H (aH)b 
=H (Ha)b [°. Ha=aH as H is normal) 
== Hab= Hab. {.. HH=H) 
Now abe&G, therefore the product of two cosets of H in G is 
again a coset of Hin G. We shall presently see that the set G/H 
is a group with respect to multiplication of cosets, 


. Theorem. The set of all cosets of a normal subgroup ts a group 
with respect to multiplication of complexes as the composition. 
| (Meerut 1979; Kanpur 87; Nagarjuna 80; Patna 87) 

Proof. .Let H be a normal subgroup ofa group G. Since H 
is normal in G, therefore each right coset will be equal to the 
corresponding left coset. Thus thcre is no distinction between 
right and left cosets and we shall call them simply us cosets. Let 
G/H be the collection of all cosets of Hin G ite., let 

G/H={Ha': a&G}. 
Closure Property. Leta,b GG. Then 
(Ha) (Hb)=H (aH) b=H (Ha) b=>HHab= Hab. 

Since ab GG, therefore Hab is also acoset of HinG. So 
HabEG/H. Thus G/H is closed with respect to coset multiplica- 
tion. 

Associativity. Let a, 6, c © G. Then Ha, Hb, He eG/H. We 
have Ha [(Hb) (Hc))=Ha (Hbc)=Ha (bc) = 
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=H(ab)ec : {°° a@ (bc)=(ab)c] 
==(Hab) He=((Ha) (Hb)) He. 
Thus the product in G/H satisfies the associative law. 
Existence of Identity. We have H=HeGG/H. Also if Ha is 
any element of G/H, then 
' A (Ha)=(He) (Ha)=Hea=Ha and similarly 
(Ha) H=(Ha) (He)=Hae=Ha. 
Therefore the coset H is the identity clement. 
Existence of Inverse. Let HaeG/H. Then Ha eG/H. 
Wehave (Ha) (Ha-')=Haa'=He=H 
and (Ham) (Ha)== Ha a=He=H. 
“.. The coset Ha- is the inverse of Ha i.e., (Ha)"'=Ha".: 
Thus each element of G/H possesses inverse. 
Hence G/H is a group with respect to product of cosets. 
Definition. Quotient Group. 
(1.A.S. 1970; Meerat 79; Garhwal 76; Mysore 70) — 
If G is a group and H is a normal subgroup of G, then the set 
G/H of all cosets of H in G is a group with respect to multiplication 
of cosets. It is called thé quotient group or factor group of G by H. 
The identity element of the quotient group G/H is H. 


Solved Examples 


Ex, 1. Let I be the additive-group of integers. Let H be a sub- 
group of I such that H={mx: xGI} where m is a fixed positive 
integer. Write the elements of the quotient group 1/H. Also prepare 
a composition table for 1/H when m=S. (Meerut 1976) 

Solution. Since I is an abelian.group, therefore H is normal 
in I. The elements of I/A are the cosets of H in I namely 

H+0—H={...—-2m, —m, 0, m, 2m, ...} 

H+1=<{.... —2m+1, —m+1, 1, m+1, Im-+l, ...} 

H+2={..., —2m+2, —m+2, 2, m4+2, 2m+2, ...} 


H+(m—2)={...,,—m—2, —2, m—2, Im—2, 3m—2, ...} 
H+(m—1)={.... —m—1, —1, m—1, 2m—1, 3m—1, «..}- 
These are the only distinct cosets of Hi in I. Because ifs is 
any integer, then by division algorithm there exist integers g and 
r such that s=mgq+r where 0 <r<m—l. 
We have H+s=H-+mq-+r - 
=H+r . [v mqEH and this gives H+mg=H). 
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Thus H-+-s is one of the above m cosets of H in I. Thus there 
are m distinct elements in the set I/H. 

When m=5, the distinct elements in I/H are 

A, A+1, 442, 74-3, W+4, 

If a, b & I, then (H-+-a)+(H+)= H+(a+5). | 

Also H+a=H+be>a—beEdH. Thus H+2=H+1, H4+3=H+8 
and so on. 

Hence the composition table for I/H is as given below : 


H+i4 | H44 H H+1 H+2  H+3 


Ex. 2. Let Ps be the symmetric group on three symbols a, b,c 
and Az be the alternating group on three symbols a, b, c. Form the 
composition table for the quotient group P;/A;. (Rajasthan 1977) 


Solution. Let P3={ fi, fa, Ss, Ss, Ser fo} where f,=identity per- 


mutarion, f(b), fa= (be), faz=(ca), fa= (abc), fe=(acb). 
We have A;=set of even permutations belonging to Ps Thus 


={ his Ser fe}- 


As is a normal subgroup of P; as we have already proved. 
The elements of P,/As are the cosets of A; in Ps. By Lagrange’s 
theorem As will have only two distinct cosets in Ps. One is As 
itself and the other is As fz. Thus As, 43 f2 are the only two 
elements of P;/As. It should be noted that 
; As fs= As fa=As, As fo= As fa=As fa. 
The composition table for P;/4s is as given below : 


| As As As 2 Note that (43 f) (As 33 
7 ; fi : =A Ahaha = As] 
As fa As fa As 
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Ex. 3. If Gis-a finite group and ‘H is.a normal subgroup of G; 


_0 (G) 
then o (G/H)= o(H) (Meerut 1980, 82, 90; Kumayan 77) 


Solation. We have 


o (G/H)=number of distinct right cosets of H in G 


__Number of elements in G - 
Number of elements injy [>V Lasrange’s theorem) 


9 (G) 
~ o(A) 
Ex. 4. Show that every quotient group of an abelian group is 
abelian and the converse is not true. (Rajasthan 1974) - 


Solution. Let G be an abelian group and H be a subgroup of 
G. Then H is a normal subgroup of G. If a, be G, then Ha, Hb 
are any two elements of G/H. We have 

(Ha) (Hb)= Hab= Hba ['.. Gis abelian > ab=ba] 

<=(Hb) (Ha). 
G/H is abelian. 

The converse is not true. For example if Ps be the symmetric 
group of degree 3 and A; be the alternating group of degree 3, 
then Ps/4s is an abelian group while Ps is not an abelian group. 
The group P3/A3 is of order 2, and every group of order2 is 
abelian. 

Ex. 5. If N is normal in G and a& G is of order n, prove that 
the order, m, of Na in G[N is a divisor of n. 

Solution. The identity of the quotient group G/N is N. If e is 
the identity of G, then o(a)j=n > at=e, 

Na"=Ne=N. | 
But Na" = N(aaa...upto n times) 
=(Na) (Na) (Na)...upto 2 times= = (Na)". 

Thus (Na)"=N (identity of G/N). 

Since order of Na in GIN i is m and (Na)"=N, idertity of G/N, 
therefore m must be a divisor of n. [Refer theorem 4, page 115] 


Ex. 6. Show that every quotient group of-a cyclic group is 
cyélic and the converse is not true.* (Jodhpur 1970; Meerut 78) 
. ‘Solution. Let G be a cyclic group and a.be a generator of G. 
‘Let H be a subgroup of G. Since-every cyclic group is abelian, 
therefore H is a normai subgroup of G. Let a" be any element-of 
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G where n is some-integer. Then Ha" is any element of G/H. As 
can be easily seen Ha*=(Ha)" for every integer 2. Therefore G/H 
is a cyclic group and Ha is.a generator of it. 

The converse is not true. For example Ps/As is cyclic while 
" Ps is not cyclic. 2 

‘Ex. 7. Let Z be the centre of a group G. If a&Z, then prove 
that the cyclic subgroup {a} of G'generated by a is a normal sub- 
group of G. 

Solation. We have 

Z={z EG: 2x=xz ¥ x & G}. Let a © Z and let H=({a} be 
the cyclic subgroup of G generated by a. Let kh be any element 
of H. Then iia" for some integer n. - 

Let'x be any element of G. We have 

xhx-' = xarx7 


==(xax-!)" [See Ex. 3 page 117 of first 
chapter on groups) 
==(axx7!)" [<a © Z = ax=xa) 


=(ae)"=a" © H. 
Thus xhkx1 G@ Hy he Hand ¥ x eG. 
*, His anormal subgroup of G.' 

Ex. 8. Let a be any element of G. Show that the cyclic sub- 
group of G generated by ais anormal subgroup of the normalizer 
of a. (Punjab 1970) 

Solution. We have the normalizer ofa 

=N (a)={x € G: xa=ax}. 

Let H be the cyclic subgroup of G generated bya. Let h be 

any element of #. Then h=a" where n is some integer. We have 
a"a=a"tl=saa", 
“ aah N (a). Se 

Now N (a) and H are subgroups of G. Also he H > heN(a). 

Therefore,.H G N (a). Hence H is a subgroup of N (a). 

Now to. prove that His a normal subgroup of N(a). Let x be 
any element of: N (a) and k=a" be any element of H. We-have 

xhx7)=xa"xX-1=(xax~})" 
=+(axx-1)" [° xEN (a) > ax=xa) 
=(ae)*'=a" © H. 
H is a normal subgroup of N (a). 
: Ex. 9. Show that two elements are conjugate if and only if they 
-can be put in the form xy and yx respectively where x and y are 
suitable elements of G. : (Punjab 1970) 
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Solation. Let a, b be two conjugate elements of a group G. 
Then a=c-' be for some c € G.. 
Let cb=x andc=y. Then a=xy. Also 
yx=ec (cb)= (cc“') b=eb=b. 
Conversely suppose that a—=xy.and' b=yx. ‘We have 
b=yxeytb=y"lyxayb=x: 
Now a=xy ; 
ay by=-a and b ate conjugate. elements. 


Ex. 10. Give an example to show that in a -groupG the ror- 
maliser of ar element is not necessarily a normal. subgroup of G. 
(Meerut 1985, 91; B.H.U. 88) 


Solution. Consider the group Ss, the symmetric -group of 
permutations on three symbols a, b, c. We have S;={I, (ab), (be), 
(ca), (abc), (acb)}. Let N (ab) denote the. normaliser of the ele- 
ment (ab) € Ss. We shall show that N (ab) is not a normal sub- 
gtoup of Ss. . Let us calculate the elements of N(ab).. Obviously 
(ab)EN (ab). Also IEN (ab) because / (ab)=(ab) J | 


Now (4c) (ab)=(abc) and (ab) (bc)=(acb). Thuy (bc) does 
not commute with (ab). Therefore (bc). N (ab). Again 
(ca) (ab)=(acb) and (ab) (ca)=(abe). i: 
Thus (ca) (ab) (ab) (ca) and therefore (ca) @ N(ab). Similarly 
we «=n verify that (abc) & N (ab) and (ach) @ N (ab). Hence 
N (ab)={I, (ab)}. 


Now we Shall show that V (ab) is not a normal: subgroup of 
Ss. Take the element (b¢)@S, and the element (ab)EN (ab). We. - 
have (bc) (ab) (be)-1=(bc) (ab) (cb)= (abe) (cb)=(ac) &. N i). 
Therefore N(ab) is not a formal subgroup of Se. 


Ex. 11. Let N, and Nz.be two normal as of a group G. 
Prove that G/N\=G]N, if and only if.Ny= , 


Solution. If N,=N., then obviously ene 


. Conversely suppose that G/Ni=G/Nz. Then we are to prove 
that M4=N2. We have NiSG/N;. But GIN:=G]Nas' ; Therefore 
_MGG/N, i.e., N, is equal to some coset of Nin G. But two 
cosets of Nz in G are either disjoint or identical. Since’ eeN, and 
eGNz, therefore N; and Ng are not disjoint. So. we must have 
M=N54. . 
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Ex.: 12. Les Z denote the centre of a groupG. If G/Z.is 
cyclic prove that G is abelian. (Meerut 1978, 81; 1.C.S. 90; 


Guru Nanak 89, Madurai 88) 


Solution It is given that G/Z is cyclic, Let Zg be a genera- 
tor of the cyclic group G/Z where g is some element of G. 


Let a, bEG. Then to prove that ab=ba. Since a&G, there- 
fore Za&G/Z. But G/Z is cyclic having Zg asa generator. There- 
fore there exists some integer m such that Za=(Zg)"=Zg™, beca- 
use Z is a normal subgroup of G. Now a@Za. Therefore 

Za-aZg">acZg">a=—2,g" for some 7,6Z. 


Similarly b=z,g" where z3@Z and n is some integer. 
Now ab=(2:2") (222")=2,g" 248" 
| eZ, Zagnge [ie eZ 29g™=g87Z9] 
= Z,z9g™t", 


Again = ba=7z9g"2\g"= 25718" =m 29718""™ | 
=327,Z,gut" Co 23GZ>7,29=%921] 
“. ab=ba. 
Since ab=ba ¥ a, bEG, therefore G is abelian. 


Ex. 13. If p is a prime number and G isa non-abelian group 
of order p*, show that the centre of G has exactly p elements. 


(Madras 1983) 


Solution. Let Z denote the centre of G. Since o(G)=p* where 
pis a prime number, therefore Z4{e} i.e., o(Z)>1. But Z isa 
subgroup of G, therefore o(Z) must be a divisor of 0(G) i.e., o(Z) 


must be a divisor of p*. Since p is prime, therefore either o(Z)=p 
or p* or p®. 


If o(Z)=p®=0(G), then Z=G and'so G is abelian which con- 
tradicts the pypetiedt that G is non-abelian. So o(Z) cannot be 
P*. 

If o(Z)=p', then o(G|Z)=0(6)[0(Z)=pIp* =p ie. G/Z ise. 
group of prime order p and so is cyclic. But if G/Z is cyclic, then 

G is.abelian which again cont ieee the hypothesis. So 0(Z) can- 
not be p*. 


Hence the only possibility is that 0(Z)=p i.e., the centre of 
G has exactly p elements. 
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§ 5. Homomorphisms of Groups. 


Definition. Homomorphism into. A mapping f from a group G 
into a group G' is said to be a homomorphism of G into: G’ if. 
flab)=fla) f(b) ¥ a, bEG. : 
Homomorphism onto. A mapping f from a group G onto a group 
G’ ts said to be a homomorphism of G onto G’ if 
f(ab)=f(a) Heb) ' ¥ a, bEG. 
Also then G' ts said to be a homomorphic image of G. 
(I.A.S. 1970; Kanpur 87/88; Gujrat 81; Allahabad 79; Banaras 62; 
Sambalpur 77; Rajasthan 77; Madras 83; Meerut 70) 


It should be noted, that isomorphism is a special type of 
homomorphism. If fis 4 homomorphism of G_into G’ and fis 
one-one, then'/ is an isomorphism of G into G’. Similarly: if fis a 
homomorphism. of G ontoG’ and f is one-one, then f is an isomor- 
phism of G onto G’. 


Endomorphisw. A homomorphism of a group into ttself is 
called an endomorphism. (Andhra 1975; Rajasthan 77) 


Example 1. Show that the mapping f of the symmetric group 
P, onto the multiplicative group G'={1, —1}, defined by 
f(«)=1 or —1 
according as « is an even or odd permutation i Py, is a homomorph- 
ism of P, onto G’. 
Solution. We know that the product of two permutations 
both even or both odd is even while the product of one even or 
one odd. permutation is odd. We shall show that 
S@B)=f(@) AB) ¥ a BEP a. 
(i) Ifa, B are both even, ther 
— f@p)=1=1.1=fla) fis). 
(ii) Ife, 2 sxe both odd, then 
K(afp)=1=(—1).(—N=f(@) f(). 
(iii) If « is odd and £ is even, then 
— f(@ep)=—1=(—1) (=f) (8). 
(iv) If « is even and 8 is odd, then 
fep)=—1=(1) (—D=f (@) SQ). 
Thus f(af)=f{(«) f(8) ¥ «, BEPs 
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Also obviously fis onto G’. Therefore fis a homomorphism 
Of Ps onto G’. 


Exaniple 2. Let G be the group of all.ordered patrs (a, 6) of - 
"real numbers with the binary operation denoted additively. and defi- 


ned by (a, b)+(c, d)=(a+c, b+). 
_ Further let G' be the additive group of all real numbers. Then 
__ the mapping f : G->G' defined by f(a, ee ¥ (a, b)EG is a homo- 
morphism of G onto G’. 
Solution. It can be easily proved that Gis a group with res- 
pect to the given binary operation. The ordered pair (0, 0) is the 


identity element and the ordered pair (—a, —b) is the inverse of 
_(@, 6). 


Lei (a, &) and (c, d) be any two elements of G. 
Then by definition of f, we have 
S(a, b)=a,-f(c, d)=c. 
Now f [(a, b)+(c, d)]=f (a+c, b-+d)=a+c=f(a, b)+fie, d). 
' Also obviously Jf is onto G’. Therefore fis a homomorphism 
of G onto G’.- 


Beanaphe’s 3. Let'G be a group and let e be the identity element 
of G. Then the mapping f : G->G defined by f(a)=e ¥ acGG is an 
endomorphism of G. (Sambalpur 1977) 

Solution. Let a, b be any two elements of G. ahen 

S(a)=e, f(b)=e. 

Now S(ab) =e =e =f(a) f(b). 


Thus f is a hamomorphism of G into G. Therefore f is an 
endomorphism of G, 


Theorem. if fisa homomorphism ofa group G into a group 
G', then 


(/) filme’, where eis'the Identity of G and e' iis ie identity 

of G'. (Gujrat 1970; Rajasthan 76; Banaras 70; Meerut 79) 
(ii) f(a)=[f(@}"" ¥ ee. 3 

| (Gojrat 1970; Kanpur 80; Banaras 70; Meerut 79) 


(iii) If the order of a & G is finite, then the order of f(a) isa 
divisor of the order ofa. =~ 
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Proof. (i) Letae@G. Then f(a)eG’. We have 


f (a) e' =f (a) (Uv eis the identity of G’J 
=f (ae) {%" is the identity of G) 
=f (a) f (e) [. fis a homomorphism) 


‘Now G’ is a group. Therefore 
f (a) e'=f (a) f (e) 
> e=f(e) - [by left cancellation law in G’} 
(ii) Let a be any element of G. Then a eG: 
We have e’=f (e)=f (aa-")=f (a) f (a-"). 
Therefore f (a-") is the inverse of f (a) in the group G’. Thus 
| f@Y=[f (a). | 
(iii) Let a&G andio (a)=m. We have o (a)=m>a"=¢, 
& f(an)=f(e) | 
=> f (aaa...m times)=e’ 
=> f(a) f (a)...m times=e’ => [f (a)]"=e’. 
if a is the order of f (a) in G’, then z must be a divisor 
of m. (Refer theorem 4, page 115]. 


§6.; Kernel ofa Homomorphism. 


Definition. Uff is a homomorphism of a group G Into a group 
G’, then the set K of all those elements of G which are mapped by f 
onto the idéntity e' of G' is called the kernel of the homomorphism f. 
(Kanpur 1987; Patna 87; Meerat 86, 91) 
Thus if f is a homomorphism of G into G’, then K is the kernel 
of fif K={xeG-: f(x)=e' wheré e’ is the identity of G’}. 


Theorem 1. If fisa homomorphism of a group G into a group 

G' with kernel K, then K is a normal subgroup of G. | 
(G.N.D.U. Amritsar 1982; Madras 83; Kanpur 87; Patna 87; 
Marathwada 72; Meerat 81, 83, 84, 87; Rajasthan 78) 


Proof. Let fbea homomorphism of a group. .G into a group 
_G'. Let e, e’ be the identities of G and G’ respectively. Let K be 
the kernel of f. Then K={xEG: f(x)=e'}. 
Since f (e)=e’, therefore at least e@K. Thus K is not empty. 
Let a, b@K. Then /f(a)=e’, f (6)=e’. We have 
F(ab) =f (a) f (6) =f (a)-(f (6)! =e" e'-! =e’ e' xe’, 
°. ab ek, 
Thus 4,bGK = ab"GK. 
Therefore K is a subgroup of G. Now to prove that X is nor- 
malin G. Let g be any element of G and k be any element of K. 
Then f (Kj)=e’. We have 
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Thus geG, KEK = gkg"eEK. 
Kis a normal subgroup of G. | 

Theorem 2. . Let f be a homomorphism of a group G into-a 
group G' with kernel K. Leta be a given element of G such that 
f (a)=0'EG’. Then the set of all those elements of G which have the 
image a’ in G’ ts the coset Ka of K in G. (Meerat 1973) 

Proof. Let e, e’ be the identities of G and G’ respectively. 
Let a&G and f(a)=a’ EG’. Let fii@je{ Gif (x)=a"'}. 
Then to proye that f-! (a’)=Ka. . 

Let y © Ka. Then y=ka for some k € K. 

We have f (y)=f (kay=f (k) f (0) | 

=e’ f (a) [is kEK o> f(k)=e’] 


3 caf(a)=a’. 
. ye f (a’). 
Thus yeka>yef (a’). 

o Kacf*@’). (1) 
Now let z be any element of f-'(a’). Then f(2=a. 
We have f (za-) =f (2) f (@=f (2) [f @r=a (a')-t=se’. 

. @oek 
= (za?) a G Ka > z & Ka. 

Thus z © f(a’) > z & Ka. 

. S2@) & Ka. (2) 
From (1) and (2), we get f-? (a')=Ka. 
Theorem 3. The necessary and sufficient condition for a homo- 

morphism f of a group G into a group G' with kernel-K to be an tso- 


morphism of G into G' is that 
K={e}. _ (Allahabad 1983; Nagarjuna 80) 


Proof. Let be a homomorphism of a group G into a group 
G’. Let e, e’ be the identities of G, G’ respectively. Let K be the 
kernel of f. 

Suppose f is an isomorphism of G into G’. Then f is one-one. 
Let aGK. Then . 


tf (a)=e’ (by def. of kernel] 
=> f (a)=f (e) Le Sle)=e'] 
> ane — 4 ['. jis one-one] 


Thus aeK = a=e. In other words e is the only element of 
G which belongs to K. Therefore K ={e}. 
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Conversely suppose that K={e}. Then to prove that fis an 
isomorphism of G into G’ te., to prove that f ig 1-1. 
If a, b & G, then 2. 
Ff (a)=f (by > f LS (6) =f (6) EF OI | 
> f(a) f(b =6 (. fis a homomorphism] 


=> f (ab“)=e’ {'. fis a homomorphism) 
gable kK {by def. of kernel] 
> ab-l=e | ("" K={e}] 


=> ab b=eb > a=b, 
.. fis one-one. 
Hence f is an isomorphism of G into G’. 


Theorem 4. Suppose G ts a group and N-is a normal subgroup 
of G. Let f be a mapping from G to GIN defined by 
S (x)=Nx 4 x GG. 
Then f is a homomorphism of G onto die and kernel f=N. 
(I.A.S. 1974; Sambalpur\77; Jabalpur 70; Mysore 73; 
Poona 73; Meerut 89; Kanpur 88) 


Proof. Consider the mapping 
f: G->GIN such that f (x)=Nx ¥ x EG. 
Let Nx be any element of G/N. Then x & G,' 
‘We have f(x)=Nx. Therefore the mapping f is onto G/N. 
Let a,b GG. Then 
__ f (@b)=Nab=(Na) (Nb) [°.. Nis normal] 
=f (a) f (b). 
”. fis a homomorphism of G onto G/N. 
Thus every quotient group of a group is a homomorphic 
image of the group. The mapping. 
f : G->G/N such that f (x)=Nx ¥ x © G 
is called a natural mapping of G onto G/N. 
. Let K be the kernel of this homomorphism /. The identity of 
the quotient group G/N is the coset N. So K={y © G:f (y)=N}. 
We shall prove that K=N. 
LetkK EK. Then f (k)=N ie., identity of G/N. 
But by def. of f, we have f (k)=Nk. 
Now Nk=N>keNn. 
Thus kKEK=>KEN. Therefore K&N. 
Again let 1 be any element of N. Then NaN. 
Wehave f(n)=Nn=N. Therefore n © K. 
Thus neNone K. 
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oo NGK | 
Cosequently K=N. | 
Theorem 5. Fundamental theorem on homomorphism of groups. 


Every homomorphic image of a group G is tsomorphic to some 
quotient group of G. (Agra 1986; 1.A.S. 74, 85; Allahabad 80; 
‘Andhra 77; Pataa 87; Kanpur 86, 88; Jabalpur 79; Madurai 88; 
= ‘Madras 83: Meerut 81, 83P, 84P, 86, 87, 88, 91) 


Proof. Let G’ be-the homomerphic image of a group G and 
f be the corresponding homomorphism. Then fis a homomorph- 
ism of G onto G’. Let K be the kernel of this homomorphism. 
Then K is a normal.subgroup of G. We shall prove that 
G/|K = G’. - 
If a & G, then Ka © G/K and f(a) € G’. Consider the map- 
ping ¢ : G/K->G’ such that ¢ (Ka)=/(a) ¥ a & G. 
_ First we shall show that the mapping ¢ is well-defined i.e., if 
a, b & G and Ka=Kb, then ¢ (Ka)=¢ (Kb). 
We have Ka=Kb > ab" © K 
=> f(ab)=e’ (identity of G’) 
fa f(b =e = f@(fO)l'=e 
> f (a) [f (I f =e’ FO) 
=> f (a) e’=f(b) > fa=f(6) 
=> ¢ (Ka)=¢ (Kb). | 
2. is well-defined. 
¢ is one-one. We have 
$ (Ka)=¢ (Kb) > fla)=fib) 
=> fia) (f(b) =f) [f)1" 
> f(a) fio )=e! > flab)=e' 
>abiec K [Kis kernel] 
= Ka=Kb. 
.. is one-one. 
¢ is onto G’. Let y be any element of G’. Then y=f(a) for some 
a & G because f'is onto G’. Now Ka & G/K and we have. 
¢ (Ka)=f(a)=y. _ 
“. gis onto G’. | fos | | 
Finally we have ¢ ((Ka) (Kb))=¢ (Kab)=f (ab) . 
f(a) f(b)=¢ (Ka) ¢ (KO). 
°. ¢ i8 an isomorphism of G/K onto G’. 
Hence G/K==G'. | 


Remark. The fundamental theorem on homomorphism of 
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groups tells us how to find all possible homomorphic images of a 
given group G. Except for isomorphism these. homomorphic 
images must be expressible in the form G/K where X is normal in 
G. Conversely for any normal subgroup N of G, G/N is a homo- 
morphic image of G. Thus we have @ one-to-one correspondence 
between the normal subgroups of G and the homomorphic images 
of G. Therefore to find all homomorphic images, of G we should 
proceed as follows : 

Find all\ normal subgroups N of G and construct all quotient 
groups GIN. The set of quotient groups so constructed gives us all 
homomorphic images of G (upto isomorphisms). . 


. Solved Examples — 

. Ex. 1. Let f be a homomorphic mapping of a group G into a 
group G’. Let f (G) be the homomorphic image of G inG'. Then 
St (G) is a subgroup of G’. (Marathwada 1974; Meerut 74) 

Solution. We have f(G)={f(x):x € G}. Obviously 
f (G) G G’. Let a’, b’ be any two elements of f(G). Then f(a)=a’, 
f(b)=06' for some a,b @ G. We have . 
a’ (b')*'=f (a) (f (6)? =f (a) f (6) 
=f (ab-) © f (G) since ab? EG. 
Thus a’, b' Ef (G) = a’ (bE f (G). 
“. Jf(G) is a subgroup of G’. 
Ex. 2. Show that every homomorphic image of an abelian group 
is abelian and converse is not true. 


Solution. Let G be an abelian group. Let f be a homomor- 
phic mapping of G onto a group G’. Then G’ is a homomorphic 
image of G. | : 

Let a’, b’ be any two elements of G’. Then f(a)=a’', f(b)=0' 
for some a,b © G. We have. 

a'b’ =f(a) f(b)=f(ab) | 
=f(ba) [.. Gis abelian) 
=f(b) f(a)=5'a'. 

G’ is abelian. 

The converse is not true. P, is a non-abelian group. 4, is a 
normal subgroup of Ps. The quotient group P3/43 is a homomor- 
phic image of Ps. Now Ps/As is of order 2 and is abelian. | 

Ex. 3. Show that a homomorphism from a simple group is 
either trivial or one-to-one. (Meerat 1978) 
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Solution. Let G be a simple group and f be a homomorphism 
of G into another group G’. Then ker fis a normal subgroup of 
G. But the only normal subgroups of the simple group G are G 
itself and {e}. Therefore either ker S=G or ker f={e}. If ker f=G, 
the f-image of each element of G is the identity .of G’ and so the 
homomorphism f is a. trivial one. If ker f={e}, the -homomor- 
' phism f is one-to-one. Hence the result. 


Ex..4. If fisa homomorphism of G onto G’ and g a homomor- 
phism of G' onto G’, show that g of is a homomorphism of G onto 
G’. Also show that the kernel of f is a subgroup of that of g of. 

(Allahabad 1979; Banaras 64) 


Solution. fis a mapping of G onto G’ and gisa mapping of 
G' onto G’. Therefore g of isa mapping of G onto G” and we 


have (gof)(x=s(f()] ¥ x EG. 
Let 4,5 GG. Then 
(g of) (ab)=g [ f (ab)] 
=8 [ f (a) f (d)] [". fis a homomorphism] 
=g(f(a)ze{f (5) [. gis a homomorphism] 
=[(g of) (a)} [(g of) (b)). 
. gofisa homomorphism of G onto G’. 
Let K be the kernel of go f. Then 
K={y & G : (go f) (y)=e” where e” is the identity of G"}. 
Let XK’ be the kernel of f. Then 
K'={z & G: f (z)=e' where e' is the identity of G’}. 
Both K and X’ are normal subgroups of G. In order to show 
that K’ is a subgroup of X it is sufficient to prove that K’ G K. 
Let k’GK’, Then f (k’)=e’. 
Also (gof) (k')=g [ f(k’)]=g (e') =e". 
. KEK . 


Thus k’ © K’ > k' GK. 
K'CK. 

Ex. 5. Let G be the multiplicative group of allnxn non-singular 
matrices with elements as real numbers and let G' be the multipli- 
cative group of all non-zero real numbers. Show-that the mapping 

f > G->G' such that f(A)=| A| 4 AEG 
is a homomorphism of G onto G'. What is the kernel of this homo- 
morphism ? 
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Solution. Let 4, B be any two nxn non-singular matrices 
with elements as real numbers. We have . 
f (AB)=| AB |=| 4|| Bl=f(4) (8). —_ 

Also if x is any non-zero real number then there exists an 

nxn matrix & G whose determinant is equal to x. : 

.. fis a homomorphism of G onto G’. | 

The identity of G’ is 1. Therefore the kernel of f is.the sub- 

- group of G consisting of matrices with determinant equal to 1. 
Ex. 6. Show that the mapping f : C>R such that f(x+iy)=x 
is a homomorphism of the additive group of complex numbers onto 
the additive group of real numbers and find the kernel of f. 
Solution. Let x1+-iy1, Xs-+iys be any two elements of C. Then 
S Ua b ins) + (at ie) =f [xa tx2) +i (i +ys)] x . 
| aa [by def. off] 
=f (x14 891) +(%a +i). 

Also if x is any real number, then there exists a complex - 

number x+-/0 such that /(x-+ i0)=<. / 
.. fis a homomoiphism of C onto R. 

The identity of R is the real number zero. Therefore the 
kernel of f consists of all complex numbers whose real part is 
zero. x 

Ex, 7. If n be any given positive integer, show that the mapping 
| f 1 CoC, defined by f(z)=2" 
_is an endomorphism of the multiplicative group of non-zero complex 
‘numbers. What is the kernel of this endomorphism 2 
. (Meerut 1985; Rajasthan 67) 
Solution. Let z:, zs be any two elements of Cy. Then 
S (aa)=21" and f (Z3)=22". 
We have f (2123)=(z122)"=21"Z"=f (21) f(Z2). 
.. fis an endomorphism of C,. 
The identity of C, is 1. The kernel of f consists of the 2 nt* 
roots of unity, i.e., kernel of f={e'™/", r=0, 1,..., n—1}. 
We have, f(e™ti/a) = (etml/n)n— en! =cos 2rn-+i sin ara 
=1+0i=1, which is the identity of C,. 
Also f(z)=1 > 221 > z=(h)/" 
; => zis an n* root of unity. 
the kernel of f consists of the n n‘* roots of unity. 
Ex. 8. Let C, and R, be the multiplicative groups of non-zero 
complex numbers and of non-zero real numbers respectively. Then 
the mapping 
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Jf: Co->R, defined by f(z)=| z| ¥ zECo 
tsa homomorphism of C, into R,. What is the kernel of f2 
' (Raj. 1969; Bombay 70) 
Solution. Let z:, z3 € C,. Then f(2:)=| 21 |, f(2s)=| Ze |. 
We have f(z12s)=| z1z2 |=| z: | | 2 |=f(21) f(zs). 
“. fisa homomorphism of C, into Ro. | : 
The identity of Ro is 1. The kernel of fis the multiplicative 
subgroup of complex numbers whose modulus is 1. 
_ Exercises 
1, Let f: G->G' be a homomorphism of a ‘group G into a 
group G’. Prove that f (G) is a subgroup of G’ and f- (e’) is a 
normal subgroup ofG, where e’ is the identity of G’. (Kerala 1970) 
2. Prove that in a homomorphic mapping of a group G into 
a group G’, unit element corresponds to unit element, inverses 
correspond to inverses and subgroups correspond to subgroups. 
3. Let R be the additive group of real numbers and U, the 
multiplicative group of complex numbers of absolute value unity. 
Prove that the mapping x—vels is a homomorphism of R onto U. 
Find the kernel. (Kerala 1970; Marathwada 74) 
Ans. Kernel={x : XER and x=2nm where n is any integer}. 
4. Prove that any quotient group of G is a homomorphic 
image of G and conversely if G’ is a homomorphic image of G 
then G’ is isomorphic to a quotient group of G. (Jabalpur 1970) 


5. -Gis a group and His a subgroup of G. Show that the 
following statements are equivalent : 


({) His a normal subgroup of G. 
(it) #H is the kernel of a,homomorphism of G. 
(iii) Every left coset of H in G is a right coset of H in G. 
(Marathwada 1972) 
6. Prove that every normal subgroup of a group G gives rise 
to a homomorphism from G. Mcreover, show that with every 
homomorphism from G we can associate a unique normal sub- 
group of G. (Meerut 1972) 
7. If bea homomorphism of a group G onto the group G 
with kernel X, then prove that G/K&G . 
(Kanpor 1971; Vikram 77; Meerut 79, 81) 
8. If gis a homomorphism of a groupG onto a group G 
with kernel K, then prove that the set ,of all inverse images of 
geG under ¢ inG is given by Kx where x is any particular in- 


-verse image of ¢ in G. 
‘(Meerut 1973; Jabalpur 86; Guru Nanak 88) 
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9. Let H be a subgroup of a group G and S be the set of 
all right cosets of H in G. Prove that there is a homomorphism 


: 6 0fG into A(S) and the kernel ei is the largest normal sub- 


group of G which js contained in H (Meerut 1973) 
10. Write down the elements of the symmetric group P; and 
determine the classes of conjugate elements. (Bombay 1970) 


11. Show that any two conjugate classes of a group are 
either disjoint or identical. (Delhi Hons. 1970) 


12. If Nis a normal subgroup of G, having the pum index 
P, prove that G/N is cyclic. _ 
13. Let (G, +-) be an abelian group. Let S be the set of all 
endomorphisms of G. For any o, 7 € S define 
o+7: GG by 
(o-+7) (x)= (x)+7 (x). 
Show that o+7» is also an endomorphism of G. Further show 


that S becomes an abelian group with respect to this addition ca 
composition. (Meerat 1974; Andhra 75) 


14, Show that it is impossible to find a homomorphism of Z 
onto S, (2 > 2). Here Z is the additive group of integers. 

. (Poona 1973) 

15. State and prove fundamental theorem of homomorphism 

for groups. Deduce that if a group G’ is a homomorphic image of 


a finite group G, the order of G’ divides the order of G. 
(Meerut 1976) 


16. How many homomorphisms are there from Z, onto Z; ? 


Here Z, denotes the additive group of residue classes modulo n. 
Ans. No. (Poona 1973) 


AT. If the order of a group G is a power of a prime p, show 
that the centre of G has at least p elements. (Madras 1983) 
§ 7. Automorphisms of a group. | 
Definition. (Madras 1983; Meerut 78; Kanpur 86; B.H.U. 87) 
— An tsomorphic mapping of a group G onto itself is culled an 
automorphism of G. 


Thus f: G > G is an ‘automorphism of Gift 


St (ab)=f (a) f(s) ¥ abe G. 
Solved Examples. 


Ex. 1. Show that the mapping 
: I->I such that. fxy=—x y xe] 
is an automorphism of the additive: group of integers I. 


_ Solution. Obviously the mapping f is one-one onto. 
Let xi, X2 be any two elements of I. Then 
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S (Xe xa) == — (41 +42) =(— 21) + (— Xa) =f (41) +f (2). 

Hence fis an automorphism of I. 

Ex. 2. Show that a->a- is an automorphism of a group G iff G 
is abelian. (Nagarjuna 1978; Madras 78; Meerut 82, 83, 84, 88) 
. Solution. Let f : G->G’be such that f(x)=x-' ¥ xEG. 

The function f is one-one because 

{W=fy)ex=y a(x) ta(y")exey. 

Also if xe@G, then x-'GG and we have i (x7!)t =x. - 


. J is onto. 
Now suppose G is abelian. Let a, b be any two elements of 
G. Then f(ab)=(ab)-? [by def. of f} 
2h7! g-l=q7! p=} [°. G is abelian] 
=f(a) f(b) [by def. of f] 


*. fis an automorphism of G. 
Conversely Rapposs that fis an auemorphiee of G. Let 
a, beG. 


We have f (ab)= (aby-2 [by def. of f J 
=~! a=f(b) S(a) .. . [by def. of J 
=f (ba). ' [v fis an automorphism] 


Since fi is one-one, therefore 

_f (ab)=f (ba) > ab=ba = G is abelian. 

Ex..3. Let G be a group, H a subgroup of G, f an aitomarphises 
if G. ‘Let ff (H)={ fh) :hEH}. Prove that f(H) isa subgroup 
of G. ; 

Solution. Let a, b be any two elements of f (H). Then 

a=f(h,) and b=f (ha) where fi, hkeH. 

Nowh,f;,EG@ H>hhoicH | (.° His a subgroup] 

=> f (nhs )Ef (2) : 
> f (In) f (a) € f (A) 
[.. fis an automorphism] 
> f(y) Uf (hI Gf (A) > ab ef (H). 

.. Jf (H) is a subgroup of G. 

Note. Some authors use the symbol Af in place of f (h) to 
denote the image of an element. 

Ex. 4. Let G be a group, f an automorphism of G, N anormal 
subgroup of G. -Prove that f (N} is a normal subgroup of G. 

Solation. First show as in Ex. 3 that f (N) is a subgroup of. G. 

Now to show that f(N) is a normal subgroup of G. 

Let xGG and keE/f (N). Then x=f(y) where yeEG coausels 
is a function of G onto G. Also k=/ (n) where nEN. 
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We have 

_ xkx =f (y) fin) (Ff (vy) f(y) Sa) f(y) af Cyny-”). 

Since N is normal in G, therefore yny-? € N. Consequently 
FS (yay) Ef (N). Thus xkx-! & f (N). 

“. J(N).is a normal subgroup of G. 


Group of automorphisms of a group. 


Theorem. The set of all aistomorphisms of a group forms a — 

group with respect to composite of functions as.the composition. — 
(Meerut 1989; Gujrat 71; Kanpur 86; Madurai 88; Raj..77) 

Proof. Let 4 (G) be the collection of all automorphisms of a 
group G. Then A(G)={ f: fis an automorphism of G}. 

We shall prove that A(G) is a group with respect to' 
composite of functions as composition. . 

Closure property. Let f, g @ A(G). Then f, g are one-one 
mappings of G.onto itself. Therefore gf is also a one-one mapping 
of G onto itself. If a, b be any two elements of G, we have 

(gf ) (ab)=g [ f (ab)]=8 [ fla) f (b)) | 

=8 (f(a) elf )]=[(ef ) (@)) [(ef) (6). 
gfis also an automorphism of G. Thus A(G) is closed 
with respect to composite composition. 

Associativity..\We-know-that composite of arbitrary mappings 
is associative. Therefore composite of automorphisms is also 

“associative. 

Existence of Identity. The identity function 7 on G is also an 
automorphism of G. Obviously 7.is oné-one onto and if a, b & G, 
then / (ab)=ab=i (a) i (b). Thus i@ A(G) and if fEA(G), we have 
if=f=fi. 

Existence of Inverse. Let f@A(G). Since f is a one-one mapp- 
ing of G onto itself, therefore f-' exists and is also a one-one 
mapping of G onto itself. We shall show. that f-' is also an 
automorphism of G. Let a,b € G. Then there exist @’,b' GG 
such that 

f-! (a)=a' < f (a')=a 
. fF (b)=b' < f(b')=d. 
We have f-(ab)=f- (7 (a') f (6')] | 
=f- [ f (a'b'))=a'b' mm f-\(a) f-? (6). 
‘*, f-) is an automorphism of G and thus 
fe AG) > f © AG). 
Therefore each element of A(G) possesses inverse. 
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Therefore A(G) is a group with respect to composite compo- | 
sition. . . 

§ 8. Inner Automorphisms. We shall now study a special 
type of automorphisms known as inner automorphisms. First we 
shall prove a preliminary theorem. | 


Theorem 1. Let a be a fixed element of a group G. Then the 
mapping fa: G->G defined by fa (x)=a7) xa ¥ xGG is an automor- 
phism of G. (Gujrat 1971) 
Proof. The mapping fr is one-one. Let x,y be any two ele- 
ments of G. Then 

Sa (x) =fo(y)>a7!xa=aé! ya > x=y, by cancellation laws in 
G. Therefore the mapping /, is one-one. 

The mapping f, is also onto G. If y is any element of G, then 
aya eG and we have f, (aya“!)=a"! (aya")a=y.  « 

Sa is onto G.. 

Finally if x, yeGthen f, (xy)=a~' (xy)a=(a7'xa) (a“ya) 

=f,(x) fay). Hence f,, is an automorphism of G. 


Inner Automorphism. Definition. 


If G is a group, the mapping 
Sa: G->G defined by f.(x)=a='xa ¥-xEG 
is an automorphism of G known as inner automorphism. 
(Delhi 1988; Nagarjuna 78; B.H.U. 87, 88) 
Also an automorphism which is not inner is called an outer 
automorphism. Sa 


Theorem 2. For an abelian group the only inner automorphism 
ts the identity mapping whereas for non-abelia roups there exist 
non-trivial automorphisms. (Raj. M. Sc. 1966) 
Proof. Suppose G is an abelian group and f, is an inner 
automorphism of G. if x@G, we have 
fa (x) =a7'xa=a™! ax {".” G is abelian] 
. =ex=X. : 
Thus Sa (x)=x ¥.xEG. > >> 
'. fais the identity mapping of G. — 
Let now G be non-abelian. ‘Then caer exist at least two cle- 
ments say a, b&G such that 
baxab > a~' baxb > f,.(b) <b. 
Hence /, is not the identity mapping of G. Thus for non- 
abelian groups there al ways exist non-trivial inner automorphisms. 
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Theorem 3. The set I (G) of all inner eel of a group 
G is anormal subgroup of the group of- its automorphisms tsomor- 
phic to the quotient group G/Z of G where:Z is the centre of G. 
- (1. A. S, 1970, 88; Delhi 70; Nagarjuna 78; Madurai 88; 
B.H.U. 88; Gujrat 71; Dibrugarh 78; Meerat 74, 78,.79; 
G.N.D.U. Amritsar 87) 
Proof. Let 4(G) denote the pie of all. automorphisms of 
G. Then (G) C AG). 
Let a, b&G. We shall first prove the following two results : 
(i) fa-1 =f." 4.¢.. the inner automorphism /,. is the inverse 


function of the inner automorphism f,. 
(ii) Sa f= bas 
Proofof (i). If x@G, then we have 
(fa fo-2) (*)=fa (Sa-1(x))=fa lay xa"J=f, [axa] 
=q-l (axa) a=x. 
fafa is the identity function on G. 
~ Sa3=(fa)-}. 
Proof.of (ii). If xe@G, then we have 
(Safe) (x) =fa (fo (x)]=fa (b-? xb) =a-* (6-1 sis a=(a~' b-!) x (ba) 
=(ba)-* % (ba)=foa (x). 
’. Safo=foa - 
. Now we shall prove that J (G) is a subgroup of A(G). Let fa, 
Js be any two elements of (G). Then 
- fa (fo)- "=fa So =So-14 © 1(G) since eb acc. 
TO toe I Se K(G) > fy ( fey & UG). . 
: (G) is a subgroup of A(G). -. ~ 
Now we shall prove that 1(G) is a normal subgroup of A(G). 
Let f & AG) and SaGl(G). If x & G, then we have 
(Sfaf) (Y=(ffad [f7 @=SI fa (f- (x) 

- saf[a-" f-! (x) a) : 
=f(a)f[ fF (x)IS@ -[. fis composition preserving) 
=f (a) xf (2) OP Rs Ce SUS @l=z] 
=[ Sf (a)}" xf (a) a 
=¢~! xe where f (@)=cEG 
=fc (x): — 

Sffaf =f. € MG) since ¢ & Ge. a 

-. 4G) is a normal subgroup: of. ACG). 

Now we shall show. that J(G) is tonto to: G/Z. For this 

"we anal saci that 1(G) i is a Smomorphic mage of G. and Z is. 


e 
pe 
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the kernel of the corr-sponding homomorphism, Rok g 
Then by the fundamental tieorem on homomorphism of 
groups we shall have G/Z=1(G). Doe ee 


“Consider the mapping ¢: ¢ 1->1(G) defined by 
ra a  @@=fo1 ¥ aEG.” ns tm, oS 
,Obviously ¢ is onto 1(G), because fr. (G) > a@G and this 
implies a— & G. = Wtcae ae 
Now ; GA") =fq-rni=fo. 
-. iS onto 1(G).. 
Now to prove that ¢ (ab)=¢ (a) ¢(b) ¥ a,b EG. 
We have ¢(ab) =S(ab)=So-1a-1=Se-ifp-1=$(4)$(b). 
Now to show that Z is the kernel of ¢. a 
The identity function i on G-is the identity of the group ((G). 
Let K be the kernel of ¢. 
Then we have z@K <> $(2=i oe fasie Sy-1 (x)=i(x) 


¥ XEG = (271) xz-lax 4 XEG > 2xz-l=x ¥ xEG 
<> 2X=xXZ-¥ XEG > zEG, 
.. K=Z. 
Hence the theorem. 
+9. Group of automorphisms of a cyclic group. 
(Bombay 1970; Madras 78) 


Suppose G={a} is a cyclic group generated by a. An automor- 
phism / of G is completely defined by a relation of the form 
J (a)=a", (1) 
where mm is some suitable integer. 


For if k is any integer, then for f to be an automorphsim of 


G;, we have 

Ff (a*)=[ f (@)]}k=(a™)«, een) 
__ The relation (2) gives the J-image of each element of G. and 
‘he mapping f is thus completely defined. 

Now let 5 be any element of G. Since’ f is a mapping of G 


onto itself. therefore there must exist an element g* © Gsuch that 
b= f {ak)=(amk, | .--(3) 
From (3) we conclude that for the mapping f defined in (1) 
_ tobe an automorphism of G, a” must be a generator of G. 
Now if G is infinite, the only generators of G are and a~}, 
So in this case the oaly automorphisms of G are, (i) the identity 
“mapping J for which é 
| I(a)=a > I(at)=at yk EI 
and, (ii) the mapping f defined by 
S(@sat, | 7 od 
Therefore the ‘group 0}, autonterphisms of an infinite™'eyelic 


group is of order 2. — «+. (Meerut 1979; B.HLU, 87) 
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On the other hand if G is of finite order n, then a” is a gene- 
rator of G if and only if mis prime ton and. less than n. _ We 
shall show that for each such m, the mapping defined in (1) is. 


an automorphism of G. 


fis one-one. Let a“! and ake be any twa elements of G where 
lekignisck, <a. 
Then f(ayas(aksy = rains yt > aleagmhs 
“ss aitlki— ks), => n|m(k,—k). | 
But m is prime ton and-0 < (kirk,) <n. Therefore 
n| im (ki —ks) > k,—k,=0 => kisk, => aki aks, Thus 
f (ak) =f (akty = ghigks, 


Therefore the mapping / is one-one. 


Ff is onto. Since Gis finite and f is one-one, therefore f must 
be ‘onto G. 


Finally if aki, aks are any two elements of G, then 
f(a® aky—r (ght they rp (qyki thao gn (ki+-ks) 
=a alts (amys ambats cay [5 (apt 


fatty £ (ak), To eae t, 
Therefore the mapping f denoted in (1) is an automorphism 
for each positive integer m less than n and prime to n. 
Hence the group of automorphisms ‘of a finite cyclic group of 
order n ts of order ¢ (n) where ¢$ (n) denotes the number of integers 


less than n and prime to n. (Poona 1970): 


In the end we shall show that the group of automorphisms of 
@ cyclic group is abelian, 


Let fin» Sm, 6 two automorphisms defined by | 
| Ion (asa, f,, (ah=al™e, | 
Then (Sn, Sing) ()Sng, Sng (Len, (2) 
[Sn (YMC M cag 
YL fn, (QI =fyy, a) 
Sins Sy (M=(Sntg © Srn,) (@)- 


Now two automorphisms of a cyclic group are equal if the 
image of a generator of the group under each of them js the same. 
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. Hence f, im, ° Ss =Smn, ° Siny' Therefore the group of auto- 


morphisms of.a cyclic group is abelian. 
a. Exercises 
“1, “Let G be a finite abelian additive group and bea positive 
= integer relatively prime too (G). Prove that the mapping 
0 3G->G given by o (x)=nx is an automorphism of G. 
[ (Meerut 1974) 
2. Verity the following statement for being true or false: _ 

_. If G=(a) is acyclic group of order 10. then the mapping 
.¢@:G-—>G such that o (a*)=a* for all &, is an automorphism 
ofa | (Meerut 1976) 

_ . Ans. False. 

3. Give an example of a group in which (i) the inner automor- 
phisms corresponding to any two elements are the same, 
(ii) the inner automorphisms corresponding to no two ele- 

ments are the same. . (1.4.8. 1975) 


Ans. (i) Every abelian group, (ii) the symmetric group Ps. 

4. Show that the group ofall automorphisms of acyclic group 
Gof order ris isomorphic to the group of integers less: than 

-and relatively prime ¢ to r under multiplication modulo r. 
(1.A:S. 1970) 

§ 10.’ More resolts on group homomorphism. 

‘Theorem 1. Let G be a group and Ha normal subgroup of G. 
if K is a normal subgroup of G containing H i.e., H & K, then the 
quotient group K/H is anormal subgroup of the. quotient group G/H. 
- Conversely, if K|H ts a normal subgroup of G/H, then K is a normal 
‘Subgroup of G containing H. 

Proof. It is given that H is a normal subgroup of G and 
Hc K where XK itself is a normal subgroup of G. Therefore H 
_ 8 also'a normal subgroup: of K and ‘consequently K/H is a 
‘quotient group. 

if the coset Ha is an element of K/H, then a is an element of 
K. Now a@XK => acc. Therefore Ha is also ani element of G/H. 
Thus the quotient group K/H is a subset of the quotient group 

.G/H. Therefore K/H is a subgroup of G/H. 

We shall now show that K/H.is normal in G/H. Let Hg be 
any element of G/H and, Hk be any element of K/H. Then sEG 
and keK. We have - . 

(Hg) (Hk) (Hgy-*= (He) (Hk) (He) te (Hey g"] 

a nee , [. His normal => (Ha) at) 


Groups (Continued) “ee | 229 


Since XK is a normal subgroup of G, therefore sks eK. Con- 
sequently Hgkg-! & K/H. Therefore K/H is a normal subgroup of 
G/H. : ye 


Conversely, let x be any element of G and let k be any ele- 
‘meat of K. In order to prove that K is normal in G we must show 
that xkx-) is in K. . 
_ We have HxeG/H aad HkE&/H. Since K/H is given to be a 
norma! subgroup of G/H, therefore | 
(Hx) (Hk) (Hx)-! © K/H 
> Hxkx- © K/H (‘: H is normal in G]. 
> xkx' cK. 

.,1+ Kis normal in G. Also K/H is a; quotient group implies 
that H is a normal subgroup of K. Therefore K isa normal:sub: 
group of Gand HC K. 

«Theorem-2. If H be a normal’ subgroup of a group G and Ka 
normal subgroup of G contatning H, then G/Ke:(G/H){(K/H). 

| (1.A.S, 1971; Meerut 85; B.H.U. 87) 
Proof. Since H is a normal subgroup of G and X is a normal. 
subgroup of G containing H, therefore by theorem 1, the quotient 
group K/H is a normal subgroup of the quotient group G/H.. 
Hence (G/H)/(K/H) is a quotient group. 
Now consider the mapping ¢ : G/H->G/K defined by 
pb (Hx)=Kx, xeG. 
We shall first show that ¢ is well-defined. 


Let Hx=Hy where x, y © G. 
Then xyIEGH 
>xy EK (\’ HG Kj 


> Kx=Ky > ¢ (Hx)=¢ (Hy). 
¢ is well-defined. 

Now we shall show that ¢ is a homomorphism of G/H onto 
G/K. Ifx, y © G then 

$ (Hx) (Hy) =¢ (Hxy)=Kxy=(Kx) (Ky)=¢ (Hx) ¢ (Hy). 

Also ¢ is obviously onto G/K because Kx & G/K implies that 
there exists HxGG/H such that ¢ (Hx) =Kx. 

.. @ is a homomorphism of G/H onto G/K. 

Let us now find the kernel of $. We claim that the kernel of 
$= K/H which is obviously a subset ‘Of G/H. The proof is as 
follows : 2 
The identity element of the group G/Kis K. If Hx © G/H, 
then Hx & the kernel of ¢ . 
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< $(Hx)=K > Kx=K = x © K > Hx © K/H. 
Therefore the kernel of 6=X/H. | 
Now ¢ is a homomorphism of G/H onto G/K with kernel 
K/H. Therefore by the fundamental theorem on homomorphism 
of groups, we have G/Ke=(G/H)/(K/H). 
Note. This theorem is known as the Second law of isomor- 
phism. 
. Theorem 3. Let G be a group'and let H be any subgroup of G. 
If N ts any normal subgroup of G, then 
HN|NSA|(H 1 N). . 
: (Vikram 1976; Kanpur 80;.Meerut 91) 
Proof. If H is a subgroup of G and N is a normal subgroup 
of G, then we know that H (} Nisa normal subgroup of H and 
consequently H/(H() N) is a quotient group. [See Ex. 5, Page 192). 
Also HN is a subgroup of Gand NGHN. Since N is normal 
in G, therefore N is also a normal subgroup of HN. Hence HNN 
is a quotient group. Now.consider the mapping 
_ &: H->HNIN defined-by 4 (x)=Nx, x © H. 
The mapping ¢ is well-defined since H CG HN and therefore 
xGH > x GHN. Thus NxGHNIN. 
Now we shall show that-¢ is a homomorphism of H onto 
HN[N with kernel HQ N. 
¢ is onto. Let Hx.be any member of HN/N. 
Then xGHN. Therefore x=/n for some hEH and nEN. 
Since N is, normal in G, therefore HN=NH.. 
Thus there exist n’'GN, h’GH such that hn=n’h'. 
We have ¢ (h’)=Nh’ 
=(Nn’) h’ {C. nw EN => Na'=N) 
: =N (n'h')=N (hn)=Nx. 
Thus NxGHN/N => 3 h'GH such that o(h')=Nx. 
.. is onto AN/N. 
| ae ¢ (xy) =Nxy=(Nx) (Ny)=¢ (x) ¢ (y). 
_ gis a homomorphism of H onto HN/N, 
Now to show that the kernel of d= HN which j is obviously 
a subset of H. 
The identity element of the group. HN/N is N. If he@H, then 
he the kernel of 6 > ¢ (kh) =N > NA=N 
>heN 
2sheHNN. [(' hed] 
Again if heH an N, ee hEH andh & N. 
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Now d (A)=Nh . 
=N, ["* AEN] 

“. AGH N= he the kernel of ¢. 

Thus if AEH, then he the kernel of ¢ iff hEH(N. There- 
fore the kernel of =H 0) N. oo: 

Now by the fandamental theorem on homomorphism of | 
groups, we have AIN|N = H/(H N N). 

Note. This theorem is kno wo as the Third law of isomorphism. 

Theorem 4, Let f be a homomorphism of a groupG onto a 
Sroup G" with kernel H. For each subgroup ‘K' of G', define K by 
k={x EG :S(xX)ER}. Then . eee 

(i) Kis a subgroup of G containing H and K' c& K/H. 

(4i) K’ is normal in G’ iff K is normal in G. (B.H.U. 1988) 

(bil) If K’ is normal in G', then G/K&=G'/K’. (Meerut 1991) 

(tv) K'@K is a one-one correspondence between the set of. all 
subgroups of G’ and the set of all subgroups of G which contain H. 


Proof. (i) Let a, b be any two elements of K. 
Then f(a), S(O)SK". 
Now K’ is a subgroup of G’; Therefore 
Ka), f(b) & K' > fia) [/()}"" & K’ 
> Sa) fib") EK’ [- fisa homomorphism) 
=> f(ab-!) © K' | 
> ab & K, (by def. of X]. 
Thus a, b&K => ab ek, 
Therefore ‘K js a subgroup of G, 
If h & kernel H of J; then f (h)=e’ (identity of G’) 
— ae 


h@K and consequently HC K. 


also a normal subgroup of K. The homomorphism f of G onto G’, 
when considered only on the elements of K, induces a homomor- 
phism of K onto XK’ with kernel H because HCK. Therefore by 
the fundamental theorem on homomorphism of groups, we have 
K'K/H. 7 | 

(ii). First to show that if K’ is normal in G’, then X is normal 

inG. Let x©G.and KEK. Then | 
 S(xkx") =f(x) fk) f (=f) JK) (fe). 

Since f(x) & G’ and f(k) © K’ and K’ jis normal in G’, there- 

fore f(x) f(k) [ J(x)} © K’. 
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Thus f(xkx-!) GK’ > xkx-! © K > Kis normal inG. 

Now to show that if K is normatin G, then X’ is. normal in 
G’. Let y-e© G andk’ © K’. Then 

yesf (x) for some xEG and'k' =f (k) for some KEK. 

‘We have yh’ y=f(x) f(k) (SP =f) () S02) =S(xkx). 

Since K is normal in G, therefore xkx-? & K. Consequently 
f (xkx7) © K'. Thus yk’ y-he K'¥ yEGand ¥ kh’ | K’. 

+, K’ isa normal subgroup of G’. 

(iii) First prove as in parts (i) and (ii) that if K’ is normal 
in G’, then K is normalin G. Now define a function : 

¢ : G->G'/K' such that ¢ (x)=K’ f(x) ¥ xEG. 

We shall show that ¢ is a homomorphism of G onto G'/K’ 
with kernel K. 

¢ is onto, Let K'x! ©G'/K’. Then x'EG’.. Therefore 3 x=&G 
such that f(x)= x’. 

Now ¢(x)=K’ f(x)= =K'x'. Therefore ¢ is onto G /K 

Again let a,b © G. _Then 

$(ab)=K' f(ab)=K’ F(a) f(b)=(K" fla)) (K’ fcby]=4(@) 46). 

.. gis a homomorphism of G onto G'/K’. 

Now to show. that the kernel of d= K. The identity element 
of the group G’/K’ is K’. If g © G, then ge the kernel of $<>¢(g) 
=K' < K' f(g)=K’' = f(g) & K'o gE K. 

Therefore the kernel of ¢=K. Hence by the fundamental 
theorem on homomorphism of groups, we have G/K&:G'/K’. 

(iv) Let T be a subgroup of G containing H. . 

Let T'={fitheG : teT}. 

Then 7’ is a subgroup of G’ es shown below : 

Let f(t), S(tz) ET’. Thent,; tg © T. 

Now hh, kET > 4 ET (. . Tis a subgroup] 

> f(t" )eT’ {by def. of 7’] 
> fltif(te ET’ ['° fis a homomorphism] 
=> fl) (fe) ET’. 
T’ is a subgroup of G’. 
Now let L={lEG : f()ET'}. Then L is a subgroup. of G 
containing H as shown in part (i). Our claim is that L=7. 

Obviously TCL since teT > we ET’ tel. 

‘Now to show that L & 7. 

Let JEL, Then f(!) & T’ 
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> 1eET. > [by def. of 7’] 

a Gt. -4 

Hence L=T. 

Thus there exists a one-one Goiegeeaaeass between the set 
of all subgroups of G’ and the set of all subgroups of G which 
contain H. 

Note. Some authors use the notation f-! (K’) or K' f= to 
denote K={xEG : f(x)EK’}. 

' Ex. Let ¢ be a homomorphism of.a group G onto a groupG 
with kernel K. Let N be a normal subgroup of Gand let 


N={xeG : ¢(x) € N}. . 
_ Prove that N is a normal subgroup of G and 7 
G/N&G/NS=G/K/N/K. (Meerut 1991) 


§11. Maximal! subgroups. 


Definition. A normal subgroup H of a group G is sald to be 
maximal if there exists no proper normal subgroup K of G which 
Properly contains H. (Andhra 1977) 

Thus a normal subgroup H of a group G is maximal if and 
only if there exists no normal subgroup K of G such that 

HCKCG 
where the symbol C stands for proper inclusion. 
_ Theorem. A normal subgroup H of G is maximal if and only if 
the quotient group G/H is simple. (Andhra 1977; Nagarjuna 78) 


Proof. Suppose H is maximaljand G/H is not simple /e., 
G/H possesses proper normal subgroups. It should be noted that a 
group is said to be simple if-it possesses no proper normal sub- 
groups, Let K/H be a proper normal subgroup of G/H. Then by 
theorem | of § 10, K will be a normal subgroup of G containing 
H. Since K/H is a proper subgroup of G/H, therefore HCKCG. 
Thus K is a normal subgroup of G and HCKCG. Therefore His - 
not maximal. This contradicts the hypothesis that His maximal 
in G. Hence G/H must be simple. — 

Conversely, let G/H be simple and let H be not maximal. 
Since H is not maximal, therefore there exists a normal subgroup 
K of G such that HC KCG. 

Then by theorem ! of § 10, K/H is a normal subgroup of G/H. 
Since HCKCG, therefore K/H is a proper normal subgroup of G/H 
ie., neither K/H is equal to the - entire group G/H nor ern is 


234 Modern Algebra 


equal to the identity subgroup H/H. Consequently G/H js not 
Simple. This contradicts the hypothesis that G/H is simple. Hence 
H must be maximal jn G. oe . 

§ 12. Composition series ofa group and the Jordan-Holder 
theorem. | (LAS. 1971, 74; Andhra 77; Kanpur 88) 

Definition. Let G be agroup. Thena finite sequence of its 
subgroups . 

: G=H, Fa, Hg, ..., H,={e} --(1) 
is called a composition series Sor G if each H, except H, ts a maxti- . 
mal normal subgroup of H;-,. 

The quotient groups G/Hs, He/Hs,..., Hy1/H, which are 
necessarily simple are then called composition factor groups or 
composition quotient groups of the composition series (1). 

Example 1. (Andhra 1977) 

Let G=Ps={/, (12), (23), (31), (123), ( 132)} and let 
H,={T, (123), (132)}. Then G, Hz, {I} isa composition series for 
G. | 


Obviously Hy is a maximal -normai subgroup of G and {/} is 
a maximal normal subgroup of Hp. . 
Example 2. Let G be a cyclic group of order 6 generated by a 
i.e., let G={a, a’, a®, at, a’, a’=e}. Then 
G, Ha={e, a}, {e} and G, Na={e, a’, a‘}, {e} 
are two different composition series for G. ; 
Example 3. Let G be a cyclic group {a} of order 12 generated 
by a. Then ; 
{a}, {a"}, {a*}, {e} and {a}, {a5}, {a%}, {e} 
are two different composition series for G. 
Theorem 1. There exists at least one composition series for 
every finite group G. (1.A.S. 1974; Lucknow 70) 
Proof. (i) If G is simple, then G, {e} is a composition series 
for G. | . 

' (ii) Suppose G is not simple. Then there exists a proper 
normal subgroup H of G. If H is maximal in G and {e} is maxi- 
mal in H, then G, H, {e} is a composition series. 

Suppose # is not maximal in G but {e} is maximal in H. 
. Then there exists a normal subgroup K of G such that Ga.KDH. 
If K is maximal in G and H is maximal in K then G, K, H; {e} is 
a:composition series. | 

Now suppose that H is maximal! in G but {e} is not maximal 
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in H. Then there exists a normal subgroup J of H such that 
. . HDJID{e}. . : a 

If {e} is maximal in-J and J is maximal in H, then G, H, J, {e} 
is a composition series, 

Next suppose that is not maximal in G and {e} isnot maxi- 
malin H. Then there exists a normal subgroup L of G such that 
GDLOH. Also there ‘exists a normal subgroup N of H such that 
HON2D{e}. Thus GOLDHDN>D{e}.. If L is maximal in G, H is 
maximal in L, N is maximal in H and {e} is ‘maximal in N, then © 
GG, L, H, N, {e} is a composition series. 

Since G is finite, there are only a finite number of subgroups 
and ultimately we must reach a composition series. 

Theorem 2. . Jordan-Holder Theorem. Let G be a finite group 
with two composition series — . 

G, Hi, Hoy.... Ha={c} (1) 
and G, Ki, 'Ko,..., Km={e}. +.(2) 
Then n=m ané-the two corresponding series of composition quotient 
groups, viz., 

G/I, Hi[Hay..., Hn-1/Hn 
and G/K,,'Ki|Ke, +63 Kins/Km 
are abstractly identical i.e., they can be put into 1—1 correspondence 
such that the corresponding quotient 8roups are isomorphic. — 
(1.4.S. 1975; Banaras 74; Agra 86; Nagpur 70; Kanpur 87) 

Proof. We shall prove the theorem by the method of induc- 
tion on the order of the group G. Assuming that the theorem is 
true for all groups of order less than that of G, we shall prove 
that it is also true for G. We need not worry about starting the 
induction because the theorem is obviously true for any group of 
order one. . 

Now two cases arise : 


Case 1. Hi=X;. In this case after Temoving G from (1) and 
(2), we get the remaining series as two composition series for H,. 
But the order of H, is less than that of G because #, is a proper 
normal subgroup of G. Therefore by our induction hypothesis, the 
theorem is true for Hy. Since G/H,=G/K,, therefore the theorem 
will remain true if we replace G in each of the series (1) and (2). 
Case 2, Hi4K;. By the third law of isomorphism, we have _ 
4, K\/A,&K,/H, NK, 
and fi Ky/KiHy/H, 1K. 
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Also ,X; is a normal subgroup of G containing H,. Since 

#, is maximal! in G, therefore we must have H,K,=G. 
. G/H,a3K,/D where D=H,N Ky 
and : . G/K,=2H, /D. 

Now Hi; is maximal in G implies that G/H, is simple. There- 
fore K,/D is simple and this implies that D is a maximal normal 
subgroup of .X;. Similarly Dis a maximal normal subgroup of Ai. 

Let ; | D, D,, Da, ore D,={e} 
be a composition series for D. Then 

G, A,, D, Di, Day. D,={e} eee 
and G, Ki, D, D,, Day...5 D,={e} (4) 
are.two composition series for G. Let us write the composition 
quotient groups of (3) and (4) in the order back 
_G/Hy, H,/D, D/D,, Dy[Dz,..., D,-1/D, (5) 
and K,/D, G/K,, D/D,, ‘D,/Ds,..., Dr-r[D,. .-.(6) 

The quotient groups in (5) and (6) are equal in number and 
the corresponding quotient groups isomorphic i.e., G/H, and K,/D, 
H;/D and G/K,, D/D, and D/D,,..., are isomorphic. 

Now (1) and (3) are two- composition series tor G each | 
having H, in the second place. Therefore by case I, the quotient 
groups defined by (1) and (3). may be put into 1—1 corres- 
pondence so that the corresponding quotient groups are isomor- 
phic. Similarly the quotient groups defined by (2) and (4) may 
be put into 1—1 correspondence so that the corresponding 
quotient groups are isomorphic. Hence the quotient groups 
defined by (1) and (2) are qual in number and are isomorphic in 
some order because the relation of isomorphism in the set of all 
groups is an equivalence relation. This cempletes the proof of 
the theorem. 


§ 13. Solvable groups. 


Definition. A group G is said to be solvable if we can find a 
Finite chain of subgroups 
| G=Ny2Ni2QM2D...2Me=(e) 
such that each N; is a normal subgroup of Ni-,; and each quotient 
group Ni.,/N: is abelian. The above series, then is referred to as 
a solvable series for G. (Jabalpur 1986; Mysore 70; B.H.U. 87, 88) 
Normal series of a group. Definition. A Sinite sequence of 
subgroups . 
G=Q2G,2G632...2G,=(e) 
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of @ group G is called a subnormal series of G if Gis, is a normal 
subgroup of G; ¥ 1=0,1,...,k—1. The quotient groups GiGi. 
are called the factor groups of the subnormal series. Further if each 


G; is a normal subgroup of G itself, then the series is said to bea 
normal series of G, (Kanpur 1988) 


Solved Examples 


Ex. 1. Show that every abelian group is solvable. 

Solution. Let G be an abelian group. Take No=G and 
Ni=(e). ThenG=N, 2 N,=(e) is a solvable series for G. Obvi- 
ously V,=(e) is a normal subgroup of N,=G because if a is any 
clement of G, then a—lea=a-1a= eG (e). | 

. Further since G is abelian, the quotient group No/Ni=G(e) is 
also abelian [Note that every quotient group of an abelian group 
is abelian). Hence Gis a solvable group. 

Ex. 2. Show that the symmetric group P,; of degree 3 {fs 
Solvable. (Madurai 1988) 

Solution The symmetric group P; consists of the six per- . 
mutations / (identity permutation), (12). (2 3), (3 1), (1 23) and 
(1 32) on three ‘symbols 1, 2,3. Let 4;={/, (1,2 3), (1 3 2)}. 
Then 4g is the alternating group of permutations of degree 3. If 
we take 

No= Ps, N=As, and Ne=(J), 
then P3=NyQN;2Ne=(1) 
is a solvable series for Ps as shown below : _ 

We know that A, is a normal Subgroup of P,. Therefore: 
4;=N, is. a normal subgroup of P3=N,. Also (/) is a normal 
subgroup of N,. The quotient groups P,/N, and N,/(/) are of — 
orders 2 and 3 respectively. We know that all groups of orders 2 
and 3 are abelian. Therefore the quotient groups P/N, and 
N,/(1) are abelian. Hence Ps=N,2QNi2N2=(f) is a solvable 
series for Ps and thus Ps is solvable. 

Ex.3 Show that the symmetric group P, of degree 4 is solva- 
(Madurai 1988) 
Solution. Let 4, be the alternating group of permutations 
of degree 4. Then 4, is a normal subgroup of Py. Let 
. Ve={h, (1 2) (3 4), (1 3) (2 4), (1 4) (2 3)}. 
It can be easily seen that/V, isa normal subgroup of Ag. If we take 

> Now Pa, Ni= Ag, Na=V, and N3=(/), then * 

a de Pr=No2M2Ms22Ns=(1) ae. 
is a solvable series for as shown below ;__ 


ble. 


238 Modern Algebra 


Obviously (7) is a normal subgroup of No. The quotient 
groups Ps/N,, Ni/Nz and Ne/N3 are of orders 2, 3 and 4 respec- 
tively. We know that all groups of orders 2,3 and 4 are abelian. 
Hence hp=Ny.2 MD Ne D N3s=(1) is a solvable series for P, 
and thus P, is solvable. | 

Ex. 4. Prove that a subgroup of a solvable group is solvable. 

(Jabalpur 1986; B.H.U. 88) 

Solution. Suppose N is any subgroup of a solvable group G. 
Let G=G, 2 G;2 G3 2...D2 G,n=(e) 
be a solvable series for G. We claim that 

H=H, D(H 1 Gi) 2 (AN G) 2...2 (HNGr)=(e) ...(1) 
isa solvable series for H. Since for {=0, 1,...,n—1, Gia is 
normal in Gj, therefore Hi4;=H (1 Giz.is normal in H)=H Gi. 
Let us define a mapping f : H)>G;/Gi4; such that 

I(X)=xGiar, ¥ x & Hy. 

Since H; & Gj, therefore x © H, > xEG). Consequently the 
coset xGi4; is an element of the quotient group G;/Gi4, and thus 
the mapping f is well-defined. -Also if x, y & Hy, then 

S(xy)= (xy) Gis [by def. of f] 

=(xGi41) (yGi41) [°" x,y € G; and Gi41 is 


normal in G;) 
=f(x) fly). | 

Therefore the mapping f is a homomorphism of H; into 
Gi/Gi41. Further a 
x€ker f > f(x)=Gi,. [Note that. the identity of Gi/Gis1 is Grs1] 

> XGi41=Gis1 <> xX & Gray 
+X EH Gis, since x € H; GH. 
Therefore ker f=H N.Gi4i=Hi4,. Hence by the fundamenta 
theorem on homomorphism of groups we have . 
Fi/Hig, & f( Ai). 2 : 

But f(H;) is a subgroup of Gi/Gi4; which is abelian because 
S(H1) is also abelian. Consequently H;/His, is also abelian because 
_it is isomorphic.to f(H;). Hence ( 1) is a solvable series for H and 
thus H is a solvable group. - 

Ex. $. If G is a group and N is a normal subgroup of G such 
that both N and G{N are. solvable, prove that G is solvable. 

? | | - [Mysore 1970) 

Solution. It is given that.the group G/N is solvable. The 
identity of this group is NV. Let _ 

G/IN=Go/N 2 G,/N D..2 Gm-alN 2 GmIN=(N) (1) 
be-a solvable series forG/N. Here each G; is a subgroup of G 
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containing N. Since Gisi/N is normal in G/N, therefore each G;,, 
is normal in G;. Also (GN) |(Gr4a/N)Gi Gi 41. [See theorem 2 
page 229]. But each quotient group (Gi/N)/(Giss/N) is abelian 
because (1) is a solvable series for G/N. ‘Therefore each quotient 
gtoup G,/G;,1 is also abelian because it is isomorphic to an abe- 
lian group. Further Gm/N=(N) implies G,=N. Also it is given 
that N is solvable. Let . 

: N=No2QNi2N22Q...DN,=(e) 
be a solvable series for N. Then 
C=) 2 G2 Gs 2...D Gna 2DNDN;, 2 Ne 2...2 N:=(e) 
is a solvable series for G. Hence G is @ solvable group. 

Now we shall give an important characteristic property of 
Solvable groups. In this characteristic property we shall use the 
concept of commutator subgroup of a group which we shall just 
define. . 

-Commutator subgroup ‘of a group. Definition. Let G bea 
8roup and a, b & G. The element aba-"b- ts called the commutator 
of the ordered pair (a, b). 

Let U={aba b=: a, be G}. IfG’ 1s the subgroup of G 
generated by U, then G' is called the commutator subgroup of G. 

. (Punjab 1970; Lucknow 70; Dibrugarh 67; Delhi 70) 

We recall that jf G’ is the subgroup of G generated by U, then 
G’ is the smallest subgroup of G containing U. Therefore the 
commutator subgroup G’ of a group G is the smallest subgroup 
of G containing the set of all commutators in G. a 

Note. We can also define the commutator of the ordered pair 
(a, b) as the element a-'b-ab, It will not change the set U of all 
commutators in G and consequently the commutator subgroup G’ 
will also not change. Note that a, 6 €G=a"',b" €G, Also 
a—" 5! ab can be written as a-! §- (a-')-! (6-2)-2,, Thus we can 
take U={aba-'b-} : a, bEG} or we can.take 

U={a'b'ab:abe G}. 


Theorem 1. Let G’ be the commutator subgroup of a group G. 
Then G is abelian if and only if G’={e}, e being the identity element 
of G. . » & _ | 
Proof. Let G be any group and let Us{aba-1b- : a, bEG)}. 
If G’ is the commutator subgroup of G, then G’ is the subgroup of 

G generated by U i.e., G’ is the smallest subgroup of G containing 


“Suppose G is abelian. Then to prove that G'={e}. If G is 
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, abelian, then ¥ a, beEG, we have 
aba~'b-! = abb- a-!=aea-!=aa-' =e, 
Thus in this case U consists of only one element it., e. Now 
ios t ns smallest subgroup of G containing {e}. Consequently 
= Cp. 


Conversely, suppose that G’={e}. Then to prove that Gis 
abelian. Let a, b be any two elements of G. Then abab-! € U. 
ppm aba-' b-'&G’. ‘ But G’ contains only one element 

e. Therefore aba-'! b-1=e => (ab) (ba)-'=e=> (ab)=[(Ba)-*}-? 
> eb sha => G is abelian. 

Theorem 2, Let G be a group and G' be the commutator sub- 
group of G. Then 

(f) G’ is normal inG. | . 

(ii) G/G’ is abelian. } (Meerut 1969; Osmania 72; 

_ G.N.D.U. Amritsar 87; Lucknow 70; Delhi 70; 
Panjab 70; I.C.S. 89; B.H.U. 88) 

(hi) If Nis ig normal subgroup of G, then G/N ts abelian if 

and ony sac 
. (aon 1968; Delhi 70; Lucknow 70; B.H.U. 88) 

(fv) Uf Hts a subgroup of G such that H 2G’. then Htsa 
normal subgroup of G. 

Proof. Let U={aba-! b-': a, b & G}. If G’ is the commu- 
tator subgroup of G, then G’ is the smallest’ subgroup of G-con- 
taining U. 

(i) ‘Let x be any element of G andcbe any element of G’. 
Then xex-'=(xex-!) c~! e=(xex-! c~}) ¢ € G'. 

[ x,¢ EG > xex c! EG’. Also ceG’.] 

" Hence G’ is a normal subgroup of G. 

(ii) Since G’ is normal in G, therefore the quotient group 
G/G’ is meaningful. Let a, 5 be any two clements of G. ries 
G'a, G'b are any two elements of G/G’. 

We have aba b3}eU . 
=> aba b EC’ {°° UgG’) 
=> (ab) (ba)"EG’ > G’ (ab)=G" (ba) 
=> (G’a) (G'b)=(G'b) (G’a) > G/G’ is abelian. 

(iii) Let N be any normal subgroup of G. Let a, bee. Then 
Na, Nb are any two elements of G/N. 

Let GIN: be abelian. Then 

(Na) (Nb)=(Nb) (Na) 
. > Nab=Nba = (ab) (ba)""'EN 
> aba BEN Es Ng 
> UCN. : [.' abagm b- is any element of U) 
Thus N is a subgroup of G containing U. Since G’ is the 
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smallest subgroup of G containing U, therefore G’ must be con- 
tained in N i.e., we must have G’ CN. 
Conversely, let GON © 
“hen UCN C. vee) 
> aba b' & N 
=> (ab) (ba)-' & N > Nab=Nba 
=> (Na) (Nb)=3¢Nb) (Na) > G/N is abelian. 
: Rie g be any element of G and let h be any element of 


pea (Haigh iene 
[.°. AEH. Also ghetheG’ and 
H2 G' > ghgh'EH) 
Hence # is a normal subgroup of G. 
Remark. Suppose G’ is the commutator subgroup of a grour” 
G. Then G’ is a group in its own right. So we may speak of 
its commutator subgroup G®)=(G’)'. Thus G® is a subgroup of 
G’ and hence the subgroup of G generated by all elements 
a’ b’ (a’)-* (b')-* where a’, b’ G G’. Also by part (i) of the above 
theorem 2, G®) is a normal subgroup of G’. It can also be proved | 
that G@) is a normal subgroup of G as well. Continuing in this. 
way, we can define higher commutator subgroup G™ by G™ 
=(G-0)', This Ge is called mth commutator subgroup or mth 
derived subgroup of G. It can be easily shown that each G( is 
a normal subgroup of G. Also by part (ii) of the above theorem 
2, each Gi=-/G) is an abelian group. 
In terms of higher commutator subgroups of a group G, we 
shall now give a very important criterion for solvability of G. 
A characferistic property of solvable groups. . 
Theorem 3. <A group G is solvable if and only if G»)=(e) for 
some integer k. (Meerut 1971; G.N.D.U. 86; B.H.U. 87) 


Proof. The ‘if’ part. Let G“—=(e) for some integer k. ass 
to prove that G is solvable. Let Nj=G, Ni=G', Ne=G0),.. 
Ny=G=e, Then — 

G=N 22 N22...2Q7 Ne=(e). (Ll) 

We claim that (1) is a solvable series forG. By part 0 of. 
the preceding theorem 2, COAT): is a. normal subgroup of- 
GU-)) for each i. Therefore N; is a normal subgroup Of, ‘Nii for 
each i. ie _ Geen gun, 

Vint 5 a 

Alto. ON Gir sa 


- But by part (ii) of theorem 2, (Gay is abelian. Therefore 
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Ww is abelian fo: each i. Hence rad) is a solvable series for G and 


thus G is solvable. 
The ‘only if’ part. Let G be a solvable group. Then to prove 
that G)=(e) for some integer k. Let } 

G=N, = N, a Ne =e —_ Ne=(e) «0(2) 
be a solvable series for G. Here each N; is a normal subgroup of 
Nj. and each N;_,/N; is an abelian group. Therefore by part (iii) 
of theorem 2, the commutator subgroup N;_,’ of Nj_;‘must be con- 
tained in N;. Thus 

M2 N,’/=C’, 
N22 My’ 2 (G')'=G), [Note that VN, 2G’ =. M! 2 (G')') 
Ns 2 Nx’ 2 oe =G), 


N; = Gi, 


M = Gu, 

In this way, we see that (e)=Nz D G®). Thus Gu G (e). But 
(e) © G® always. Hencé Gi) =(e). 

Corollary. Every homomorphic image of a solvable group is 
solvable. (Madurai 1988) 

Proof. Let G be a solvable group and let G* be a homomor- 
phic image of G under the homomorphism ¢. Then to prove that 
G* is also solvable. It can be easily seen that (G*)( is the image 
of, Ge under the mapping ¢ i.e., (GO) = (G*)), 

Since G is solvable therefore by the preceding theorem 3, we 
have G(*)=(e) for.some integer kK. Then 

 (G*)=y (GH) =4 (e)=(e*), 
- where e* is the identity of the group G*. Note that under a homo- 
morphism identity goes to identity: Now by theorem 3, 
_(G*)®=(e*) > G* is solvable. 

Ex. Jf a group G#(e) is solvable, then show that G contains a 
normal abelian subgroup H#(e). 

Solution. In case the group G isabelian, we can take H=G 
itself and the proof is complete. So let us consider the case when 
the group G is non-abelian.. \Since G is a solvable group, there- 
fore by theorem 3, there exists a positive integer k such that 
Gihy=3(e). As G is non-abelian, we cannot have k=1. [See theorem 
1, page 239). “If k is the least positive integer such that G“)=(e), 

tet us set H=GE-), Then His a normal subgroup of G and 
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H#(e). Also ae ae ma On (6): Therefore His abelian. 
{See theorem 1, page 239) 


Theorem 4. Let G denote the symmetric group P, of degree n 
where n>‘5. Then G. contains every 3-cycle of Pa for 


k=, 2, 3,.. se 


Proof. While proving this theorem, we shall use the follow- 
ing result : 

If Nisa normal subgroup of a group G, then the: commutator 
subgroup N’ of N is also a normal subgrgoup of G. 

We leave the proof of this result as an exercise to the reader, 


Now we come to the proof of the main theorem. 

We claim that if N is a normal subgroup of’ G=P, (n 2 5) 
such that N contains every 3-cycle in P,, then N’ must also con- 
tain every 3-cycle. For suppose that f=(1 2 3), g=(1-4 5) are two 
three cycles in V. (Note that heren > 5). Thenf gf go asa 
commutator of elements of N must be a member of N’. But 

Sf gf-ig-t=(1 2 3) (14.5) (3 21) (5-4 1)=(1 53). | 

Therefore (1 53) & N’.. But N’ isa normal subgroup of G 
as mentioned in the beginning of this proof. Therefore if 7 is any 
element of P,, then by the definition of a normal subgroup, 
mw (1 53) 7-! must also bein N’. Now let (h, és, 4s) be any 3-cycle 
in P, where i, ig and és are any three distinct integers in the range 
from 1 to n. Let us take 7 & P, such that 2(4)=1, 7(i)=5, and 
(43) ==3. 

Then a (15 3) vw =(h;, és, és). 


(Note that 7-1 (1)=A, 77! (5)=/, 7) (3)=is. Soh, goes to 
1 under z, then 1 goes to 5 under (1 5 3) and then 5S goes to’ ig 
under w~!. Therefore i, goes to é, under. x(I 5°3) an}, Similarly 
f, goes to f, and is goes to é; under 7 (1 5 3) 7~'. Further if x ‘is 
any integer other than /,, i. and is in the range from 1 to 4, then’ 
the image of x under the permutation 7 cannot be any of 1, 5 and 
3 because 7 isa one-to-one mapping. Therefore x will remain 
unchanged under the. permutation : aw (1 5 3) 2°. Thus we ‘have 
7 ¢! 5 3) mo=(ih, ds, f3)}. 

As mentioned above z (1 5 3) a! & Xi. - Therefore (ii, ba, is) 
© N’ and thus N’ contains every 3-cycle in-P,, 

Now G=P, is definitely normal in G and: contains every 3- 
cycle i in P,. So taking N=G,. we see that G” contains all 3-cycles. 
Since G’ is normal in G, therefore .(G’)’=G™) contains all 3-cycles, 
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Again since G® is normal in G, therefore G®) contains all 3-cycles. 
Continuing in this way we obtain that G) contains all 3-cycles 
for arbitrary k. . 

Theorem 5. The.symmetric group P, is not solvable forn > 5. 

a (B.H.U. 1988) 

Proof. Let'G=P, wheren > 5. Then by theorem 4, GH 
contains all 3-cycles in P, for every k. Hence Gt#);é(e) for any k. 
Therefore by theorem 3, G is not a solvable group. 

§14. Direct products. 

External direct product. Definition. Let G, and Ga be any two 
groups the composition in each betng denoted multiplicatively. Then 
Gi X Ga={(21, Be) : 81 & Gi, 2 E Go} . 

Let us define a binary operation on GyXGa denoted multiplica- 
tively as follows : . 

(81, 82) (Ais hs)=(gihi, Behe) where g;, h, E G; and g2, hz © Gs. 

For this binary operation G, x Gz is a group and this group is 
called the external direct product of G, by Go. (Andhra 1975) - 

__ Proof of the fact that G, x G; is a group for the binary opera- 
tion we have defined on it. 

1. Closure property. We have 2,h,€G, because G, is 2 group. 
Similarly gshgEGz. Thus (g1, g2) (M1, he)=(gihi, Beh2)eE GX Go. 

2. Associativity. If (21; 82); (Ay, hs), (ky, Ke) = G;x Go, then 
(815 82) (hi, hta)) (kr, ks) =(giln, Behe) (Kr, k2)=([gihi] ks, (gee) ke) 
=(gilhik:), 82 [hs ka))=(81, 2)(Aaks, heks)=(81, 82)[(1, he)(Kx, Ks)). 

3. Existence of left identity. Let e,, e, be the identity ele- 
~ Ments of G,, Ga-respectively. _ {f (g,, g2) & G, x Gz, then . 
(es, 5) (81, 82)=(e181, €r82)=(1, 82). Therefore (e;, eg) is the left 

identity of G,°< Gs. . 

4, Existence of left inverse. Let (g:1, 2) © Gi:xG. Then 

(g:-", 829) EC G.XGa 

Also (81"*, 827") (81, 82) =(g17* £1, 827! 82) =(E1, €2). 

_ve” (817, ga) is the left inverse of (g;, g) in G, XGe. 
-Hence G, x G; is a group under the binary Operation as de- 
fined above. 

Theorem 1. If G, and'Gs.are groups, then the subsets 

—_ G,X {e2} and {e:} x Ge of Gi:xGz 
are normal subgroups of G,xGz isomorphic to G, and Gz respec- 
tively, 

Proof. Let (g;,¢2) and (/, es) be any two élements of 

GX {es} where g:, 4; © G,. 
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Then (81, €s) (A1, ea)? 
=(81, &s) (4171, es!) =(g1, €s) (4,7, es) 
“==(g,h1-',.e9¢s)=(g,4,-", es). 
Now £1/n-' & G, because G; is a group. 
(g:/1-1, es) & G, x {e3}. 
Hence G, x {es} is a subgroup of Gx Gz. 
Now to show that G, x {es} is normal in G, XG.” 
_ Let (x, xs)‘be any element of G, x G, and (g;, €s) be any ele- 
ment of G, x {eo}. 
Then (x1, x2) (g1, &3) (X1, Xs) 
=(%1, %s) (81, €) (X17}, X97") = (x1 91417}, X2€gXq~) 
=(%181%1"1, €2) E& Gi x {eg} because x491x;7! © G;. 
Gi x {€} is normal in G; XGso. 
Now to show that G&G, x {¢5}. 
Let 6: 6,36, x {e2} defined by 
> (£1) =(81, es) ¥ 8 SG. 
Obviously ¢ is one-one onto. Also if &:, 4G, then 
$ (8141)=(81h1, €2)=(81, es) (hi, €3)=¢ (21) d (Ar). 
, Gim&G; x {eg}. 
Similarly we can show that {e:} x Gy is a normal subgroup of 
G, XG; and is isomorphic to Gs. 
Theorem 2. If G,; and G; are groups, then 
(4) Gi x {e}N {e}xGs={(ea, es)} Le., the identity is the only 
element common to G; x {es} and {e1} x Gs. 
(4) Every element of G, x {es} commutes with every element of 
{e1} x Gg. | 
(iii) Every element of G, x Gg can be uniquely expressed as the 
product of an element in G, x {e:} by an element in {e1} x Go. 
(fy) Gi x G3azG3.X Gi. 
Proof. (i) Let (g, h)eG, X {ee} {e1} x Ge. 
Then (g, h)EG; x {e2} and (g, h) & {e1}xGp. 
Now (g, h)EG, x {es} > hae, 
and (8, AE {e}xG, > g=ey. 
. (8, 4)2(41,@3). 
G1 x {ea} {e1} x Ga=((e,, €s)}. 
(ii) Let (21, €2)EG, x {e} and {e1, 83)@{e1} x Gz. 
Then (g;, és) (41, 82)=(81¢1, €28s)=(g1, B9) 
=(¢181, 82¢s)=(e), 8s) (81, ea). 
(iii) Let (g:, g2:)&GixGs. 
Then (81, 82)=(81¢1, €282)=(81, €2) (€1, 82). 
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Thus (gi, g:) can be expressed as a product of a member of 
G, x {es} by a member of {e;} x Go. 
If possible, let thére be another representation 
(S15 82)—=(/ay a) (Cry fa). 
Then (S1» $2) =(hre1, Cn ts)=(A1,. ia). 
“. Shy, Sa=hy by the equalityfof ordered pairs. 
.. The representation is unique. 
(iv) Define a mapping f : G: x Gs->Ga XG: by 
F (B15 8a) (8s, 81). 
Obviously f is one-one and onto. 
. Also if. (813 8a), (A, hs) EGG, X Go, then 
'[(s1, 8) (hi, haf (Sih, &shts)=(gelta, 81/1) 
=(g2, 81) (ha; =f (81, 82) f (ii, Ae)- 
* Gx GeeeGeX Gi. 
Internal direct products. 
Definition., Suppose H and K are subgroups of a group G. Then. 
we say that G is an internal direct product of H and K if 


(t) every element of H commutes with every element of K. 
(ii) every element of G is uniquely expressible as.a product of 
an element of H by an element of K. (Andhra 1975) 
‘Theorem 1. Suppose a@ group G is an Internal direct product of 
its subgroups H and K. Then 
(i) Hand K have only the identity in common. 
(ii) G is isomorphic to the external direct product of H by K. 
Proof. (i) LetxG@ H, xe K. 
_ Since H and K are subgroups, therefore 
iE A, xwie K. 
Since G is an internal direct product of H and K, therefore 
every element g in G can be uniquely expressed in the form ~~ 
g=hk where hE, keX.: 
Also we can write g=(hx)-(x7"k) where hx GH, x kK. 
Since the expression for g is unique, therefore . 
hx=h > hx=he > x=e. 
e is the only element common to both H and K. 
(ii) _ Let g be an arbitrary element of G. 
Then g=hk where h is a unique element of H and-k-is a uni- 
que element of K. 
Consider the function ¢ : G>HxK defined by 
$ (g)=(h, k) ¥ 2 EG. 
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¢ is one-one. Let ga=hk, g:=h,k, be any two elements of G 
where 4, hh HA and-k,, ky © K. . 
We have ¢ (g:)=¢ (gs) > (ht, k1)=(he, Ks) 
> Ay=hs, ky=kg>hyky=heks> 9182. 
¢@isl~l, - 
_ ¢isontoHxK. Let (h, k) be any element of HxK. Then 
AkEG and we have-¢ (hk)=(A, k). 
Therefore ¢ is onto. Hx K. 
> preserves compositions in G and Hx K. 
Let g:=h,k,, go=heke be any two elements of G. Then 
¢ (8182) =¢ (Arkshaks) 
=¢ (Ahgkiks) [every element. of H commutes 
with every element of K] 
=(Ayhe, kyks) [°.’ Ayhs © H, kiks Ee K) 
=(h, ey (he, ks)=¢$ (Asks) Makan ¢ (81) $(82).. 


~H 


im~ZHA 


Note. If G is an internal direct product of its subgroups H 
and K, then.G is isomorphic to the external direct product of H 
by K. On account of this isomorphism we shall: identify’ the 
internal direct product with the external direct product. If G is 


the internal bias product of its subgroups Hand-K we shall 
write G=Hx K. 


Theorem 2. If H, K are two subgroups of a group G such that 
G=Hx K, then H, K are normal subgroups of G, and 
G/H=:K-and G|K&zH. 


Proof. Let g © G. Then g=hk where h is a unique element 
of H and k is a unique element of K. So consider the mapping. 
¢ : G->H detined by ¢ (g)=¢ (Ak)=h. Obviously ¢ is onto H. 

Let g:=hky, gs=hsks be any two elements of G where hi, he 
are unique elements of H and ,k;, ks are unique elements of K. 
Then ¢ (81 83)=¢ (hrkshaks) 

= (Ajhgkik2) [°*. ‘every element of H commutes 
- With every element of X] 
cohtyh, [°. ahs © H, Kk & K] 
= (hikes) $(haka)=lar) (e0). 
¢ is a homomorphism of G onto H. The kernel of ¢ con- 
sists of all those elements. of G which gre mapped by ¢ on. the 
identity of H f.e., which are of the form ek=k, kek. 
Thus K is the kernel of ¢. _ 
. Kis a normal subgroup of G. 
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Also by the fundamental theorem on homomorphism of 
groups, we have G/K&=H. 
Similarly we can show that H is a normal subgroup of G and 
'G/HesK. 
Theorem 3. A group G is the direct product of tts two sub- 
groups H and K if and only if 
(i) H and K are normal subgroups of G, . 
(ti) HO K={e}, and (iti) G=HK. (Andhra 1975) 
‘Proof. Suppose the conditions (i), (ii) and (iii) hold: Then to 
show that G=H~x K. 
Leth © H,k © K. Consider the element 7} ic hk. 
Since H is normal in G, therefore khk & H. 
Also h-! © H. Therefore h-! k~"hk © H. 
Again K is normal inG. Therefore h-k~h © K. 
Also k @ K. Therefore hk hk © K. 
. ho kohk © AK. 
But . Hf) K={e}. 
hk“ hk=e => hk=kh. 
; pee every element of H commutes with every element 
° 
Let x & G. Then by the condition (iii) there exists hGH and 
keK such that x=hk. 
If possible let x—A,k, where h,EGH, k,EK. 
Then hk=hk, > hy h=kyk- 1, 
But 4,71h © Hand kk ©& K. 
hy h=kyk7) © ANK. 
But HN K={e}. 
: hyohok,k— =e, 
lnz=h, ky=k. . 
Thus the expression x=hk for x is unique. Hence G=Hx K. 
_ Conversely let G=H x K. Then to show that the. conditions 
(i), (ii) and (iii) are satisfied. 
Let a be any element of H and x be any: element of G. Then 
‘there exist h © H, k G K such thatx=hk. . 
We have xax“!a(hk) a (hk) =hk ak h" 
=shak k-1h7! - (- kek and a©H=k commutes with a) 
sshah © H. 
-. #4 is a normal subgroup of G. Similarly K is a normal 
subgroup of G. ; 
‘Now we establish condition (ii). 
' Suppose if possible b= HK and be. Then b=be=eb. 
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This shows that there exist at least two different ways of ex- 
pressing an element b&G as product of an element of 7 with an 
elenient of K But this contradicts the assumption that 

G=HxK. 

Therefore b=e. Hence Hf\K={e}. — 

Finally HKGG. Also xe@G>x=hk where hEH, k © K. 
Thus x@G > xCHK. Therefore GCQHK. Hence G=HK. 

Thus the theorem is completely established | 

~ § 15. Some important theorems on finite groups. 

Theorem 1. Cauchy’ s theorem for abelian groups.. Suppose G 
is a finite abelian group and p \o (G) i.e. p is a divisor of o(G) where 
p ts a prime number. Then there is an element axe © G such that 

are, _ (Agra 1986; Jabalpur 86; 1.A.S. 71) 

Proof. We shall prove the theorem by induction on the order 
of G. Assuming that the theorem is true for abelian groups of 
order less than that of G, we shall prove that it is also true for G. 
To start the induction we note that the theorem is vacuously true 
for groups of order one. 

If G has no proper subgroups, then G must be of prime order 
‘because every group of composite order possesses proper sub- 
groups. But p is prime and p-| o(G), therefore o(G) must be equal 
top Also every group of prime order is. cyclic. Therefore each 
element a#e of G will be a generator of G. Thus G has p—1 ele- 
ments ae such that a?=a 4) =e. 

So now suppose that G has a proper subgroup H L.e., 

H-z{e} and HAG. If p|o(H), 
then by our induction hypothesis the theorem is true for H because 
H is an abelian group and o (H) < o(G). Therefore 4 an element 
b G H, be such that bp=e, But b GC H = bEG because HCG. 
Thus 3 an element B&G, be such that b?=e. 
So let us suppose that p is not a divisor of o (H). Since G is 
_abelian, therefore H is a normal subgroup of Gand so G/H isa 
quotient group. Since G is abelian, therefore G/H is also abelian. 
_.o (G) 
Also we have o (G/H)=— (H) 
Since p | o(G) and p is not-.a divisor of o(H), therefore p is a 
divisor of 0(G)/o(H). Hence by our induction hypothesis the 
theorem is true for the group G/H. 
Remembering that H is the identity element of G/H we deduce 
that 3 an element c in.G and Ac+H in G/H such that (Hc)P=H. 


< 0 (G) because o (H) > 1. 
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Now Hc is not equal to the identity element H of the 
quotient group G/H and_p is a prime. Therefore (Hc)P?=H. implies 
that in the quotient group G/H we have o(Hc)=p. . 
Also (Hc)?=H = HceP=H => cPGH. Therefore by a corallary 
to Lagrange’? theorem, we have 
(c?)“4) se (i.e,, the identity of H). 
. (c)r=e or dee if we put d=cr), 
This d will be the required element of G if we show that de. 
If possible, let d=e. Then (He)()—He()=HdoHeoH. 
But.in the quotient group G/H, we have o (He)=p. Therefore 
(He)eCh=H (i.e, the identity of G/H) implies that p must be a 
divisor of o(H) which is a. contradiction. So we cannot have 
d=e. Thus de and de=e. Fherefore we have completed the 
induction and this proves the required result. 
Theorem 2. Cauchy’ 8 theorem. Suppuse G-is a finite group and 
p |o(G) where p ts a prime number. Then there is an element ain 
G such that o(a)=p. (Meerut 1980) 
Proof. We'shall prove the theorem by induction on 0 (G). 
Assuming that the theorem is true for groups of order less than 
that of G, we shall prove that it isalso true forG. To start the 
induction we note that the theorem is vacuously true for groups- 
of order one. 


If there exists a subgroup HG of G such that p | o(#), then 
by our induction hypothesis the theorem is true for H because 
o (H) < o(G). Therefore there exists an element. a@G such that 
o(a)=p. Buta © H >a €& G because HCG. Therefore there 
exists an element a & G such that o (a)=p. 

So let us now assume that pis not a divisor of the ordet of 
any proper subgroup of G. Let Z be the centre of G. We write 
the class equation for G in the form : 

= _o(G) 
0 (G)=0 (Z)+ a ZoIN@) -(1) 
(See theorem 6, page 201] 

Now N (a) is a subgroup of G. If a @ Z, then N (a)%G and 

So p is not a divisor of o (N (a)}. But p|o(G). Therefore 


if aéZ. 
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But p |o (G). Therefore p | [o (G)— F 2 awa Then~ 


from (1), we conclude that p|o(Z). Thus Z isa subgroup of G 
and the order of Z is divisible by p. But according to our assump- 
tion p is not a divisor of the order of any proper subgroup of G. 
Consequently Z=G. But then G is abelian. Therefore by Cauchy’s 
theorem for abelian groups there exists an ‘element in G of order p. 

This completes the proof of the theorem. 

Example 1. Show that if p isa prime number, then any group 
G of order 2p has a normal subgroup of order p. (1.C.S. 1989) 

Solation. We have o (G)=2p. 

Since p is prime and p| o (G), therefore by Cauchy’s theorem: 
G has an element-a of order p. Then the cyclic group 

H=({a, a*,..., a?=e} is a subgroup of G of order p. 


The index of Hin Gat DP -2, 


But we know that every subgroup of G having iudex 2 in G 
is normal in G. Therefore H is normal in G. 
Example 2. Prove that.every abelian group of order 6 is cyclic. 


Solution. Let G bean abelian group of order 6. Since the 
prime integers 3 and 2are both divisors of o (G), therefore by 
Cauchy’s theorem for abelian groups there exist elements a and b 
in G such that 9 (a)=33 and o (b)=2. We shall show that 0 (ab) =6 
and consequently G will be a cyclic group generated by ab. 

We have b-)£a, since o (b-*)=0 (b)=2 while o (a)=3. Thus 
abe. Now (ab)i=a°b'=a*e=a'¢e, since o (a)=3. Again (ab)? 
=ob=eb*=b'=b*>=ebabée. Therefore we must have 
o (ab) > 3. But o (ab) must be a divisor of 0 (G) Le., 6. So o (ab) 
can neither be 4 nor it can be 5. Hence we must have o (ab)=6 
and consequently G is cyclic. 

Definition. Suppose G is a finite group and o (G)=p™n where p 
is a prime number and p is not a divisor of n. Then a subgroup. H of 
G ts said to be a p-Sylow subgroup of G iff o (H)=p"™. 

Theorem 3. Sylow’s theorem. Suppose G is a group of finite 
order and p is a prime number. If p™|0(G) and p™™ is not a 
divisor of o (G), then G has a subgroup of order p™. 

(Kanpur 1986; 1.A.S. 72; Vikram 76, Calicut 75; 
: Meerat 91; B.H.U. 88) 
Proof. We shall prove the theorem by- induction on o (G). 
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Assuming that the theorem is true for groups of order less than 
that of G, we shall show that it is also true for G..To start the 
induction we see that the theorem is obviously true if o (G)=1. 
Let o (G)=p"n where p is nota divisor of n. If m=0, the 
theorem is obviously true. If m=1, the theorem is true by 
Cauchy’s theorem. So let m>1. Then G is a group of composite 
order and so G must possess a subgrdup H such that AG. 


If 7 is not a divisor of 2 i , then p | o (H) because 


0 (G) 
o (G)=p"n=0 (#).> (Bi) 

Also p+! cannot be a divisor of 0 (H) because then p+! will, 
bea divisor of o (G) of which o(H) is a “divisor. Further 
0 (H) < 0 (G).* Therefore by our induction. hypothesis, the 
theorem is true for H. Therefore H has a subgroup of order p” 
and this will also be a subgroup of G. So let us assume that for 


every subgroup H of G where HG, p is a divisor of oe 


Consider the class equation, 


- o (G) 
0 (G)=0 (Z)+ 3 ie OTN (a) 69) 
Sinceea E Z>N (a)4G, therefore according to our assump- 
o (G) 


tion p is a divisor of 2 OTN (ay Also p | 0 (G). 

Therefore from (1), we conclude that p is a divisor of o (Z). 
Then by Cauchy’s theorem, Z has an element 6 of order p. Z is’ 
the centre of G. Also N={5} is a cyclic subgroup of Z of order Dp. 
Therefore N is a cyclic subgroup of G of order p. Sinceb GZ : 
therefore N is a normal subgroup of G of order p. 

(Ex. 7 on page 208 after § 4] 

Now consider the quotient group G'=G/N. 

We have 0 (G’)=0 (G)/o (N)=p™n|p =pm~\ yn, 

_ Thus 0 (G’) < 0 (G). Also p”-) | e (G’) but p™ is not a divisor 
of o (G’). Therefore by our induction hypothesis.G’ has a sub- 
group, say S’ of order p”-', We know that the natural mapping 
¢ : G->G/N defined by ¢(x)=Nx ¥ x © Gisa homomorphism of 
G onto G/N with kernel N. Let S={x © G: d(x) © S’}. 

Then S is a subgroup of G and S's: S/N. (See theorem 4 of § 10] 
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’ S) | 

0 (S’)=0 (S/N =< ( 

(S)=0 (SIM =F 
Therefore 0(S)=0 (S’).0 (N)=p"-Ip=p, 
Thus S is a subgroup of G of order p™. 
This completes the prcof of the theorem. 


Solved Examples 


Ex. 1. If H is a p-Sylow subgroup of G and x&G, then x~' Hx 
is also a p-Sylow subgroup of G. (Agra 1986) 

Solution. Suppose G i is a finite group and o (G)=p™n where 
p is a prime number and p is not a divisor ofn. If H is a p-Sylow 
subgroup of G, then o (H)=p". 

Let x & G be arbitrary. Then x-! Hx will be a p-Sylow sub- 
group of G if x=! Hx is a subgroup of G and if o (x-! Hx)=p". 

First we shall prove that x-! Hx is a subgroup of G. Let 
X~"fyx, X-! hex be any two elements of x-'Hx. Then hy, fy & H. 
Also we have 

ies era hao? (x-1)"1=x- neha x 

oxx? x 

= fe oe since ,h,-' © H, H being a subgroup of G. 

.. x7) Hx is a subgroup of G. 

Now let ¢ be a mapping from H saps x7 Hx defined as 

b(hA)=2x-' hx 4h eH. 

% is onto, Let x-! hx be any element of x Hx. Then heH 
and we have ¢ (h)=x-! hx. Therefore @ is onto. 

~ is one-one. Let 4,, 4;@H. Then 

b (Ay) = (hg) > x7) Ayx=x7? hax . 

. > h=he {by cancellation laws} 
=> is one-one. 

Thus # is a one-to-one correspondence between the elements 
of H and the elements of x-! Hx. Therefore O(x Hx) = o(H)=p". 
Hence x-! Hx is a p-Sylow subgroup of G. 


Ex. 2. Ifa group G has only one p-Sylow subgroup H, then H 
is normal in G. 


Solution. Suppose a group G has only one p-Sylow subgroup 
H, Let x be any clement of G. Then by previous exercise, x-'Hx 
is also a'p-Sylow subgroup of G. But H is the only p-Sylow sub- 
group of G. Therefore 
‘ x7 HxeH ¥ xEG = H is a normal subgroup of G. 


4 
Rings 


§ 1. ‘So far we have studied group which is an algebraic 
structure equipped with one binary operation. In this chapter we 
shall study ring which is an algebraic structure equipped with two 
binary operations, 

Ring. Definition. (1.AS. 1971; Garhwal 76; Guru Nanak 75; 
Marathwada 70; Vikram 78; Sambalpur 77; Kumayun 77; 
Gujrat 70; Meerut 84) 
: Suppose R is a non-empty set equipped with two binary opera- 
- tions called addition and multiplication and denoted by ‘-+-° and ‘.’ 
respectively i.e., for alla, b G Rwe havea+b G Randabe R. 
Then this algebraic structure (R, +, .) is called a ring, if the follo- 
_ wing postulates are satisfied : 7 
1. Addition is associative, i.e., 
(a+-5)-+c=a+(b+c) ¥ a, 8, cER. 
2. Addition is commutative, i.e.,a+b=bt+a ¥ a,b Ee R. 
3. There exists anélement denoted by 0 in R such that 
. O+a=ay¥ae R. 
4. To each element a itt R: there exists an element —ainR 
such that (+a)+a=0.. 
5. Multiplication is. associative, l.e., 
a.(b.c)=(a.b).c ¥ a,b,c ER. 
6. Multiplication is distributive with'respect to addition, ie., - 
for ‘all a, b, c, in R, 
a.(b+c)=a.b+a.c| Left distributive law 
and = (b+ c).a=b.d+c.af Right distributive law. 
Since addition is commutative in R, therefore we shall have 
0.e R such that 0+ a=a—a4+0 ¥ aE R. 
Also if a & R, then we shall have (—a)+a=0=a+(—a). 
Thus 'R will be an abelian group With respect to addition. The 
élement 0 & R will be the additive identity. It is called the zero” 
element of the ring. Since in@ a group the. identity element is uni=- - 
que, therefore every ring will. p ‘Bosses a yaigue zero element. andit 
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will be the identity element for addition composition. We ee 
always denote this element by the symbol 0. 


Students should not confuse it with the numter 0. It is a 
symbol! which will represent the additive identity of the ring. 

In a ring every element will possess a unique inverse for 
addition composition. We shall denote the additive inverse of a 
by the symbol —a. 


We shall define a~b=a+(—BS). 
_ The equation a+x=5 will have a unique solution in R and it 

will be x=b—a. Obviously a+(b— a)=a+[b+(—a)] 

=a+[(—@)+b)=[a+(—a))+b=[(—a)+a]+b=0+5=5. 

Similarly the equation y+a—5 will have a unique solution 
in R and it will be y=b—a. 

Both the cancellation laws will hold good for addition in R 
ie., for all a,b, cin R 

a+b=a+c > b=c and b+a=c+a > b=c. 
If in a ring we have.a+5=0, then a=—b and b=—a. 


Ring with unity. Jf in a ring R there exists an element denoted 
by 1 such that |.a=a=a.1 ¥ aGR, then R is called a ring with 
unit element. The element 1 © R, is called the unit element of the 
ring. Obviously 1 is the multiplicative identity of R. Thus ifa 
ring possesses multiplicative identity, then it is a ring with unity. 


Commutative Ring. [fina ‘ring R, the multiplication compo- 
sitton is also commutative i.e., if we have ab=b.a ¥ a,b © R, 
then R is called a commutative ring. (Meerut 1986; Nagarjuna 78) 

Note. In future we shall denote the multiplication composi- 
tion in a ring R not by the symbol ‘.’ but by multiplicative nota- 
tion. Thus we shall write ab in place of a.b. 


§ 2. Elementary Properties of a Ring. 
' Theorem. Jf R is a ring, then foralla,b,cGR 


(i) a0—0a=0. (Meerut 1970; Sagar 77) 
_ (ii): v7 t (—b)=—(ab)=(—a) 6. (Sambalpur 1977; Bombay 70) 
Gi)"(A@) (—b)=ab. (Banaras 1968; Sagar 77) 
(iv). a (6—c)=ab—ac. (Meerut 1970; Vikram 78) 
(v)- (b—c) a=ba—ca. (Banaras a 

Proof. (i) We have i 
a0=a (0+0) . oe (°. O+0==0) 


=a0+a0, [by icte distributive law] 
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“. .0+a0=—a0-+-a0 [°° a0ER and 0+a0=a0) 
Now R is a group with respect to addition, therefore apply- 
ing right cancellation Jaw for addition in R we get 0=a0. 
Similarly we have 02=(0+0) a 
=0a+0a. [by right distributive law] 


0+0a=0a+0a [." 0+0a=0a}. 
Applying right cancellation Jaw for addition in R, we get 0=0a. 
(ii) Wehave a [(—b)+5]=<a0 | (~ —b4+5b=0) 


=>a(—b)+ab=0 [by using left distributive law and the 
result (i)] . 
=> a (—b)=—(ab), since in a ring a+b=0 > a=— 5. 
. Similarly we have §(—a+a) b=0b . 
=> (—a) b+-ab=0 => (—a) b=—(ab), since in a ring 
a+b=0 = a=—b. 
(iii) We have (—a) (—b)=—[(—a) 5], since a (—b)=—(0b) 
=—[—(ab)], since (—a) b= —(ab) 
=ab, since R is a group with respect to addition and ina group 
we have —(—a)=a. 


(iv) ‘We have @ (b—c)=a [b+(—c)]} 
=ab+a(—c) [left distributive law] 
sab+[—(acy] [1 a(—e)=—(a0)] 


=ab—ac. 
(v) We have . = 
(6-0) a=[b+(—o)] 2 
=ba+(—c) a [right distributive law] 


=ba-+-[—(ca)]=ba—ca. 


§3. Integral Multiples of the elements of a ring. 

Suppose R is a ring andaeER. If m is a positive integer, then 
we define ma=a-+a-+...upto m terms. 

Also we define Od=0. Here 0 on the left hand side is the 
integer zero and 0 on the right hand side is the zero element 
(additive identity) of the ring. 

If m is'a positive integer, then —s is a negative integer. We 
‘define. (—m) a=—(ma)=—(a+a-+a.. upto m terms) 
| =(—a)+(—a)+(—a)-+-...upto.m terms=m (—a). 

If m and nm are any integers, we can prove that | 

ma-+-na=(m-+n) a, m (na)=(mn) a, and (ma) (na)=(mn) a’. 

Also we can prove that for any integer m, we have © 

-m (a+b)=ma+mb ¥ a,b © R. 
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The students should not confuse that this‘is the distributive 
law we assumed in the postulates for a ting. It is not so. Here m 
is an integer and a, b are elements of R. -_— 


§ 4, . Examples of Rings. aes . 

Example 1. The set R consisting'of a single element 0 with two 
binary operations defined by 0+-0=0 and 0.0=0 is a ring. This ring 
is called the null ring or the zero ring. 

Example 2,’ The set 1 of all integers ts a ring with respect to 
addition and multiplication of integers as the two ring compositions. 
This ring is called the ring of integers. . (Garhwal 1976) 

ye Solution. As in groups, we should first prove that I is an 
dbelian group with respect to addition of integers. 


Further we observe that. , : 
(i) The product of two integers is also an integer. Therefore I 


is closed with respect to multiplication of integers. 
(ii) Multiplication of integers is an associative composition. | 
(iii) Multiplication of integers is distributive with respect to 
' addition of integers ie., if a, 6, care any-elements of I, then 
a(b+c)=ab-+ac and (b+-c) a=ba+ca. 

' Therefore 1 is a ring with respect to addition and multiplica- 
tion of integers. . The integer 0 is the zero element of this ring. 
Also the multiplicative identity exists and :is the integer 1.. We. 

“have Ta=a=al ¥ aeEl. Thus the ring of integers is a ring with 
unity. The integer 1 is the unit element of this ring. 

| The. multiplication of integers is a commutative composition. 
Therefore it is also a commutative ring. 

Example 3. The set 21 of all even integers is a commutative 
ring without unity, the addition and multiplication of integers being 
the two ring compositions. . 

Example 4. The set Q of all rational numbers is a commutative 
ring with unity, the addition and multiplication of rational numbers 
being the two ring composttions. oe 

(Meerut 1976; Kanpur 80; Kamayun 77) 

Example 5. The set R of all real numbers is a commutative 
ring with unity, the addition and multiplication of real numbers being 
the two ring compositions. 

- ‘Example 6. The set C of all complex numbers is a commutative 
ring with unity, the addition and multiplication of complex numbers 
being the two ring compositions. | ed 

Note. The students should themselves write the complete 
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_ solutions of example. 3, 4, 5 and 6 with the help of example 2 of 
the ring of integers and the corresponding questions of groups. 


Example 7. The set M of all nxn matrices with thetr elements 
as real numbers (rational numbers, complex numbers, integers) ts a 
non-commutative ring with unity; with respect to addition and multi- 
plication of matrices as the two ring compositions. 


Solution. We know that the sum and product of twonxn 
matrices with their elements as real numbers are again nxn 
matrices with their elements as real numbers. Therefore M is 

closed with respect to addition and multiplication of matrices. 

- Further we observe that 

(i) A+(B4+C)=(A+B)+C ¥ A,B,C EM, since the addi- 
tion of matrices is an associative’ ‘composition. 

(ii) A+B=B+A ¥ A, BEM, since the addition of matrices 
is Commutative. 

(iii) If O is the null matrix of the type nxn, then OEM and 
we have O+A=A ¥ AEM. 

(iv) Foeach matrix A@M there exists a matrix —AGM 
such that (—A)+ A=O (null matrix). 

(v) (4B) C=A (BC), ¥ A, B, CEM, since multiplication of 
matrices is associative. 

(vi) A (B+C)=AB+ AC, 
~ and (B+C) A=BA+CA ¥ A, B, CEM, since matrix multiplica- 
tion is distributive with respect to matrix addition. 

Hence M is a ring with Tespect to the two given composi- 
_ tions. The null matrix O of the type nxn is the zero element of 

this ring 7.e.,O=0. — 
Since the multiriication of matrices is not iv general commu- 
tative, t therefore the ring is a non-commutative ring. {n>1] 
Finally if J be the unit matrix of the type nxn, then l&EM 
and we have JA=A=AIF‘Y AGM. Therefore the matrix / is the 
multiplicative identity. Thus the ring is with unity and the matrix 
Tis the unity element of the ring ie. J=1. 


Example 8. The set R={0, 1, 2, 3, 4, 5} isa commutative ring 
_ with respect to *+-¢’ and ‘xX 4’-as the two ring compositions. 

Solution. As we have proved i in groups, we. should. first prove 
that R is an abelian group with respect to ‘+,’. 


Now we form-the compogition table for R for the composi- 
tion. Xe. 
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0/0 °0 0 0 0 0 
1/0 1 2 3 4 § 
210 2 460 2 4 
31/0 3 0 3 0 °3 
4/0 4 2 0 4 2 
510 5 4 3.2 1 


From the composition table we see that R is closed with res- 

pect to the composition ‘x ,’. 
; Also we know that ‘x.’ is an associative composition in Rie., 

axe (bx ec)=(aX 6b) Xec ¥ a, 6, cER. ; 
' Further ‘x,’ is distributive: in R with respect to‘+.. If 
a, b, c are any elements of R, then 
aX (b+ 6c)=aX o(b+c). [xt b-+-e=b+<ec (mod 6)] 

=least non-negative remainder when a(b-+-c) is divided by 6 

=least non-negative remainder when ab-tac is divided. by 5 


=(ab)+-¢ (ac) 
= (a X gb) +6 (ac) ['.. @xgb=ab (mod 6)) 
=(aX b)+.6 (@X6c) [°. axXgczac (mod 6)] 


Similarly we can prove that (b-+-6c) x 6@=(b X 6a) +4 (¢ X 0a). 
Ris a ring with respect to the given compositions. Since 
‘x,’ is a commutative composition in R as is clear from the com- 
position table also, therefore R is a commutative ring. Also | is 
the identity element for the composition ‘x’, ‘Therefore R isa 
ring with unity. The integer 0 is the zero element of this ring. 
Important. We sce that in this ring R neither 2 nor 3 is equal 
to the zero element of the ring. But 2x .3=0 (zero element of the 
ting). Thus ina ring it is possible that the product of two non- 
zero elements is-equal to the zero element. Also the number of 
elements in R is finite. Therefore this i 7 an example of a finite 


ring. 
§ 5. Some oe nese of rings. Rings with or without zero 


divisors. 
We have proved that j in any ring R, if Oi is the additive iden- 
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tity i.e., the zero element of the ring, then Oa=a0=0 ¥ aER. 
‘However there are rings in which it is possible that ad=0 when 
neither a=0 nor b=0. Such elements are called zero divisors. 

‘ Definition, A non-zero element of a ring Ris called a zero 
divisor or a divisor of zero if there extsts an element b>-0 €& R such 
that either ab=0 or ba=0. (Jabalpur 1970) 

Rings without zero divisors. A ring Ris without zero-divisors 
if the product of no two non-zero elements of R is zero, i.e., if 
ab=-0>a=0 or b=0. (Meerut 1984P) 

On the other hand if ina ring R-there exist non-zero ele- 
ments a and 5 such'that ab=0, then R is said to be a ring with zero 
divisors. 


Example 1. Suppose M is a ring of all 2 x2 matrices with thetr 
elements as integers, the addition arid multiplication of matrices being 
the two ring compositions. T. hen M ts a ring with zero divisors. 

_ (Madras 1977) 


The null matrix o=[9 oli ‘is the zero semadat of this ring. 
1 0 


Now a=| 9 ob B-[) I are two non-zero elements of this 
ring i.e., AO, BAO. We have . 
1 O}fO O7]--[0- 0 
45=[5 ol{r ol=[o of? 
Thus the product of two non-zero elements of the ring is equal to 
the zero element of the ring. Therefore M is aring with zero 


divisors. 
Also it is interesting to note that 


0 0 0 0 0 0 
e-[t ollo alm{t_ol*[0. of 

Thus in a ring ‘R it is possible that zb=0 but ba40. 

Example 2. The ring ({0, 1, 2, 3, 4, 5}, +6, Xe) isa ring with 
zero divisors. We have 2X. 3=0,3xX¢4=Oi.e., the product of 
two non-zero elements is equal to the zero element of the ring. 

Example 3. The ring of integers is a ring without zero divisors. 


Fhe product of two non-zero integers cannot be equal to the zero 
integer. 


Cancellation laws ia a ring. If R is a ring then R.is an abelian 
group with respect to addition. For addition composition the 
cancellation laws hold in all Tings. Therefore the question of. 


cancellation laws holding in a ‘ting arises only for the multiplica- 
tion composition. 
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We say-that cancellation laws hold in a ring R if 
(@%0, ab=ac>b=c . 
and = a £0, ba=ca>beac where a,b,c GR. (Meerut 1975). 
Theorem. A ring R ts without zero divisors if and only if the 
cancellation laws hold in R, i.e., 
R ts without zero divisors <> cancellation laws.hold in R. 
(I.A.S, 1974; Madras 74; Garhwal 76; Kumayon 78; 
Karnatak 77; Meerut 75, 81; Kanpur 71) 
Proof. First suppose that R has no zero divisors. Let a, b,c 
be any three elements of R such that a0, ab=ac. 
We have ab=ac>ab—ac=0=> a (h—c)=0. 
Since R is without zero divisors, therefore 
a (b—c)=0 and a40. > b—c=0 iie., b=c. 
Thus the left cancellation law holds in R. ‘Similarly we can 
show that the right cancellation law also holds in R. a 
‘Conversely suppose that the cancellation laws hold in R. If 
possible let ab=0, a=40, 640. 
Then we have ab=a0, since a0=0. 7 . 
Now a0, ab=a0 > b=0 by left cancellation -law.- 


Thus we get a contradiction. Hence Ris without zero divi- 
sors. 


§ 6. Integral Domains. Fields, Division Rings. aeee 
Definition. Integral Domain. (Madras 1973; Kolhapur 73; 
Garhwal 76; Kanpur 79; Meerut 81, 84, 86; Vikram 78; 
Andhra 77; Nagarjuna 79, 80; Madras 77) 


A ring is called an integral domain if it (i) ts commutative, (ii) 
has unit element, (iii) is without zero divisors. , 

However some authors define anintegral domain asa commu- 
tative ring without zero divisors. They do not require that an 
integral domain should definitely possess the unit element. 


The most important example ofan integral domain is the ring 
I of integers. We have proved that I-is a commutative ring with 
unity. Also I does not possess zero divisors. We know that if a,b 
are integers such that ab=0, then either a or b must be zero. 


Also it can be seen that the algebraic structures (C, +, +), 
(Q, +, +), (R, +, +), are all integral domains. As an example of 
a finite integral domainjwe have the ring ({0, 1, 2, 3, 4}, +5, X5)- 

Tnversible elements in a ring with unity. - In. a ring every ele- 


ment possesses additive inverse. Therefore the question of an 
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element being inversible or not arises only with respect to multi- 
plication. If R is a ring with unity, then an element acR is called 
lnversible, if there exists b G R such that ab=l=ba, Also then we 
write b=a™", 

Examples. 

(i) 1 and —1 are the only two inversible elements of the 
ring of all integers. 

(ii) #Xn non-singular matrices with real numbers as elements 
are the only inversible elements of the ring of all »xn matrices 
with elements as real numbers. 7 . eee 

Field. Definition. (LAS. 1971; Kolhapur 73; 

Garhwal 76; Nagarjuoa 79, 80; Andhra 77; Meerat 81, 86) 

A ring R with at least two elements is called a field if it, 

(i) is commutative ; (ii) has unity, (iii) is suck that each -non- 
zero element possesses multiplicative inverse. 

For example, the ring of rational numbers (Q, +, *) is a field 
since it is a commutative ring with unity and each non-zero ele- 
ment is inversibls. 

The rings of real numbers and. complex numbers are also 
examples of fields. x 

As an example of a finite field we have the ring 
vie ({0, 1, 2, 3; 4}, +5» Xs). : 
If a, 045 are elements of a field F, then we shall often write 


eb = b-1g, . Ina field F, we have 


Ft ga (ab) + (cd-1)= (bd)? (bd) [(ab-)+- (ed) 


=(bd)7! {(bd)(ab-1) + (bd)(cd-"))=(bd)-* (ad+- be) =H, 


(Note that multiplication in F is commutative]. — 
Also 5 ja lab") (cd-!)=(ac) (b-? d-')=(ac) (bd) 


Division ring or skew field. Definition. 
| -(Andhra 1977; Allahabad 80; Meerat 81, 84 P) 
A ving R with at least‘two elements is called a division ring or a 
skew field if it (i) has unity, (li) is such that each non-zero element 
possesses multiplicative inverse. 
Thus a commutative division ring is a field. 
Every field is also a division ring. But a division ring is a 
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field if it is also commutative. We shall later on give an example 

of a skew field which is not commutative i.e., which is not a field. 
Theorem 1. Every field is an integral domain. 

(Dethi 1970; Garhwal 76; Jabalpur ‘70; Jiwaji 78; 

Nagarjuna 79, 80; Meerut 80, 81, 82, 87, 90) 

Proof. Since a field F is a comimutative ring with unity, 


therefore in order to show that every field is an: integra! domain 
we should show that a field has no zero divisors. 


Let a, b be elements of F with a0 such that ab=0. 
Since 4340, a~) exists and we have 
ab=0 => a-' (ab)=a~ 0 


=> (a a) b=0 | 
ae 1b=0 Es am} a=]] 


Similarly, let ab=0 and 60. 
Since b40, b-! exists and we have 
ab=0 => (ab) b-1=05-1 
. > a (bb-")=0>a1=0>a=0. 

‘Thus in a field ab=0>a=0 or b=0. Therefore a field has no 
zero divisors. Therefore every field is an integral domain. 

But the converse is not true i e:, every integral domain is not a 
field. For example the ring of integers is an integral domain and 
it is not a field. The only inversible elements of the ring of 
~ mtegers are 1 and —1. * oe 

(Nagarjuna 1979, 80; Rajasthan 77; Meerut 81, 82) 

_ Note. Fora field unity and zero are ‘distinct elements i.e., 

140. Let a be any non-zero element of a field. Then q-1 exists 

and is also non-zero. For, a~'=0=>aa~!=a0= | =0>al=a0>a=0 

which is a contradiction. Now a field has ‘no zero divisors. 
Therefore |=a-' a0. a 6.3 | 

Important. A field has no zero divisors. Therefore in a field 
the product of two non-zero elements will: again be a non-zero 
element. Also the unit element 14C and each non-zero element 
possesses multiplicative inverse which is again a non-zero element. 
The multiplication is commutative as well as associative. There- 
fore the non-zero elements of a field form an abelian group with 
respect to multiplication. 

Theorem 2. A sfield (skew field) has-no divisors of zero. 

; ‘(Allahabad 1980) 

Proof. Let D be a skew-field. Then D is a ring with unit. 


element | and each non-zero element of D possesses multiplicative 
inverse. 
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Let a, b be elements of D with a40 such that ab=0. | 
Since a0, a7) exists and. we have > 

ab=0.> a'(ab)=a7'0 
=> (a7-a) b=0 > 1b=0 = b=0. 
Similarly, let ab=0 with 50. | 
Since 6340, b-' exists and we have 
ab=0 = (ab) b-'=0b-" 
<> a(bb-)=0 > al=0 > a=0. 

Therefore a skew field has no zero divisors. 

_. Theorem 3. A finite commutative ring without zero divisors is 
a field. 
. Or 

Every finite integral domain is a field. . 

(Delhi 1970; Nagarjuna 78; Gurunanak 75; Madras 78; 
~ Rajasthan 76; Garhwal 76; Poona 73; Agra 86; Kanpur 88; 
Allahabad $2; Meerut 80, 83, 84 P, 87) 

Proof. Let D bea finite commutative ring without zero 
divisors having n elements a), G3; .o+y Gn. In order to prove that 
Dis a field, we must produce an element 1 © D such that 
la=a ¥ ae D. Also we should show that for every element 
a#0 & D there exists an element b & D such that ba=1. 

Let a#0ED. Consider then products ad, Adz, ..., @An- 

. All these are elements of D. Also they are all distinct. For 

suppose that aa;=aa; for i#/j. 

Then a (a;—a,)=0. . (1) 

Since Dis without zero divisors and a0, therefore (1) 
implies | 
. Qy—ajy=0 > a=), contradicting !4/. 

* Gay, 20a, «++, @y are all the n distinct elements of D placed 
in some order. So one of these elements will be equal toa. Thus 
there exists an element, Say, ce D such that 

' ae=a=ca. [’. Dis commutative) 

We shall show that this element c is the multiplicative iden- 
tity of D. Let y be any element of D. Then from the above dis- 
cussion for some xD, we shall have ax=y=xa. 


Now cy=c (ax) (. ax=y): 
=(ca) x . 
" =ax is ca=a] 


=y [** ax=y]) 
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=ye [°° Dis commutative] | 

Thus cy=y=ye, ¥ y © D. Therefore c is the unit element 
of the ring D and let us denate it by 1. 

Now | © D. Therefore from the above disonssion one of the 
n products aa;, ada,..., 2a, will,be-equal to 1. Thus there exists 
an element, say b & D. suoti that 

7ab=1=ba. | 

*. bis the riultiplicative inverse of the non-zero element 
ae D. Thus every non-zero element of D is inversible. 

Hence D is-a field. 


| Solved Examples 


Ex. 1. If a, b,c, d are elements of a ring R, then evaluate 
(a+b) (c+d). 
Solution. We have 
‘ (a+b) (c+d)=a(c+d)+b (c+-d) [by right distributive law] 
=ac+ad+bce+bd [by left distributive law) 
Ex. 2. Prove that if a,b G R_then (a+b)*=a'+ab+bat+6', 
where by x* we mean xx. 
Solution. We have 
(a+5)?=(a+b)(a+5) 


=a (a+b)+b (a+b) [by right distributive law] 
=(aa-+ab)+(ba+ 5b) [by left distriSttive law] 
=a®-+ab+ba+b*. 

Ex. 3. Ifa, bare any elements of a ring R, prove that 

(ij) —(-—a)=a, (ii) —(a+b)=—a—B, 


(til) —(a—b)=—atb, 
Solution. (i) Since R isa group with respect to addition, 
therefore —(—a)=a. [Remember that in a group (a~')"'=a]. 
(ii) Since R is a group with respect to addition, therefore 
—(a+b)=(—b)+(—a). But addition in R is commutative. 
2. (=b)+(—a)=(—a)+(—b)=— a6. 
—(a+b)=—a—b. 
(ii) —(e—-6)=—[a+(—b)]=—a+[—-(—b)]=—a+6. 
Ex. 4. if a, 6, c,d are any elements of a ring R, prove that 
(a—b) (c—d)=(ac+bd)— (ad-+-bce). 
Solution. We have | 
(a—b)(c—d)=(a—b) c—(a—b) d [°° a(b-c)=ab—ac) 
‘e=(ac—be)—(ad—bd)=(ac— be) —ad-+ bd 
=(ac+bd)—be—ad 
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[°° addition is commutative and associative] 
==(ac+bd)—(bc+ad). — . 

Ex. 5. If Ris a system satisfying all the conditions for a ring 
with unit element with the possible exception of a+b=b+a, prove 
that the axiom a+-b=b-+-a must holdin R and that R is thus a ring. 

(Madurai 1988; Allahabad 82) 


Solution. ‘Since 1 is an element of R, we have 
(a+) (1+1)=a (14+1)+5 (141) [by right distributive law] 
=(a1+al1)+(61+51)= (a+a)+-(6+5) ~ 4«(i) 
Also (a+) (1-+1)=(a+6) 1+(a+8) 1 
7 [by left distributive law) 
=(a+5)+(a+5) (ii) 
[°° lis the unit element] 
From (i) and (ii), we get 
(a+aj+(b+6)=(a+b)+(a+5) 
=>[(a+a)+b]+5=[(2-+-5) +a]+5 [by associativity of addition] 
=>(a-+a)+b=(a+6)+a [by right cancellation law for addi- 
tion in R since with the given postu- 
lates Risa group with respect to 
addition) 
>a+(a+b)=a}+(b+a) [by associativity of addition in R] 
=>(a+6)=:-(b+a) [by left cancellation law for addition in R] 
Thus addition is commutative in R. Hence 2 is a ring. 


Ex. 6. If Ris a ring such that a’=a 4 a © R prove that 
(i) a+a=0 ¥ a & Rite., each element of Ris its own addi- 
tive inverse. (Nagpur 1970) , 
(il) abe 0 > a=sb. (iti) R is a commutative ring. | 
(Madras 1974; Nagarjuna 79, 80; I.C.S. 89) : 
Solution. (i)a@G@ R>a4ae R. 


Now (a+a)*=(a+a) Isiven). 
=> (a-+-a) (a+a)=a+a . 
=> (a+a) d+(a+a) a=a+a [Left Dist. Law] 
=> (a*+a*)+(a?+a8)=a+a [Right Dist. Law] 
=> (a+a)+(a+a)=a+a [.' a=a] 
> (a+a)+(a+a)=(a+a)+0 — (. a+0=a] 


=> (a+a)=0 [by left cancellation law for addition i in Rj 
(ii) We have just proved that a+a=0. 
”. 4+b=0 > a+b=a+a > b=a, by left cancellation law 
for addition in R. 
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(iii) We have 
(a+b)*=(a+5) 
=> (a+b) (a+5)=(a+5) - 


=> (a+6) a+(a+) b=a+5 {Left Dist. Law} 
=> (a?+-ba)+(ab+5*) a+b {Right Dist. Law] 
> (a+ba)+(ab+b)=a+b {°° at=a, b?=5) 


=> (4+b)+(ba+ab)=(a+6)+0 (by commutativity and 
associativity of addition] 
> ba+ab=0 [by left cancellation law forjaddition in R) 
=> ab=ba. [by part (ii) of this question] 

R is commutative ring. 
Note. An clement a of a ring R is said to be idempotent if 
a=a. A ring Ris called a Boolean Ring if all of its. elements are 
idempotent i.e., if ®=a v ack. (Nagarjuna 1979, 88) 


Ex. 7. Prove that the set M of 2X2 matrices over the field of 
real numbers is a ring with respect to matrix, addition and multipli- 
cation. Is it acommutative ring with unity element ? Find the zero 
element. Does this ring possess zero divisors ? 

(Delhi 1970; Madras 77; Mysore 77) 


Solution. Let 4,B GM. Then A+B Ee Mand ABE M. 
Therefore M is closed with respect to addition and multiplication 
of matrices. | 

Both addition and multiplication of matrices are associative 
compositions. 

A+(B+C)=(A+B)+C ¥ 4, 3B, CEM 
and  A(BC)=(A8)C ¥ A, B,C & M. 

Addition of matrices is a commutative composition. There- 
fore for all A, B © M, we have A+B=B+A. 

If O be the null matrix of the type 2x2, then O © M and 
O+A=A ¥ AGM. 

Further multiplicdtion of matrices is distributive with respect 
to addition. 

.. A(B+C)=AB+AC 
and (B+C) A=BA+CA ¥ 4, B,C EM. 

“Mis aring with respect to the given compositions. 

Multiplication of matrices is not in general a commutative 


oes oo _f2 4 fl 2 
composition. For example, if A=(; 4} B=| AF then 
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2 4171 21 72 8 “fl 212 47 78 147. 
AB=|; allo ‘l=[3 11 | 224 Ba=[, ‘Is 5 =[53 5| 


Thus AB} 3A and so the ring/is a non-commutative ring. 
If J be the unit matrix of the! type 2x 2 ie., if =|) °|, 


then JEM. Also we -have AJ=A=IA ¥ AEM. 
Tis the multiplicative identity. 
Thus the ring possesses the unit element and we have /=1 
(the unit element of the ring). 


The null matrix o-() 4 is the additive identity and is 


therefore the zero element of the ring i.e., O=0 (the zero ele- 
ment of the ring). ~ 


The ring possesses zero divisors. For example if 


0 1 2 3 _f[0 17f2 31.f0 01. 
4=[9 i} B= of then AB=[ 9 ls | al=fo of 


Thus the product of two non-zero elements of the ring is 
equal to the zero element of the ring. 


Ex. 8. Do -the following sets form integral domains with 
respect to ordinary addition and multiplication ? If so state if they 
are fields. 

(i) the set of numbers of the form b4/2 with b rational. 

(ti) the sot of even integers. (Meerut 1975) 

(iii) the set of posttive integers. (Meerut 1968) 


Solution. (i) Let A={b1/2 : bEQ}. 

We have 34/2 & A and 54/2 € A. Then (34/2) (54/2)=30. 

Now 30 cannot be put in the form 5/2 where bis a 
rational number. Therefore 30 & A. Thus 4 is not closed with 


respect to multiplication. Therefore the question of A becoming 
@ ring does not arise. 


(ii) Let R be the set of all even integers. Then Risa ring 
with respect to addition and multiplication of integers. Also the 
multiplication is a commutative composition. ‘R is without zero 
divisors since the product of two non-zero even integers cannot 
be equal to zero which is the zero element of this ring. Since the 
integer | & R, therefore R is a ring without unity. 

R willbe an integral domain if we do not require the 
. existence of the unit element for an integral domain. 
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But R is not a field since the multiplicative identity does not 
exist. 
(iii) ~ Let N be the set t Of positive integers. Since the integer 
0 & N, therefore the additive identity does not exist. So N will 
not be a ring. 
Ex. 9. Show tha the set of numbers of the form a+-ba/2, with 
aand b as rattonal numbers ts a field. 
(Kumayon 1977; Kanpur 80; Agra 72; Meerat 73) 
Solution. Let R={at+by/2 :a, b & Q}. 
Let a,+6,4/2 © Rand a+hV/2 € R. Then 
M%, by, ag, bg E Q. 
We have (a:+-biv/2)+(a2+b29/2)= (ai +.03)-+ (b+ ba)V/ 2 
© R since a,+-4¢, 6: +53. Q. 
Also (a:-+514/ 2) (da-+bev/2)= (Gide+ 2b1b2) +4152 + a2b1)4/2 
© R since a@,4,+2),be, a,b,+ a.b,€Q. 
Thus R is closed with respect to addition and multiplication. 
All the elements of R are real numbers and we know that — 
addition and multiplication are both associative as well as com- 
mutative compositions in the set of real numbers, 
Further we have 0+-04/2 & R since 0'e Q. 
If a+bs/2 & R, then . 
(0+ 0/2)+(at+b/2)=(0+a)+(0 +5) 2=a+by/2. 
', 0+0+/2 is the additive identity. 
: Again if a+b/2ER, then (—a)-+(—b)/2 © R and we have 
[{—a) +(— 5) 2] 4 (a+b 2)=0+ 0/2. | 
*, each element Of R possesses additive inverse. 
Further in the set of real numbers multiplication is distribu- 
tive with respect to addition. 
Again 1+0+/2 © R and we have 
(1404/2) (a + bo/2)=a+-b4/2=(a+ 54/2) (140+ 2). 
“. 1401/2 is the multiplicative identity. 
Thus R is a. commutative ring with unity. The zero element 
of the ring is 0+-0+/2 and the unit element is 1+-0+/2. 
Now R will be a field if each n-»n-zero element of R possesses 
multiplicative inverse. 
Let a+b4/2 be any non-zero element of this ring i.¢., at see 
one of a and 8 is not zg 
| a—b+/2 _ a—br/2 


en ie Ea A, Ee, Mo 
cE Tp PVD) (@=By 2) ae 2BF 
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_{- @ __b 
= (seta) +( a—am)V . 
Now if aand 6 are rational numbers, then we can have 
= 2b only if a=0, b=0. Since here at least one of the rational 
numbers a and bis not 0, therefore we cannot have a?=25? i.e., 
a®—257=0 
aR and — a apa te both. rational numbers and at 
least one of them is a Zero. | 


a b ‘ 
(aan) +(-z =a) /2 isa non-zero element of R 
and is the multiplicative inverse of a+b/2. 
Hence the given system is a field. 


Ex. 10. Prove that the set [(4/2) of allreal numbers of the 
form a+-b4/2, with a and b as tntegers is an integral domain with 
respect to ordinary addition and multiplication. Is it a field? 

(Kanpur 1970; Agra 74; Rajastban 77; Meerut 81; Bombay 70) 


Solution. As in Ex. 9, we can easily verify that the given 
system is a commutative ring with unity element 1+0+/2. Also 
0+0+/2 is the zero element of this ring. Now in order to prove 
that this ring is an integral domain, we should prove that this 
ring is without zero divisors. 

Let a-+b4/2 and c+d,/2 be any two elements of this ring. 
Then (@+b+/2) (c$d4/2)=04-072 — 

=> ac+2bd=0 ard be+ad=0 and this will happen only when 

either 
a=0 and b=0 
or c=0 and d=0. 

Thus (a+64/2) (c+d4/2)=0+04/2 

=> either atbh/2= 0 or ct+dV/2= 0. 

_ Thus the given ring is without zero divisors. Therefore-it is 
an integral domain. But it is not a field. Obviously 5+34/2 is a 
non-zero element of this ring. Its inverse would a been 


1 - 5-372 5-3 2_ Ss 32 
ys S372 ~(543/2)(5—-3V2) 7 | 77 

which is not an element of this ring. 
’ Ex. 11. 4 Gaussian integer is a complex number a+-ib, where 


a and b are integers. Show that the set J(f) of Gaussian integers 
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forms a ring under ordinary addition and multiplication of complex 
numbers. Is it an integral domain? Is it a field? 
(.A.S. 1973; Kolhapur 74; Poona 74; Madarai 78) 

Solution. Let a+ib and c+-id be any two Gaussian integers. 

' Then (a+-ib)+-(c+ id) =(a-+c)+i (6+d) 
and (a+-ib) (¢+-id)=(ac—bd)-+-i (ad+bc). 

These are again Gaussian integers; Therefore J[i] is closed 
with respect to ordinary addition and multiplication of complex 
numbers. . 

Further in complex numbers both addition and multiplication 
are associative as well as commutative compositions. Also multi- 
plication distributes with respect to addition. The Gaussian inte- 
ger 0+i0 is the additive identity. The additive inverse of a-+ib is 


(—a)+i(—b). The Gaussian integer 1+i0 is the multiplicative 
identity. 


Therefore the set of Gaussian integers is a commutative ring 
with unity for the given composition. 

Also this ring is free from zero divisors since the product-of 
two non-zero complex numbers cannot be zero. Therefore Ji} i is 
an integral domain. 

But this is not a field since the multiplicative inverse of a+ib 


will be apt! ( - aps) which is not always a Gaussian 


‘b ar 
. integer as - > wry, it BB and — ai are not necessarily integers. 


Ex. 12. Prove that the totality R of all ordered pairs (a, b) of 
real numbers is a commutative ring with zero divisors. tnder—the 
addition and multtplication of ordered patrs defined as 

(a, b)+(c, d)=(a+e, b+d) 
(a, 5) (c, d)=(ac, bd) 7 
¥ (a, 6), (c,d) EG R. (Sambalpur 1977; LCS. 83) 

Solution. We see that R is closed with respect to the two 
compositions since a+c, b+d, ac, bd are all real numbérs. Now 
let (a, 3), (c, a), (e, f ) be any elements of R. Then we observe : 

Assoclativity of addition. We have 

((2, b)+(c, d)) +(e, f )=(a+e, b+ a) Hef) 
=([a+e]+e, (6+d] +f) 
=(at[e+e], b+[d+f}) 
{‘.’ addition of real numbers is associative] 
=a(a, b)-+(e-+e, d+f)- 
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=(a, b)+[(c, a)+(e, f )]. 
.._ addition in R is associative. 

Commutativity of addition. We have 

(a, b)+-(c, d)=(a+c, b+-d)=(c-+a, d+b)=(c, d)+ (a, b). 

Existence of additive identity. We have (0,0) R. Also 
(0, 0)+(a, b)=(0+a, 0+5)=(a, 5). . 

Existence of additive inverse. If (a, b)ER, then (—a, —5)ER 

and we have (—a, —b)+(a, b)=(—a+a, —b+5)=(0, 0). 
(—a, —b) is the additive inverse of (a, 5). 
Associativity of Multiplication. Wehave  . 
[(a, b) (ce, 4)) (€, f )=(ae, bd) (e, f )=((ac] e, [bal f ) 
; =(a [ce], b [df }) 
[‘.’ multiplication of real numbers is associative] 
=(a, b) (ce, df )=(a, 5) [(c, 4) (e, fy) 
Distributive laws. We have 
(a, b) ((c, d) +(e, f =a, b) (cte, d+f) 
=(a[e+e], b[d+f}) 
=(ac+ae, bd+-bf )=(ac, bd)+(ae, bf) 
=(a, b) (c, d)+(a, 6) (e, f)- 

Similarly we can show that the other distributive law also 
holds good. 

.. Risa ring with respect to the given compositions. 

Commutativity of multiplication. We have 

(a, b) (c, d)=(ac, bd)=(ca, db)=(c, d) (a, 6). 
.. Ris a commutative ring. 

Existence of multiplicative identity. We have (1,1) @ R. If 

(a, b) & R, then (1, 1) (a, b)=(la, 16)=(a, 6)=(a, 5) (1, 1). P 
‘, (1, 1) is the multiplicative identity and is therefore the 
unit element of the ring. So R is a ring with unity also. 

The zero element of this ring is the ordered pair (0, 0). 

Now in order to show that R is a ring with zero divisors we 
should show that there exist two non-zero elements of R whose 
product is equal to the zero element of R. Obviously neither (3, 0) 
nor (0, 5) is equal to the zero element of R. But (3, 0).(0, 5)= 
(3x0, 0x5)=(0, 0) which is the zero element of R.. 

*, Ris a ring with zero divisors. 
Ex. 13. Let C be the set of the ordered pairs (a, b) of real 
numbers. Define addition and multiplication in-C by the equations 
(a, b)+(c, d)=(a+e, b+a) . 
(a, 6) (c,.d)=(ac—bd, bc+-ad) 
Prove that C is a field. (Meertt 1978; Marathwada 74) 
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Proof. We'see that C is closed with: respect to the two com- 
positions since a+c, b+d, ac—bd, be+-ad are all real numbers. 
Now let (a, 5), (c, d), (e, f ) be any elements of C. Then we make 
the following observations : 

Associativity of addition, We have P 

((a, b)-+(c, d)j+(e,f J=(atc, b+d)+(e,f) 

=((ate)+e, (b+d) +f )=(a+[e+e), b+(d+h ) 
=(a, b)+(c+e, d+f)=(a, b)-+[(c, d)+(e, f dy) 

Commutativity of addition. We have 

(a, b)+(c, d)=(a+e, b+d)=(e+a, d-+-b)= (c, d)+(a, 5). 

Existence of additive Identity. We have (0, 0)EC. 

Also (0, 0)-+(a, 6)=(0+a, 0+5)=(a, 5). 

(0, 0) is the additive identity. . 
_ Existence of additive inverse. If (a, 5) & C, then 

(—a, —b)EC. We have 

(—a, —b)+(a, 6)=(—a-}-a, —b+5)=(0, 0). 

.. (—a, —d) is the additive inverse of (a, b). 

Associativity of multiplication. We have 

[(a, 5) (¢, d)] (e, f )=(ac—bd, be-+-ad) (e, f ) 

o=(fac—bd) e—[bc+ad] f, [be+-ad] e+fac—bd} St) 

_ (a [ce—df] - b [de+cf ], b [ce—df ]+a [de+cf }) 

=(q, 5) (ce— df, de+cf )=(a, b) [(c, a) (e, SI. 

Distributive laws. We have 

(a, 6) (c,d) +(e, f )]=(a, b) (e+e, dt+f) 

=(a [c+e)—b [d+f)}, b [c+e]+a [d-+f }) 

=([ac— bd] + [ae —8f }, [be+ ad} +[be+af }) 

=(ac—~bd, be+ad) + (ae— bf, be+-af)=<(a, bc, d)-+(a, h)(e, f). 

Similarly we can show that the other distributive law also — 
holds good... 

Therefore Cis a ring with respect to the two compositions. 
The ordered pair (0, 0) is the zero element of the. ring. 

Commutativity of multiplication. We have 

(a, b) (c, d)= (ac—bd, be-+ad)=(ca—db, da+cb) =(c, d)(a, 0). 

Existence of multiplicative identity. We have (1,0) EC. If 
(a, b)EC, then (a, 5)(1,; 0)==(a! —b0, 51-++-a0)=(a, b)= =(I, One, 5). 

- Therefore (1, 0) is the unity element of the ring. 

Existence of multiplicative inverse of each uvu-zero element 
of C. Let (a, 5) be any non-zero element of C. Then a@ and 6 are 
not both simultaneously zero. If (c, d) is the multiplicative inverse- 

‘ of (a, 5), then we should-have : 
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(a, b) (c, dy=(1, 0) 


or (ac—bd, be+-ad)=(1, 0). 
By the definition of the equality of two ordered pairs, we 
have ac~bd=\ and bc+-ad=0. 


Solving these cen for c, d,:we get 
b 
=a t=(-°) | 
Now a+0 or 640 = a +5940. Therefore either cor d@ or 
b 

both are non-zero real numbers. Thus (ats wed —atR) is the 
multiplicative inverse of (a, 5). Hence C i is a field. 

Note. - In this question C is nothing but the set of complex 
numbers defined as ordered pairs of real numbers. Thus we have 
proved that the set of complex numbers is a field with respect to 
addition and multiplication of complex numbers. 


Ex. 14. Show that the set R of all real valued continuous pines 
_ tions defined tn the closed interval [0, 1] is a commutative ring with 
unity with respect to the addition and multiplication of functions de- 
_ fined pointwise as follows : 

(£+8) (x)=f (x)+8 (x) 


and (fg) (x)=f (x) g (); | 
, where f, g are any two members of R. (Andhra 1975) 


Solution. If fis a real valued function in the closed interval 
[9, 1], then we mean that f(x) is a real number v x © (0, 1]. We 
know that the sum and product of two real numbers are also real. 
numbers. Also the sum and product of two continuous functions 
is also a continuous function. Therefore R is closed with respect 
to the given compositions. 
Now let 7; g, A be any three elements of R. Then we make 
the following observations. 
Associativity of addition For every x € (0, 1), we have 
(( f+8) +4) ()=[( S48) (x)] +h (x) 
=[S (x) +8 (x)] +4 (x) =f (x) +e (x) +h (x)] 
(".” f(x), g(x), 4(x) are real numbers and 
addition of real numbers is associative) 
=f(x) +(g-+h) (x)=[f+(g+4A)] (x). 
(f+2)+h=af+(g+h), by the equality of two mappings.: 
Commuatativity of addition: We have . 
(f+8) (x)=f (x) +2 (x)=8 (x) +S (x) | 
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[’.. addition of real numbers is commutative) 
=(g+S ) (x). 
Existence of additive identity. Let.us define a function e by 
the rule e (x)=0 ¥ x&[0, 1]. Then eER. Also if f & R, we ARTS 
(e+f ) (x)=e (x)+f (x)=0+f (x)=f (x). 
. e+tf=f. 
the function e is the additive identity. 
Existence of additive inverse. Let fG@R. Let us define a func- 
tion —f by the formula (—f ) (x)=—[ f (x)] ¥ x © [0, 1). 
Then —f & R and we have 
[—f+f ] (x)=( Sf ) X)+F )=—f (x) +f (x) =0=6¢ (x). 
—ftfee. 
- the function fi is the additive inverse of f. 
“Assoctativity of multiplication. We have 
(( fe) h) (x)=[( fg) (x)] h (x) 
=[f (x) g (x)] & (x)=f (x) [g (x) h (2)) 
=f (x) ((gh) (x)J=LF (gh) (x). 
( fg) h=f (gh). 
Distributive laws. We have 
CS (g+h)] (x)=S (x) [(e-+h) (x)]=Stx) Lg. (x)-+A(x)] 
=f (x) 8x) +(x) h(x)=( fe) (x)+( fh) (x) 
=[ fe+fh) (x). 
& figth=fetfh. 
Similarly we can prove that (g-+h) fasf+h. 
R is a ring with respect to the given compositions. 
Commutativity of multiplication. We have 
( fg) (x) =f(x) Ee) =a ) (x). 
“. Sg=saf. 
R is a commutative ring. 
Existence of multiplicative identity. Let us define a function ! 
by the formula (x)=1 ¥ x & [0, 1]. Then iG R.. If: fe. R, 
we have (if) ars Ux) f(x)=1 f(x)=f(x). 
if=f=fi [by .commutativity of: multiplication} 
The function i is the multiplicative identity. 
. Thus the ring R is with unity element. 
Ex. 15. Give an example of a skew field which is not.a field. 
{Delhi 1970; Poona 73; Meerut 79, 83(P)] 
Solution. ‘Let © be the set of all 2x2 matrices of the ‘form 
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. [_ atib aa 
c+id a—ib!’ 
where. a, b, c,d are arbitrary real numbers, | 
First we shall prove that is a ring with respect to addition 
and multiplication of matrices. 
at+ib = e+-id i r+is 
BAS -[_ pa an p] ond B= 3 ae al 
be. any. two. elements of M. We haye 
a+ i(b+ c+r)+i d+s sete 
ae ral en cape Fol ae 
obviously a matrix of the given form. So A+B e M. 
Also AB 
n[ictiigcinnstesian rei (a-418)(¢-+18)-+(e+id)(p—ta) 
L(—¢+id)tp +19) + (a-ib)(-r + ts) ee ee ee) 


fee —cr—ds) (ar—bs +cp+dq) 
+i(aq+bp+cs—dr) . + (as br—ca+ dp) 
—(cp+dq+ar—bs) G7 s+-ap—bq) 4 
‘+i (dp—cq+as-+br) —t (cs—adr+aq+bp) 


which is obviously an element of M@. Thus M is closed with res- 

pect to addition and multiplication of matrices. Further matrix 

addition is commutative as well as associative. The zero matrix 

0+10 0+i0 is the additive identity and so it is the zero ele- 
—0+i0 0—i0]' ia Uae ee 


.y [| @t+ib  c+id 
ment of ©, If =| _ c+id ath 


, [—a—ib -c-id . 
—4=| eaid ok “lt © M. Thus each element of M posse 


© M, then obviously 


-sses additive inverse Further matrix multiplication i is associative 
and it is distributive with respect to addition. Hence. is a ring 
with respect to-addition and multiplication of matrices. 


Existence of Berar identity. ‘Fhe matrix 
i} Tolle i] obviously an element M. It 3 
—0+i0 1-10}~[o neo Slemaeh ey 5 


the unit matrix and 60 it is the multiplicative identity. Thus M is 
a ring with unity. 
Existence of multiplicative’ inverse of each nén-zero element of 
_[ @+ib- e+id 
| M. Let A= [_ etd a= be any non-zero element of M ie. x 


a, b, c,d are not all equal to zero. We have | A| fe.; det 
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A=a!+-b° + c+-d*=40. Therefore the matrix A is non-singulér and 
‘is therefore inversible. We must show that 4-2 €.M.. Let 
|A|=m. Then mis areal number and m>0.“We have 
to yy - 1 fa—ib ~—c—Id] 
AFA Ore bse ef | 

which is obviously.an element of M. ‘Theréfore f£ach non-zero 
element of M possesses multiplicative inverse. 

. Misa skew field (or a division ring). 

Now we shall show that M is not a field /.e.,. multiplication 


. ers _[ 3+4i. 5467]. 
in.M is not commutative.. We have oe ete 3 al = M, 


} 1400 «1407 J 1 Ie. 
rte B=[_ ito 1—i0 -[_; Hl SM. 
_f—2-2i 84410: paf[—2+10i = 84.227- 
eee 4B—( 35 10 meio] and FA) 642i arly 
We see that AB#BA. Therefore multiplication in M is not com. 
mutative and so M is not a field. . 
Hence M is a skew field which is nota field. 


Ex. 16. Let p be a prime number. Prove that the set of inve- 
gers I,, 


I,={0, J, 2, 3, seeoee ry p-l} 
forms a field with respect to addition and multiplication modulo p. 
(Mysore 1970; Andhra 77; 


_ ‘Madras 77; Delhi 70; Utkal 70; Aligarh 67) 


Solution. As in the chapter on groups we can prove that 
(I,, +>) is an abelian group. Also I,.is closed with respect to 
*X,’. The composition ‘x p’ is associative as well as commutative, 
Also ‘x,’ is distributive with respect to ‘+,’ as can be proved as. 
below; | 
Let a,b,c GI,. Then 
aX», (b+, ¢c)=ax, (b+c) (. b+, c=b+e (mod p)] 
==least non-negative remainder when ab-+-ac is divided by p 
=least non-negative remainder when ab-+-ac is divided by p 
_==(ab)+, (ac) —_ . 
= (ax , b)+-» (ac) [*." ab=ax>, b (mod p)) 
=(ax'p b)+, (ax pe). 
Similarly we can prove the other distributive law. 
1 is the identity element for ‘x ,’, a 
The zero element of the ring (I,,4-p.X p) is 0. -As in groups 
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we can prove that each non-zero element of I, has multiplicative 
inverse. 

In short the non-zero elements of I, form an abelian group 
with respect to ‘x,’. Therefore (I,, + , Xp) is a field. 


Note. If p is not prime, then this ring will b have zero divisors 
and so it cannot be a field. 


Ex. 17. Prove that the set of residue classes modulo p is a 
commutative ring with respect to. addition and multiplication of rest- 
due classes. Further show that the ring of residue classes modulo p 
is a field if and only if p is a prime. 

(Kanpur 1980; Vikram 79; Karnatak 77; ‘LAS. 74; Allahabad 80; 
Patna 86; Kumayan 77; Meerut 74) 


Solution.. Let I, be the set of residue classes modulo p. Then 
I, has p distinct elements. Thus I,={(0], (1], (2],.--. (p—1}}- 
Let (a), [6] GI,. Then we define addition and multiplication 
of residue classes as follows : 
(a]+[b]=[a+5), (addition) 
[a] [6)—=[ab) . (multiplication). 
Since [a+] and (ab) are both residue classes modulo p, there- 
fore I,-is closed with respect to addition and multiplication. 
Now let [a], [5], [c] be any elements of I,. Then we observe : 
Commutativity of addition. 


(a]+[b)=[a+5) (by def. of addition of residue classes) 
=(b+a]  (°.' addition of integers is commutative) 
=(6)+[2]. _ | 


- Associativity of addition. We have 
((a)+[6))+{cl=[4+6)}+[e]= ((a+5)+c)=[(a+(b+c¢)) 
~ =(@)+[6+¢c]=[4]+((5) +[c)). 
Existence of additive identity. We have (0) & I). If [a] = I, 
then [0]-+{a]=[0+a]=[@]. Therefore [0] is the additive identity. 
Existence of additive inverse. Let a] © I,. Then [—a] € I). 
We have [—a]+[a]= [-a+a}= (0}. Therefore [—a] is the additive 
inverse of [a]. 
Associativity of multiplication. We have 
([a} [6]) [¢]=[4b] {c]=((ab) ¢]=[a (be)}=(a] [be]=[a] ({6) {c)). 
Commutativity of multiplication. We have 
[a] [6)=[(ab]=[ba]=[6] (a). 
Distributive Laws. We have | 
[a] ((6]+[¢])=[4] [6 +¢]=[¢ (6 +c)}=[ab +ac] 
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=[ab} + [ac] =[a} [b]+[a] [c]. 
Similarly —_ ({b]+-[¢]) (4}=[6] [4)+[e] [a]. 
Thus I, is a commutative ring. Note that it is a finite ring 
because it has p elements. Now suppose that p is a prime number. 
Then to prove that I, is @ field. Let [a], [6] © I,. Then 
(a) [6}=[0] > [2b]=[0] 
> p is a divisor of ab i.e., p | ab 
=> p|aorp| 5. [Note that if a and b-are any two integers 
and p is a prime number, then p | ab=>p | aor p |b) 
> [a]=[0] or.-[b}=[0). | 
Thus I, is without zero divisors. Therefore I, is an integral 
_ domain. But every finite integral domain is a field. Hence’, is a 
field. 
. Conversely suppose that I, is afield. Then I, is an integral 
domain. Therefore I, is without zero divisors. We-are to prove 
that-p is a prime number. Suppose p is not prime, but p.is com- 
posite. Let p=mn, where 1 < m <p,l<2<p. Then 
(mn]=[p] 
=> [m] [n]=[0) (¥ [p]=[0}) 
_ Also (m][0], since 1 < m < p. Similarly [n]3<0. 
Thus (m] (n]=[0] while neither (m]=[0] nor (n]=[0]. 
Therefore FE, possesses zero divisors and thus we get a contra- 
diction. Hence p must be prime. 


Exercises 


1. Prove that the set of rational numbers (real numbers or 
complex numbers) is a field with respect to addition and multipli- 


cation. (Meerut 1976) 
2.(i) Prove that the set of integers is an integral domain 
with respect to addition and multiplication: (Meerut 1975) 


(ii) Define a field. Prove that every field is an integral 
domain, but there exist some integral domains which are not 
fields. _ (Madurai 1978) 

3. Define a ring and furnish an example of (i) a non-commu- 
tative ring with unity, (ii) a commutative ring without unity. 

sd | (Kerala 1974; Delhi 70) 

4. Prove that in the list of axioms for a ring R with unity the 


axiom demanding commutativity under addition may be omitted. 
(Keral 1970) 
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5. Is every field also a division ring ? Does the set of all 
integers under usual addition and multiplication form a field ? 
Give some example of a field which is finite. 

6. Prove that the set of integers R, 

R={0, 1,.2,.3, 4} 
forms a field under addition sepaulo S and multiplication 
modulo 5. 

7. Prove that the set {0, I’, 2} (mod 3) is a field with respect 
to addition and multiplication. (Meerut 1977) 

8. If two operations * and o on the set I of ‘integers are 
defined as follows : 

a*b=a+b—1, a0 b=a+b—ab 
prove that the system (I, *, o) is a commutative ring with identity. 
(Banaras 1970) 

9. If Risa ring with unily element 1, then (—1) a=—a=a 
(—1) ¥ a&R and (—1)(—1)=1. (Banaras 1968; Kolhapur 73) 
_ 10. If addition and multiplication modulo 10 is defined on 
the set of integers R={0, 2, 4, 6, 8}, prove that the resulting 
system is a ring with unity. Is it an integral domain ? Ans. Yes. 

(L.C.S. 1988) 

11. Let A be the set of all real valued functions on (— ©, ©). 
Define ( f+g) (x)=f(x)+8 (x) and (fxg) (x)=f (g(x)) for every 
xin (—00, 00). Is 4a ring with respect to these two operations ? 

(Kerala 1969) 
Ans. No ; the distributive laws do not hold. 

12. Show that a ring R which has a unique element e with 
the property that ea=a ¥ a G R, has unity. (Meerut 1979) 

13. Ifaring R has a left identity as well as right identity, 
then the two are equal. . (Lucknow 1968) 

_ 14. Prove that the only idempotent elements of an integral 
domain with unity are 0 and 1. (Nagarjuna 1978) 

15. An element a of a ring R is said to be nilpotent if a*= 
for some positive integer n. Prove that a=0 is the only nilpotent 
clement of an integral domain. 

16. (i) Prove that a ring Ris commutative if and only if 
(@+-b)*=a*+2ab+58 ¥ a, bE R. (Agra 1980) 
(ii) If Risa commutative ring, prove by induction that 
_ (@+-b)'=30"+%¢,0"-1b +-"c,a"-*53 +... +b" for every positive integer 
mS here a and b are elements of R. (Allahabad 1965) 
17. Prove that every field is an integral domain~but every 
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integral domain is not a field. Give an example of an i egral 
domain which is also a field. x (Meerut 1977, 86) 
18. Prove that the set of matrices 


a b 
Le | 
where a, b are complex numbers and d, 6 denote the complex 
conjugates of a and 5, is a skew field for matrix addition and 
‘matrix multiplication. 
19. Give examples to illustrate the difference between a field, 
a skew field and an integral domain. (Meerut 1978, 79, 82) 
. 20. Define a ring and ‘an integral domain. Give an example 
of a ring which is not an integral domain. . (Marathwada 1970) | 


21. Give an example each of: 


(i) @ non-commutative ring. (Guru Nanak 1975) 
(ii) Ring without zero divisors, = 7 
(iii) divison ring. © (Lucknow 1970; Marathwada 75) 


(iv) A ring which is not an integral domain. 
(Meerut 1984) 


22. Explain with an example the difference. between a field 
and a skew. field. — (Meerut 1976) 
23. If in a ring with unity any element a has the multiplica- 
tive inverse, then a cannot be a divisor of zero. (Lucknow 1969) . 


24. Prove that in a field : 
ac = ., @ ¢ ad—be 
sei a eee ps «4, (9) a. 
(iii) (say"'=—(™). GY) (<5) =b —(Allahabad 1970) 


25. Show that Z[(/—5], the set of complex numbers 
a+b/(—5) where a, b are integers, is an integral domain. 


(Meerut 1974) 
26. Prove that the ring I/(p), of integers modulo p isa field 
if and only if p is prime. | (1..A. S. 1974) 


27. Define commutative rings, integral domains and field. 
For the following, tell which of the above these are :. 

(i) The ring of integers modulo 4. 

(ii) The ring of all 2x2 matrices over rationals. 

(iii) The ring of all complex numbers. 

(iv) The ring of rational numbers of the type a/p", where p 
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is a fixed prime, a any integer and n.any integer > 0, 
a (Meerut 1976) 

Ans. (i) commutative ring ; (ii) none ; (iii) field ; 

(iv) integral domain. 

28. Show .that the set of all 2x2 matrices. over a field F 
forms a non-commutative ring under matrix addition and multi- 
plication. Show also that this ring contains divisors of zero. 

(I.A.S. 1971; Meerut 77) 


29. Let R be a ring with unit element. Let R denote an algeb- 
raic system consisting of the same elements as R and the two 
compositions of @ and +, called, respectively,. addition and 
multiplication, defined in it by the rule : | 

@@b=a+b+1, and a + b=ab-+a-+-b where a,bER 
and where Nie addition and multiplication of the right hand side 
of these re ations are those of R. Prove that & is a ring. Find the 
zero element and the unit element of %. 

(1.A.S. 1974; Raj. 78; Madras 78) 


30. Show that the set of all 2x2 non-singular matrices over 
rationals is not a ring under matrix addition and multiplication. 


, (Meerut 1973) 

31. Prove the cancellation law from the other postulates 

for a field. (Kolhapur 1973) 

32. Enumerate the properties of a set to define an integral 

domain. (1.A.S. 1972) 

33. If Ris any ring, express (a+5)* as a sum of products of 

aand 6, a,b & R. (Poona 1973) 
34. For what values of n, is I,, | 

(i) integral domain (ii) field ? (Poona 1973) 


35. Give an example of a field F, which satisfies OCFC R, 
where Q and R are the fields of rational and real numbers 
respectively. | 

36. Show that a finite ring with unity and no divisors of zero 
is a division ring. - (Meerut 1980, 85) 

§7. Isomorphism of Rings. A ring R is said to bé isomorphic 
to another ring R’ if there exists a one-one mapping f of R onto R’ 
such that 


f (a+b)=f (a)+f (b), flab)=f (a) f (b) ¥ a, bE R. 
Also such a mapping f is said to be an isomorphism of R onto R'. 
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A mapping f : R->R’ is.an isomorphism of R into R’ if fis 
one-one and if f(a+-b)=f(a)+-/(b) and f(ab)=f(a) f(b) ¥ a,b & R. 
For f to be an isomorphism of R onto R’, it must be one-one onto 
and it must preserve both addition and multiplication com- 
positions in R and R: There may be more than one isomorphisms 
of R onto R’ if R is isomorphic to R’. 

"Ifa ring R is isomorphic to another ring R’, we shall write 
insymbols R&R’. Also R’ is said to be an isomorphic image of R. 

Note. In the above definition of isomorphism of rings, we 
have denoted the compositions in'the two rings by the same sym- 
bols. The elements tell us that what is the composition represen, 
ted by any symbol. For example, a, b @ R. When we write a+b, 
ab then the respective compositions are addition and multiplica- 
tion of R. Again f(a), (0) G R’. When we write fla) +(e), 
S(a) f(b) then the respective compositions are addition and multi- 
plication of R’. 

Relation of isomorphism in the set of all rings. 

As we have proved in groups, we can prove that the relation 
of isomorphism in the set of all rings is an equivalence relation. 
Therefore it will partition the set of all rings into’ disjoint equiva- 
lence classes such that any two rings of the same ‘class are iso- 
morphic to each other while rings of different classes are not iso- 
morphic. Any two rings belonging to the same equivalence class 
are said to be abstractly identical. 

Example. Let R be the ring of integers under ordinary addition 

“and multiplication. Let R’ be the set of all even integers. Let us 
define multiplication in R' to be denoted by ‘+’ by the relation 


ax b=, 


where ab is the ordinary multiplication of two integers a and 6. 

(i) Prove that (R’, +, *) is a commutative ring where-+stands 
for ordinary addition of integers. 

(ii) Prove that R is isomorphic to R’. 

(iti) What acts as the unit element of R' 2? 

Solation. Obviously 2’ is an abelian group with respect to 
addition. 


If a and bare both even integers then - is also an even inte- 


ger. Therefore ab=(7) eG Rv a,bG R’. 
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Thus R’ is closed with respect to +. 
Also if a, 6, c are any elements of R’, then 
.. #8 associative. cane 
Further (a bya 85 * a). 

* is commutative. 


Again‘a » (b40)=2 Gt) =P + 2 (a4b)+(a2e). 
Similarly (b+-c) * a=(b#a)+(cxa). 
+ is distributive with respect to +. 
(R’, +, *) isa commutative ring. 
(ii) We shall now show that R is isomorphic to R’. Consi- 
der the mapping f defined by “> *s 
J: RR’ such that f(x)=2x ¥ xR. 
The mapping / is obviously one-one onto. 
Also ¥ 1, X22 & R we have 


F (X1+-%2)=2 (1-29) = 2x1 + 2xg=f(xi) +f (Ha) 


and f (x1 ¥s)=2 (x x)= Fv 2%) 095.) * (2x2) =f(m) # fla). 


the mapping f is an isomorphism of R.onto R’. 
(iii) Here 1 is the unit element of R’. We have J(1)=2. Since 
f is an isomorphism of Ronto R’, therefore 2 must be the unit ele- 


ment of R’. We have for all ae R’, 2 * an ma=a * 2, 
2 is the uhit element of R’. 
§ 8. Properti S of isomorphism of rings. 


Theorem. Jf f is an isomorphism of a ring R ontoa ring R’, 
then 
(i) the image ofthe zero of R is the zero of R’. (Kanpur 1988) 
(ii) the image of the negative of an element of R is the negative 
of the image of that element i.e., f (—a)=—f (a) ¥ aER. 
(Nagpur 85) 
(iit) If Ris commutative ring, then R' is also a- commutative 
ring. . -(Xanpur 1988) 
(iv) If R is without zero divisors, then R' is also without zero 
divisors. 
(¥) Uf R is with unit element, then R’ is also with unit element, 
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(vi) If R is a field, then R' is also a field. (Kanpur 1980) 
(vii) If Ris a skew field, then R' is also a skew field, 
Proof. (i) Let a&R. Then f(a)ER’. Let 0’ denote the zero 
element of R’. To prove that f(0)=0'. | 
We have f(a)-+0'=f(a)=f(a+0)=/(a)+f(0). By cancellation 
law for addition in R’, we get from f(a)+0'=f(a)+/(0), the result 
that 0’=/(0). 
(ii) We have f(a)+-f(—a)=f [a+(—a)]=/(0)=0'. 
- f(—a) is the additive inverse of fia) i in R’. Thus 
S(—a)=—f(a). 
iii Let s@ and f(5) be any two elements of R. Then 
a, bER. 
We have f(a) feb) =f(ab)=f(ba) 
[*.. Ris.commutative > ab=ba] 
=f(b) f(a). | 


’ R' iscalso commutative. 


(iv) We have f(0)=0'. Also fis one-one. Therefore 0 is the 
only element of R whose f-image is 0’. 


Let f(a), f(b) be two non-zero elements of R’. Then f(a)#0', 
f(b)#0' > a0, 60. Since R is without zero divisors, therefore 

a0, 640 = ab<0 => flab) #f(0) 

> f(a) J(b)#0' = R’ is without zero divisors. 

(v) Let 1 be the unit element of R. Then f(1LER’. If f(a) 
is any element of R’, we have 

f( 1) f(a)=((1a)=f(a) and f(a) f(1)=f(al)=f(a). 

.. JS()) is the unit element of R’. 


(vi) If 2 is a field, then R is commutative,. with unity and 
each non-zero element of R will possess multiplicative inverse. 
Now lpia, in (iii) and (v), R’ will be commutative and will 
also have the unit element i.e., f(1). 

Let f(a) be any non-zero element of R’. Then 

f(a)#0' > a40'=> a= exists. 
Now f(a“)ER’ and we have . ; 
Ka) fla) =f(a-tay =f(1) and f(a) fla) faa-*\=f0\). 
S(a-) is the multiplicative inverse of f(a). 

Hence R’ is a field. 

_ (vii) As shown in (v) R’ will be with uni element i.e., f(1) and 
as shown in (vi) each non-zero element. of R’ will be inversible. 
Therefore R’ is a skew-field. 
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Transference of ring ‘structure. . 

Theorem. [If f is a one-one mapping of a ring R onto @ set R' 
with two compositions denoted additively and multiplicatively such 
that f(a+b)=f(a)+f(b), f(ab)=f(a) f(b) + a, b ER, then the set 
R’ is a ring for the two compositions. (Banaras 1967) 

The theorem can be’ easily proved as we have proved the 
corresponding theorem on groups. 

§ 9. Subrings. 

Definition. Let R be.a ring. A non-empty subset S of the set R 
is said to be a subring of R if S is closed with respect.to the opera- 
tions of additton and multiplication in R and S itself isa ring for 
these operations. _ (Indore 1970; Meerut 74) 

If S is a subring of a ring 2, it is obvious that S is a subgroup 
of the additive group of R. 


If R is any ring, then {0} and R itself are always subrings of 
R. These are known as improper subrings of R. Other subrings 
if any, of R are called proper subrings of R. 

Conditions for a subring. Theorem. The necessary and sufficient 
conditions for a non-empty subset S of a ring R to be a subring of R 
are ; 

(i) a&S, bES > a—bES (ii) acS, bES > abeES. 
, (Indore 1970; Madurai 78; Meerut 80, 81; 
Patna 87; 1.C.S. 84) 


Proof. The conditions are necessary. Suppose (S, +, .)is a 
subring of (R, +, «). 
Since S is a group with respect to addition, therefore b&S 
=> -—beES. 
Now S is closed with respect to addition. 
“ a&S,bES=> aEcS,—beEsS . 
_ > a+(—b)ES>a-bES. 
Also S is closed with respect to multiplication. 
aeES, bES > abes. 
_ Hence the conditions are necessary. 


The conditions are sufficient. Suppose S is a sénteipty subset 
- of R and the conditions (i) and (ii) - are satisfied. From (i), we 
have 
acs, aes + => a—aeSs 
-. »0€ She., the zero element & S. 
N ow since 0&S, therefore from (i), we have 
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0€ S,aeS=>0-ae S >—aeES te-each element.of S. 
possesses additive inverse. 
Now if a, 5 are any elements of S, then —dES. 
From (i), we have 
aS, —bES = a—(—b)ES = at+be S. 
S is closed with respect to addition. . 
Now S'is a subset of R. Therefore associativity and commu- 
tativity of addition must hold in S since they hold in R. 
(S, +) is an abelian group. 
From (ii) S is closed with respect to multiplication. 
Associativity of multiplication and distributivity of multiplica- 
tion over addition must hold in S since they hold in R. 
Hence S is a subring of R. 


Cor. The necessary and sufficient conditions for a non-empty 
subset S of a ring R to be a subring of R are aa . 
(i) S+(—S)=S (i) SSCS. (Meerut 1970) 
Intersection of subrings. 
Theorem 1. The intersection of two subrings is a subring. . 
(Meerut 1984, 85, 87; Kanpur 80, Garhwal 76; Rajasthan 77) 


Proof. Let .S, and Sz be two subrings of a ring R. Then S, Se 
is not empty sifice at least OES, () So. 
. Now in order to prove that S,f) Sz is a subring, it is sufficient 
to prove that | . 
(i) acs; NS, bES:N S: => a—bES, NS, . 
and (ii) aes, n Sa, beES;, N Ss > abeS, Nn So. 
We have aES,1\S, > a&Si, aes, 
beES, NS => bES,, bES;. 
Now S, and S; are both subrings. 
aes;, bES;, > a—bes, and abes, 
and = aS, bES, > a—beES, and abe S;. 
Now a—beS,, a—beES, > a—beES, f) S: 
and | abe S,, abES, > abES; 1) Ss. 
/Thus  aGS1(\S2, bE S11) Sa. | 
>a—be Sif S: and ab © SiN Sa. 

Sif Sy is a subring of 2. we i. 
Theorem 2. Av arbitrary intersection of subrings is a subring. 
Proof. Let R be a ring and let {S, : tT} be any family of 

subrings of R. Here: is an index set and is such that ¥ ¢ & T, 


288 ‘Modern Algebra 
S; isa Sabaing of R. Let S= feo :xeES, ¥. eT} be 


the intersection of this family of subrings of R. Then’ to prove 


that S is also a subring of 
Obviously S+@, sinc€ at least the zero element ‘0 of R is in 
S, ¥ teT. . 
Now let a, b be any two elements of S. Then 
ae ft) &-aecS,¥teEeT 
teT 
and ‘bE te, S27? 6bES,¥t eG T. 
teT 
But ¥ teT7, S; is a subring of R. Therefore 
a,beS, > a—b, abe S, ¥ 1ET. 
Consequently a—b, ab & A lee Thus we have shown that 


abe BLS ee abe f) Sie 
ter 

Therefore . = is a subring of R. 

teT - 

Smallest subring containing a given subset of a ring. Suppose 
Ris d ring and M is any subset of R. Further suppose that S is a 
subring of R such that MCS and if Tis any subring of R con- 
taining M then SCT. Then S is called the subring of R generated 
by the subset Af. In short if Sis the smallest subring of R con- 
taining M, then S is called the subring generated by M. Also we 
write S=(M). 

Theorem. The intersection of the family of subrings which 
contain a given subset M of aring R is the smallest subring con- 
talning the subset M. 

Proof. The family of subrings which contain M is not empty 
since at least R is a subring Of R which contains M. Further the 
intersection of all subrings of R which contain AZ is alsd a subring 
of Rand M is contained in this intersection. Also this intersection 
will.be contained in any subring of R which contains M. There- 
fore this intersection is the smallest subring of R containing. M 
i.e., it is the subring of R generated by M. 


‘Some Examples of subrings. 
Example 1. The set of integers {sa subring of the ring of 


rational numbers. ’ 
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If a,b 1, thena—b Elandabel. 
I is a subring of the ring of rational. some Joe 


Example 2.. The set of all nxn_ matrices over ‘the field of 
rational numbers is a subring of the ring of all nxn- mentee. over 
the field of real numbers. my? ; 


Example 3. . Let R be the ring of all. 2x2 matrices over the - 
field of real numbers. Let M be a-subset of R and let the elements 
of M be matrices of the type 

a 0 

b 0 
f.e., matrices in which the elements of second column are all zero. 
Then M is a subring of R. 


Let co 0 -B=[5 ob be any two elements of M. 
is cs 
ba oe : _f[a. O]fa, 0]_[ara. 0], 
Then A— B= hee: of Also AB=[5 ols 1 [eee al . 
Now A~—B am “AB are both members of M since the second 


column of A—B and also of AB consists of zeros oo 
”. Misa subring of R. 


Example 4. Show that the set of matrices [o al isa subring 


of the ring of 2x2 matrices with integral elements. 
(Meerut 1979; Madras 83) 


Solution. Let R be the ring of 2X2 matrices with integral 
elements and let M be the subset of R and let the elements of Af 


be matrices of the type F At 
Let a=(9 al, a=(5 ad be any two elements of M. 


Then A— —B=["5% el which is obviously an: ele- 
ment of M.. 
Also aB=[¢' Fy |= [a =] which is 

. C1Cg 


_ obviously an element of J. 
*, Af is a subring of R. 


Example 5. cet R be the ring of integers. Let m be any fixed 
integer and let S be any subset of R such ‘hat 


290. ~Modern Algebra 

S={..., 
ving of R. 

Let a=rm and b=sm be any two elements of S. Then r and s 
are some integers. We have 5 

a—b=rm—sm=(r—s) m and ab=(rm) (srt) =(rsm) m. 

Since r—s is some integer and (rsm) is also some integer, 
therefore both a—b and ab are elements of S. Hence Sis a sub- 
ring of R. 

' §10. Subfields. 


Definition. Let F be a field. A non-empty subset K of the set 
F is said to be a subfield of F if K is closed with respect to the 
operations of addition and multiplication in F and K itself isa field 
Sor these operations. (Kanpur 1969) 


Conditions for a subfield. Theorem. The necessary and suffi- 


clent conditions for a non-empty subset K.of a field F to be a sub- 
field of F are . 


@) aE KbeK>a-bexk. 
(i) aE K,04bE Ke abc K. (Bombay 1970) 
Proof. The conditions are necessary. Suppose K is a sub- 


field of the field F. Now Kis a group with respect to addition. 


Therefore b G@ K > —b EK. Also Kis closed with respect to 
addition. 


~3m, —2, —m, 0, m, 2m, 3m,...}. Then S is a sub- 


aeK, bEK = a+(—b) € K = a—beX. 
Now each non-zero element of K possesses multiplicative 
Inverse. Therefore 0+bEK > b EK. 
But X is closed with respect to multiplication. 
a&K, 04bEK => abe k. 
Hence the conditions are necessary. 


The conditions are sufficient. Suppose K is a non-empty sub- 


set of F and the conditions’ (i) and (ii) are satisfied. 

As we have proved in subrings, we can ‘prove that with the 
help of condition (i), (K, +) is an abelian group. [Give the same 
proof here}. - 

Now let a be any non-zero element of K. Then from (ii) we 
havea eG K,04aeEK>ac'ecK=> 1. -K. 

Now 1 & K, therefore again from (ii), we have... 

1EK04ae Keo lo ECKS EK, 


. Each non-zero element of K possesses. multiplicative 
inverse. . | 
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Now let a@K and 046 eK. Then d“eEK. 

From (ii), we have 

aeEK, 046-1 © K > a (6-1)-* eK>abe kK. 
Also if b=0, then ab=0 and 0EK. 
.. ab&K ¥ a, be. 
Associativity of multiplication and distributivity of multipli- 
cation over addition must hold in K since they hold in F. 

Hence K is a subfield of F. 

Example. The field of real numbers is a subfield of the field 
of. complex numbers. The field of rational numbers is a subfield 
of the field of real numbers. 

§ 11. Characteristic of a ring. 

Definition. Let R bearing with zero element Q and suppose 
there exists a positive integer n such that na=a+a+...upton 
terms=0 for everya G R. The smallest such posttive integer n is 
called the charactertstic of the ring R. If there exists no such posi- 
tive integer, then R is said to be of characteristic zero or infinite. 

_ (Nagarjuna 1978; Rajasthan 76; B.H.U. 87) 

If any element of a ring R is of order zero when regarded as 
an element of the additive group (R, +), then R will be of zero 
characteristic. 

The ring of integers is of characteristic zero. The ring of 
rational numbers is also of characteristic zero. 

If Ig={0, 1, 2, 3, 4, 5}, then the ring (Ig, +6, Xo) ée., the 
ring of integers modulo 6 has characteristic 6 since 6x=0 for 

every x in the ring. Obviously no integer smaller than 6 satisfies 
this property. For instance, 5 cannot be the characteristic, since 
5(2)=4 in I, and 4540. 

Theorem 1. The characteristic of a ring with unity ts 0 or ‘n>0 
according as the unity element 1 regarded as a-member of the addi- 
tive group of the ring has the order zero or n. 

Proof. Let R be a ring with unity element 1. If! has order 
zero, then the characteristic of the ring is zero. 

Suppose | is of finite order m so that 

If1+1+.. -upto 2 terms=0 i.e., nl =0. 
Let a be any element of R. Then, we have 
na=a+a+a-+...upto nterms 
=la+la+la+...upto # terms . 
=(1+1+I-+...upto # terms) a [by dist. law} 
=(nl) a=0a=0. 
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order of ais < n.. 

Hence the characteristic of the ring is n. 

Theorem 2, The characteristic of an integral domain {s 0 or 
" > 0 according as the order of any non-zero element regarded as a 
member of the additive group of the integral domain is either.0 orn. 

. (Rajasthan 1976) 

Proof. Let D be an integral domain. 

If a non-zero element of D is of order zero, then the charac- 
teristic of D is zero. 

Let the el of the non-zéro element a be finite and equal to 
n, Then na= 

Suppose a is any other non-zero element of D. 

Wehave na=0 

=> (na) b=0 

=> (a+a+a+...upto a terms) b=0 
> (ab+ab+ab+...upto n terms)=0 
=> a (b+5+5+...upto n terms)=0 
=> a (nb)=0. 

But D is without zero divisors. Therefore a0 and a(nb)=0 
=> nb=(, . 

But the order of a is n > nis the least positive integer such 
that na=0. Also we have n0=0. Thus is the least positive iate- 
ger such that nx=0 ¥ xeD. Hence D is of characteristic n. 

Theorem 3. Each non-zero element of an integral domain D, 
regarded as a member of the additive group of D, ts of the same 
order. (Andhra 1975, 77) 

Proof. Let D,be an integral domain. Suppose ais a non- 
zero element of D’and o (a) is finite and say, equal to n. 

Suppose b is any other non-zero element of D and o (b)=m. 

We have 0 (a)=n > na=0 

> nb= =0 (See theorem 2] 
.20(b) Shs> men. | 
Similarly o(b)=m => mb=0 => a (mb)=0° 
=> a(5+5+...upto om times)=0 
=> (ab-+-ab+ab+...upto m times) =0 
=> (a+a-+a...upto m times) B=0 
> (ma)b=C 
=> ma=0 [". 6&0 and D is without zero 
| divisors] 
> ot) QGmenem 
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Now m <n,n <m>m=n. Hence o(a)=0(5). 

Also if o (a) is zero, then o (b) cannot be finite. Because 
o (b)=m- > ma=0 t.e., the order of a is finite. Hence o (5) must 
also be zero. Hence the the orem. 


Theorem 4. The characteristic of an integral domain ts elther 
0 or a prime. number. (1.4.S. 1971; Nagarjuna 78, 79, 80; 


B.H.U. 87; Kerala 70; Madras 77; Andhra 75, 77; Kanpur 87} 


Proof. Suppose D is an integral domain: Let 0+%aED. If 
o (a) is zero, then the characteristic of D-is 0. - Ifo (a) is finite, 
let o(a)=p. Then the characteristic of D will be p. We are to. 
prove that p must be prime. 

Suppose p is not prime. Let p=p,pa where p,31, ps3] and 
Pi < p also p:-< p. 

Since D is an integral domain, therefore the product of two 
non-zero elements of D cannot be equal to 0. 

aa~0 i.e., a®240. 

Now in an integral domain two non-zero elements are of the 
' same order. 
. Oo(aj=p > 0(a)=p > pat=0 


= (pips)a*=0 Gg p=pips) 
=> (a°+-a°+a'+.. upto Pips terms)=0 
=> (p12) (psa)=0 


=> either p,a=0or pya=0 © 
[*. Dis without zero divisors) 
But p; <. p and ps < p, Also p is the least positive integer. 
such that pa=0. Hence p must be prime. 


Characteristic of a field. Every field is an integral domain. 
Therefore the charactertstic of a field Fis0 orn >0 according as 
any non-zero element (in particular the unit element 1) of F is of 
order Qorn. — 

Thus in order to find the characteristic of a field F, we 
should find the order of the unit element 1 of F when regarded as ~ 
a member of the additive group of F. If the order of 1 is zero, then 
F is of characteristic 0. Ifthe order of | is finite, say,» then 
the characteristic of F is x. 


The characteristic of the field of real numbers is 0. 
The characteristic of the finite field (I;, +7, x7) is 7 where 
1=({0, 1, 2, 3, 4, 5, 6}. 
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§ 12. Ordered Integral Domains. 

Definition. An integral domain (D, +, +) ts said to be ordered 
if D contains a subset D, such that 

(t) D, is closed with respect to addition and multiplication as 
defined on D. 

(ii) 4 a@ & D, one and only one of a=0,a © Das -ae Di, 
holds (principle of Trichotomy). (Allahabad 1965, 70; Bombay 70) 

The elements of D, are called the positive elements of D; all 
other non-zero elements of D-are called negative elements of D. 

Ordered field. A field (F, +, +) ts said to be ordered if it is 
ordered as an integral domain. (Kolhapur 1973) 

The integral domain (I, +, +) of all integers is ordered. 

The set I, of all positive integers is the set of the positive 
elements of this integral domain. We know that the sum and 
product of two positive integers is again a positive integer i.e., I, 
is closed with respect to addition and multiplication. Ifa & I, 
then either a is zero or positive or negative i.e., either a=O or 
ael, or—aeE I,. 

The field of rational numbers is an ordered field. The field 
of real numbers is also an ordered field. But the field of complex 
numbers is not an ordered field. 

Theorem 1. Let D be an integral domain with unity element 1. 
If D is an ordered integral domain show that | is a posttive element 
of D. (Allahabad 1970) 

Proof. Let Dbe an ordered integral domain with unity 
element 1. Let D, denote the set of positive elements of D. 

Suppose 1 ¢ D,. 

Now 140. Since |-¢ D,.therefore by the definition of an 
- ordered integral domain, 

—le D, 
~ (—1) (—1) € Dy {.. Dz is closed with respect to 
multiplication] 
=> 1 © Dy, which is a contradiction. 

Hence | & D, i.e., 1 is a positive element of D. 

' Theorem 2. The field (C, +, ©) of complex numbers is not 
ordered. (Banaras 1969; Meerut 76, 78; Allahabad 70) 


Proof. Suppose C is an ordered field and C, is the set of 
positive elements of this field. The additive identity i.e., the zero 
element is 0+i0. 

Now ix0. 
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By the principle of trichotomy either / © Cy or —-1 & Cy, 

Now C, is closed with respect to multiplication. 

ry fEeC, > iim—l]-S C,. 

Again i€C,, —1EC,. >i (— I)=—ieEC,. Thus if i&C,, its 
additive inverse —i also belongs to C,. This contradicts the prin. 
ciple of trichotomy i.e., the condition (ii) of the definition of an 
ordered integral domain. 

_ Similarly if we assume that —iGC,, we can show that its 
additive inverse. i also belongs to C,. This again contradicts the 
principle of trichotomy. ee 

Hence the field of complex numbers is not an ordered field. 

Theorem 3. The field (1p,+->,X») where p is a prime and- 
I,={0, 1,...., p—1} is not ordered, 

_ Proof. Suppose I, is an ordered field and P is the set of 
Positive elements of this field. The zero element of this field is 0. 

_Now 140. The additive inverse of 1 is p—1. According to 
the definition of ordered field either 1 € P or its additive inverse 
p-~leP. 


But P is closed with respect to +>. ee 
Therefore 12P>1+, 1+, 1-+p...upto p—1 times & P 


This contradicts the principle of trichotomy. Similarly assum- 
ing that p—1€P we can show that its additive inverse 1 also be- 
longs to P. This again contradicts the principle of trichotomy. 
Hence the given field is not an ordered field. . 


Order relations is an ordered integral domain. 


_ Definition. Let D be an ordered integral domain and D,, be 
the set of positive elements of D. Then we define ‘less than’ (<) 
‘greater than’ (>) relations in D as follows : 

For all a, b&D, we have 

(i) @> b when a—b e D,. 

(ii) a <b when b—a & Dy. 

Obviously a > biff b < a. | 

Theorem, The order relation in an ordered integral domain is 
transitive i.e., a>>b, b>c > a> ec. (Kolhapur 73) 

Proof. Let D be an ordered integral domain and let D, be 
the set.of positive elements of D. 

We have a>b > a—b € D, (by def. of>} 
and b>c > b—c © Dy. 
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Now D; is closed with respect to addition. 
° a-be D,, b—c E Di > (a—b)+(b—c) = Dy 
>a-cEeD,>a>c. 
Exercises 
1. If Ris a ring, show that Z(R)={xER : xy=yx, ¥ YER} 
is a subring of R. Further show that Z(R) is a field if R is a divi- 


sion ring. (Delhi 1969, 70) 
2. Prove or disprove that any subring of a non-commutative 
ring is non-commutative. (Meerut 1976) 


3. Let x, y be commutative elements of a ring R of characte- 
‘ristictwo. Showthat (x+y)*=x*+y*=(x—y)*. 
4. Let R be a non-zero ring such that for all a © R, a=a. 
Prove that R is a commutative ring of characteristic 2. 
(Madras 1974; Nagarjuna 1978, 79, 80) 
5. Show that every finite integral domain is of finite charac- 
teristic. . 
‘6. Show that in an integral domain all non-zero elements 
_ generate additive cyclic groups of the same order which is equal 
to the characteristic of the integral domain. (Allahabad 1978) 
7. Give without proof, an example of an integral domain 
which contains only five elements. Is this an ordered integral 
domain ? Give reason. (Allahabad 1970) 
8. Define the characteristic of a ring and prove that if R isa 
finite ring then the characteristic of R is finite and +0. 


‘(Kerala 1970) 
9, Define an ordered field and illustrate the concept with the 
help of an example. (Meerut 1974) 


10. Show that the set of Matrices [ oe Are b real, forms 


_@ field isomorphic to the field of complex numbers. 
(Patna 1986) 
il. Give an ae ofa ring with unity 1 which has a 
subring with unity 1’1. _ (Meerut 1981) 
_ § 13. Imbedding of a ring into another ring. 
Definition. A ring R is said to be imbedded in a ring R' if there 
ts a subring S’ of R' such that Ris isomorphic to S'. - 
| Obviously a ring R can be imbedded ina ring R’ if there 
exists a mapping f of R into R’ such that f is one-to-one and 
Ff (a+b) =f(a) + f(b), f(ab)=f(a) f(b) ¥ a, bE R. 
For then f(R) is a subring of R’ and fis an isomorphism of R 
onto f (R) making R isomorphic to f (R). 
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Theorem. Any ring R without a unity biaeiene: can be imbedded 
in a ring with unity. (Sagar 1966; Meerut 78, 79; Jabalpur 70) 

Proof. Let R be any ring without unity. Let Z be the ring 
of integers. Let R’'=RXZ={a, m):a © Rand me Z}. 

We shall show that when suitable binary operations have 
been defined in Rx Z, then it becomes a ring with a unity ele- 
ment containing a subring, isomorphic to R. 

If (a, m) and (6, ”) are two elements of RXZ, then we 
define addition in Rx Z by the equation 


(a, m)+(b, n)=(a+b, m+n) (1) 
and multiplication in Rx Z by the equation a 
(a, m) (6, n)=(ab+na+mb, mn). wl2) 


‘In the right hand side of (1), a+-b is addition of two elements . 
of R and m+n is addition of two integers. In the right hand side 
of (2), ab is multiplication of two elements of R, mn is multiplica- 
tion of two integers and na, mb are integral multipies of a and b 
which we have explained in § 3 page 256 of this chapter. 

Since a+b GE R and m+n GZ, therefore (a+b, m+n) 
© RxZ. Thus RxZ is closed with respect to addition. Further 
ab, na, mb G R > ab+na+mb ER. Also mnGZ. Therefore 


(ab+-na+mb, mn) © RxZ. and RxZ is closed with respect to . 
multiplication. 


Now let (a, m), (6, a (c, p) be any elements of Rx Z. Then 
we observe : 

Associativity of addition. .We have 

[(a, m)+(b, n)]+(c, p)=(a+b, m+n)+(c, p) 

=({a+5)+c, [m+n)+p)=(e+[b+c], m+[n+p}) 

=(a, m)+(b+c, n+p)=(a, m)+[(d, n)+[(¢, p)]. 

Commutativity of addition. We have 

(a, m)+(b, n)=(a+5, m-+-n) 

=(b+a, n+) [°° addition is commutative 

in R and also in Z] 
=(5, n)+(a, m). . 

Existence of additive identity. We have (0,0) @ RxZ. Here 
the first 0 is the zero element of R and the second 0 is the zero 
integer. Also (0, 0)+(a, m)=(0+-a, 0+-m)=(a, m). 

*, (0, 0) is the additive identity. 

Existence of additive inverse. If (a2, m) ©. Rx Z, then 

(—a, —m) © RXZ and we have . | 
_(—a, —m)+(a, m)=(—a+a, —m+m)=(0, 0). 
a (—a, —m) is the additive inverse of (a, m). 

Associativity of multiplication. We have 


[(a, m) (b, n)] (c, p)=(ab-+na+ mb, mn) (c, p) 


298 Modern Algebra 


=((ab+-na-+-mb) c+-p (ab-+-na-+-mb)-+(mn) c, (mn) p) 

=(abe-+-n(ac)+-m (bc) +p (ab)+-(pn) a+-(pin) b+-(mn) c, (mn) p). 
Also (a, m) [(b, n) (c, p)]=(a, m) (be+pb-+nc, np) 

= (a (bce +pb+nce)+(np) a+m (bc+pb-+-nc), m (np)) 

==(abe +a (pb) +-a (nc)-+-(np) a+m (bc)+m(pb)+-m(nc), (mn) p) 

= (abe+ p(ab) +-n(ac) +(np)a-+m(bc)+ (mp) b+(mn) c, (mn) p). 
We see that ((a, m) (6, n)] (c, p)=(a, m) ((8, 2) (¢, p)) 


Distributive laws. We have 
(a, m) ((b, n)+(c, p)]=(a, m) (b+, n+p) 

=(a (b+¢)+(n-+p) a+m (b+c), m (n+p) 

=(ab + ac-+na+pa+mb+mc, mn+mp) 

=(ab+-na+ mb, mn)+(ac+pa+mce, mp) 

=(a, m) (b, ")+(a, m) (¢, p). 

Similarly we can show that the other distributive law also 
holds good. 

Thus Rx Z is a ring with respect to the operations defined 
On it. 


Existence of multiplicative identity. We have 

(0,1) & RxZ. If (a, m) © RXZ, then 

(0, 1) (a, m)=(0a+m0+1a, 1m)=(04+0+a, m)=(a, m). 

Also (a, m) (0, 1)=(a0+1a+m0, ml)=(0+a+0, m)=(a, m). 

.. (0, 1) is the multiplicative identity. So RxZ isa ring 
with unity element (0, 1). 

Now consider the subset S’= Rx {0} of Rx Z which consists 
of all pairs of the form (a, 0). We shall show that Rx {0} is a sub- 
ring of Rx Z. Let (a, 0), (4, 0) be any two elements of RX {0}. 
Then (a, 0)—(6, 0)=(a, 0)+(—8, —0)=(a—6, 0-—0)=(a—B6, 0) 

SR x {0}. 
Also (4, 0) (6, 0)=(ab+0a+0b, 00)=(ab +0+0, 0) 
. . ==(ab, 0) & Rx {0}. 

“. RX{0} is a subring of Rx Z. so 

Finally we shall show that R is isomorphic to Rx {0}. Let ¢ 
be a mapping from R to Rx {0} defined as ¢ (a2)=(a, 0) ¥ a@ER. 

¢ is one-one. We have 
$(a)=$(5)>(a, 0)=(b, 0)>a=b=¢ is one-one. 

¢ is onto. Let (a, 0) be any clement of Rx {0}. Then a@R and 
we have ¢ (a)=(a, 0). - Therefore ¢ is onto. 

¢ preserves additions and multiplications, 

If a, 6 be any two elements of &, then 

$ (a+b)=(a+b, 0)=(4, 0)+(b, 0)=¢ (a)+-4(b). 
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Also ¢ (ab) =(ab, 0)=(a, 0) (b, 0)=¢ (a) (6). 
.. preserves compositions. 

Hence ¢ is an isomorphism of R onto Rx {0}. 
This completes the proof of the theorem. 


$44. The field of Quotients. 


Definition. 4 ring R can be imbedded in a ring S {f S contains 
a subset S' such that R is isomorphic to S’. 

If D is acommutative ring without zero divisors, then we 
shall see that it can be imbedded ina field. F i.e., there exists a 
field F which contains a subset D’ isomorphic to D. We shall 
construct a field F with the help of elements of D and this field F 
will contain a subset D’ stich that Dis isomorphic to D’. This 
field F is called the “field of quotients’ of D, or simply the 
‘quotient field’ of D. | 


On account of isomorphism of D onto D’, we can say that D 
and D’ are abstractly identical. Therefore if we identify D’ with 
D, then we can say that the quotient field Fof Disa field contain- 
ing D. We shall also see that F is the smallest field containing D. 

Motivation for the construction of the quotient field. We are 
all quite familiar with the ring I of integers. Also our familiar 
set Q of rational numbers is nothing but the set of quotients of the 


elements of I. Thus a=? :pel, 04gel \ If we identify the 


e —3 —2 —1 0 l 2 3 e ° 
rational numbers..., Prprrrrpp: with the integers 
sey —3, —2, —1, 0, 1, 2, 3,..., then I CQ. 

Also (Q, +, .) is a field. It is the smallesc field containing I. 


Also if and 5 © Q, then we remember that 


ac ad+be ,,.. @c ac 
Bt ae bd id 5 =a 
Taking motivation from these facts, we now proceed to cons- 
truct the quotient field of an-arbitrary integral domain. We have 
the. following theorem : 
Theorem 1. A commutative ring with zero divisors can be 
imbedded in a field. (1.A4.S. 1969; Rajasthan 74; Andhra 77; 
Kanpur 86, 88; Nagarjuna 78, 80; Allahabad 82; 
Jabalpur 86; Meerut 89; I.C.S. 84) 
Or ' 
Every integral domain can be imbedded in a field. Or 


(i) 55 iff ad=be, (ii) 
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From the elements of an integral domain D, it is possible to 
construct a field F.which contains a subset D' tsomorphic to D. 

Proof. Let D be a commutative ring without zero divisors. 
Let D,. be the set of all non-zero elements of D. Let S=DxD, 
i.e., let S be the set of all ordered pairs (a, 5) where a, 6 € D and 
60. Let us define a relation ~ in S. We shall say that 

(a, b)~(c, @) if and only if ad=be. 

We claim that this relation is an equivalence relation in S. 

Reflexivity. Since D is a commutative ring, therefore ab=ba 
¥ a,b ED. Therefore (a, b)~(a, 6) + (a, b) E S. 

Symmetry. We have (a, b)~(e, d) 

=> ad=be = da=cb[‘. Multiplication is commutative in D] 

=> ch=da => (c, d)~(a, 5). 

Traasitivity. Let (a,b) ~ (c, d) and (c, d) ~ (e,f). © 


Then ad=becand cf=de, 
.. adf=bef and bef=bde. 
.. adf=bde 
=> afd=bed | [°: Dis a commutative ring] 


=> afd—bed=0 = (af—be) d=0 
> af—be=0['.. d40 and D is without zero eieiyeecre) 
> af =be = (a, b)~ (e,f). 

Thus ~ is an equivalence relation in S. Therefore it will 
partition S into disjoint equivalence classes. We shall denote the 
equivalence class containing (a, 5) by Other notations to denote 
this equivalence class are (a, 8) or [a, 6). 


Then Fail, d) & S: (¢, d) ~ (a, 5)}. 
Obviously f= 4 iff (a, b) ~ (¢, d) ie., iff ad==be. 


Also 222% 4 x G Do. The reason is that — 


b™ bx 
(a, b) ~ (ax, bx) since abx=bax. 


These equivalence classes are our quotients. Let F be the set 
of all such quotients Ze., F=f: (2,5) ES \. 


We now define addition and multiplication aperation® in F as 
follows : 
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Since D is without zero ere therefore b+0, dz-0=> bd+0. 

Therefore both adie and © aa are elements of F. Thus F is 
closed with respect to addition and multiplication. ‘We shall now 
show that both addition and multiplication i in F are well defined. 


For this we are Bes ues that if 


a ? 
sae and 5 a =F. then Bane e and iq ae 
We have > a ab’=ba' and Sas, > cd'=de'. 


oF dd’ 
c’ 
Now to show that otgept gn we are to show that 


oot a'd eee i.e., (ad+ 6c) b'd'=bd (a'd'+6b’c'). 


Now (ad+bc) 6'd'=adb'd' +beb'd’ =ab'dd'+ bb’ cd’ 
=3bq' dd’ + bb’ de' (.° ab’=6a' and cd'=dc’} 
=sbda'd' +-bdb'c' = bd tage? which was desired. 


Again to show that oa s we are to show that 


ac a’c’ : ee 
bd bid" fe., acbh'd' =bda'c’. 
Now acb’d' =ab'cd' =ba'de' =bda'c', which was desired. 
Therefore both addition and multiplication are well defined 
on F. We shall now show that F isa field for these two opera- 
tions. 
Associativity of addition. We have 


(§ s)+F ad+be e (ad+bc) f+bde 


— = te —_——= 


btaltp = ta +7 bdf 
_af+bef+bde adf+b (cf+de) a ae 
bof baf SOT yo at ls +7): 


Commutativity ot addition. We nd 
ac ad+be ch+dac .a 
bta- bd =a a th 

Existence of additive identity. We have 


2 © F where a0. If 5 is any element of F, then 
0 ec —0d+ac _ O+ac acc 


atd = -ed = ad Padma U 
2 is the additive identity. It should be noted that 


acd=adcj. 
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he ¥ a,b GD, Also e0 iff ca=d0 t.e., c=0. 
~“b da 
Existence of additive inverse. If; © F, then — EF. 
—a,a (-a)b+ba 0 0,.. op 4s 
Also we have, — b +3= a Hz Oa=5*0) 
> is the additive inverse of ; 


Associativity of multiplication. We have 
(55 e ace (ac)e a(ce) ace afe e\ 
bay “bd f (bd) f~b (df) b af —5 (7 f 
Commutativity of multiplication. We have 
ac ac caca 
bd ~bd~ db db 


nee of multiplicative identity. We have 


‘ © F where a0. Also ifs e F, then 
<5 aes {.. (ac, ad)~(c, d) because acd=adc). 
< is the multiplicative identity. It should be noted that 
ab . 
a’ 8 ¥ a, be Do. 


Existence of multiplicative inverse of non-zero elements of F. 
Let ; be any non-zero element of F. Then a0. 


: © F. Also we have 


“a Sa a 2 ie ae element. 


6. ee ee 
7 is the multiplicative inverse of £ 5 


Distributivity of multiplication over addition. We have 
afc @\ acft+de a(cf+de) acftade (acft+ade) bdf 
5 (at7)= —5 df —  bdf — baf — bafba 
| acfbdf+bdfade acf ade ac ae ac ae 
= bap bat bap ba bat of “bat oF 
Similarly the .other distributive law holds. ee 
.. Fisa field under the addition and multiplication as 
defined above. This field F is called the field of quotients of D. 
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We shall now show that the field F contains asubset D’ such that 
D is isomorphic to D’, 


Let D'={2* & F:a,0¢xED \. Then D'C F. If x0, 


y#0 are elements of D, then aes since. axye=xay. Therefore 
if x is any fixed rion-zero element of D, we can write 
a © F:aeD b 
We claim that the function ¢ : D->D’ defined by 


¢ (== ¥ a & Dis an isomorphism of D onto D’. 
¢ is one-one.. We have 


¢ (a)=¢ (b) > a8 => axxexbx >ax*?=bx* >(a—b) x*=0 
=> a—b=0, since x?40 
. > a=b, 
¢ is one-one. 


¢is onto D’. If ~ ED’, then a&D, Also we have gaya. 
Thus ¢ is onto D’, 
(4+) x_ (a+b) x*_ax?+bx*_ axx+xbx 
Also ¢ (a+5)= Oa eS SS 
ax , bx 
= 7 t= 4(a)+9(d) 
. (ab) x_(ab) x? _(ax)(bx)_ax bx 
and $ (ab)=—— =O G8) oe x = (a) $(6)- 
¢ is an isomorphism of D onto D’. oo 
Hence Ds D'. 


If we identify D’ with D i.e., if ia F we write a, b, c etc. in 
place of as Lg ed etc., then we see that D is contained in F. 
B27 R"X 


Thus F (the field of quotients of D) is a field containing D. 

In the next theorem we shall show that the quotient field F 
of D is the smallest field containing D. In other words if D is con- 
tained in any other field.X, then F will also be contained in X. 


Theorem 2. If Kis any field which contains an integral domain 
D, then K contains a subfield isomorphic to the quotient field F of D. 
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In other words the quotient field F of D is the smallest field 
containing D. (Allahabad 1980; G.N.D.U. Amritsar 90) 

Proof. Let D be-a commutative ring without zero divisors. 
Let a € D and 045 & D. Since K is a field containing D, there- 
forea & K, 0b © K > ab" E K. 

Let K’ be the subset of Kcontaining the elements of the form 
ab- where a, 6 G D with b40. Thus 

K'={ab" € K: a, 0#bED}. 

We shall show that K’ is a subfield of K and K’ is isomorphic 

to the quotient field Fof D. Let ab-' © K', cd-! G K’. Then 
05, 0d & D. 

Now ab-! —cd-!=add b-!—cbb-! d-' =(ad— —be) d-* b=) 

=(ad—bc) (bd)-! & K', since ad—be & D and 0#bd & D. 

Further suppose that 0#cd-! © K’. Then c0 and we have 
(ab-") (cd-')-'=ab-! de“'=ad (cb) © K', since ad& D and 
0#cb € D 

Hence K’ is a subfield of K. We shall now show that the 
quotient field F of D is isomorphic to K’. We have 
Padi aEéD,04b6€E p} 
Consider the mapping f: F->X' defined by 

t($)=a0- ¥ SEF. 
The mapping fis one-one because we have 
t($)- (4 5) > ab“acd-) 
= ab"! bd=cd- bd > ad=cbh dd 


=» ad=be => (a, b)~(c, d) > 579° 


_ Also f is onto K’. If ab-) is any element of ad then 2 5 Ee F 
and f ()=a0-. 


Further £(2+5)=f (EY) =(aa-+- 60) (bay 


‘==(ad-+be) d- b-!=xadd-! b+. d-! b=! 
cab-!+cd=f ($)+7 (5): 
“Also y (¢§ £) of (55) =Cee) (bd)~1=2(ae) d=! 5"? 
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fa c 
=(ab- (ed-=af(F) F(F) 
' Hence — Fe K’. 

If we identify K’ with F, we see that if D is contained in any 
field K, then F is also contained in K. Therefore F is the smallest 
field containing D. 

Cor. The quotient field of a finite integral domain coinctdes 
with itself. . 7 

Suppose D isa finite integral domain. Then D is also a field. 

Thus D is the smallest field containing D. The quotient field F of 
Disalso the smallest field containing D. Hence F coincides 
with D. 

Ex. What ts the quotient field of 2Z, where Z ts the-ring of in- — 


| tegers ? . (Poona 1973) 
Theorem. Any two isomorphic integral domains have isomor- 
phic quotient fields. (Banaras 1965) 


Proof. Suppose D and D’ are two isomorphic integral 
domains. 

Let f be an isomorphism of D onto D’. If a,b,c etc. are 
the elements of D then f (a), f (5), f (c) etc. will be the elements 
of D’. Also 

f (a+b)=f (a)+f (b) and f (ab)=f (a) f(b) ¥ 4,6 © D. 

Let F, F’ be the quotient fields of D, D’ respectively. Then 


F consists of the equivalence classes (quotients) of the form ; 
where a, 0b € D and F’ consists of the equivalence classes of 


the form Ho where f (a), 0f (6) € D’. 
Consider the mapping{¢ : FF’ defined by 
a\_f(@) 4 
¢ ($)=75) f 5 e F. 
First we shall show that the mapping ¢ is well defined i.e., if. 
then +(+)=¢ (5). We have F=S = ad=be 
> / Nee! of > f(a f (d)=f (b) f (c) 
a) _. FNC) a) eh ce 
“FHT 7 (5)=#(a) 
“. is well-defined. ; 
¢ is one-one. We have 
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~f@) f@ 
=> f(a) f(4)=f(b) flc) > flad)=f (bc) 
> ad=be [.° / is one-one) 
Q@ic 
~ 3d 


¢ is one-one. 


Also ¢ is onto F’. te © F’, then 


3 -< F an d ¢ (+ )= aA a Therefore ¢ is onto F’. 
ad+be\_ f(ad--bc)__ f(ad)+f (be) 
Further ¢ (5-+3)=6 (“pre) = ete = ote 


_S@SM+S (DS (0)_ 10), fl) ,(a c |, 
~ Fey f(a) Fe)" Fa)~ =$($)+$ (3) 


aio 4(fs)=s (fi) = FG F019 


~L £0_4 (2) 4(<), 
Ff (6) f(a) b a 
¢ is an isomorphism of F onto F’. 
FoF’, 
§ 15, Ideals. Definition. 
_ (a) Left Ideal. (Kurushetra 1970) 
A non-empty subset S of a ring Ris sald to bea left tdeal of 


R if : 
'@ v/ isa aisle ‘of R with respect to addition. 
(i) sseeES¥reRand¥seES. 
(b) Right Ideal. A non-empty subset S of a ring Ris sald to 
be a right ideal of Rif: 
‘: (ij) Sts.a subgroup of R under addition. 
(ii) srreSvreRandvseEeS. 
(c) Ideal. (Patna 1986; Rajasthan 76; Kanpur 71; 
| Nagpur 78, 79; Sambalpur 77; Meerut 81, 90) 
A non-empty subset S of a ring R is said to be an ideal (also 
a two sided ideal).if and only if it is both a left ideal and a right 
ideal. Thus a non-empty subset S of a ring R is said to be an tdeal 
of Rif: 
(i) Sisa subgroup of. R under addition i.e., Sis a subgroup of 
the additive group of R. 
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(i) rs © Sand sr & S for every r & R and for every s& S. 

If Sis an ideal of a ring R, then S is also a subring of R. 
The obvious reason is that S is a subgroup of R under addition 
and from condition (ii), we have xs © S ¥ x,s © S because 
x @S =x e€ R. Thus S is closed with respect to multiplication. 
Therefore S is a subring of R..Thus every ideal of a-ring R is also 
a subring of R. But every subring is not an ideal. An ideal requires 
a stronger closure property than the subring. If S isa subgroup 
of R under addition, then S will be a subring if S is closed. with 
respect to multiplication /.e., the product of two elements of S is 
again in S. But S will be an ideal if the product of any element 
of S with any element of Ris in S. 

If R is a commutative ring, then every left ideal’ will also be 
a right ideal. Therefore in a commutative ring every left (right) 
ideal is an ideal. 

Note 1. If we are to prove that a non-empty subset S ofa 
ring Ris an ideal of R, then it js sufficient to prove 

(i) acS, b&S = a—bes, 
and (ii) rs@S and sreS ¥ reRand ¥ seS. 

Obviously (i) is a sufficient condition for S to be a subgroup 
of R under addition. 

If R is a commutative ring, thenthe condition (ii) will be- 
come more simple. Then it will become 

| rs©S ¥ reRand ¥ seS. 

Note 2. Every ring R always possesses two improper ideals : 
one R itself and the other consisting of 0 only. These are res- 
pectively known as the unit ideal and the null ideal. 

Any other ideals of R are called proper ideals. A ring having 
no proper ideals is called a simple ring. 


Algebra of Ideals. 
. Theorem 1. The intersection of any two left ideals of a ring 
fs again a left ideal of the ring. (Meerut 1988; Kanpur.87) | 


Proof. Let J, and /, be two left ideals of a ring R. Then h, 
I, are subgroups of R under addition. Therefore 41) i; is aio a 
subgroup of R under addition. 

Now to show that LAM Isis ‘a left ideal of R, we are only to 
show that rER, sEhNls >rEhNh (0 °°. 

We have sEhnk => seh, sele. 

But /, and J; are left ideals of R. Therefore 

rER, sel, > rs © f,andreR, seh, > rs © |, 
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Nowrse l,rsGl>rsELNh. 
ANd, is also a left ideal of R. 


Note. A similar result can be proved for right ideals as well 
as for ideals. 


. Theorem 2. An arbitrary intersection of left ideals of a ring is 
@ left ideal of the ring. ; (Banaras 1966) 


Proof. Let R be a ring and let {S,: t@7} be any family 0 { 
left ideals of R. Here 7 is an index set and is such that ¥ #e7, 
S; ise left ideal of R. Let S= Sr={xER i xeS, ¥ eT} 

 teT . 
be the intersection of this family of left ideals of R. Then to 
‘prove that S is also a left ideal of R. 


Obviously S#@, since at least 0 is in S; ¥ teT. 
Now let a, b be any two elements of S. Then 
aA4bES>abEeSs,¥ teT 

=> a—b Se S: ¥ teT 

{. ¥ teT, S, is a left ideal of R) 
>a—-be Us So 4-5 & S. 
teT 

Now let a be any element of S and r be any element of R. 


We haveaGS > ace ff) S, > aeES, ¥ teT 


teT ; 
>raes, ¥ teT [. ¥ teT, S, is a left ideal of R) 
oraen S>rnaeS. 


teT 


Thus a,b @ S > a—b eC SandreR, SSA ewes. 
-. Sis a left ideal of R. ; 


Smallest left ideal containing a given subset. 

* Definition. Let M be a non-empty subset of a ring R. Then 
@ left ideal I of Ris called the smallest. left ideal of R contatning 
M, tf I contains M and if I is contained in every left ideal of R con- 
taining M. 

‘The smallest left ideal of R containing M is called the left 
ideal generated by M and will be denoted by (M4). 
It can be easily seen that the intersection of the family of left 

ideals containing M is the left ideal generated by M. 


Note. A similar definition can be given for the right ‘ideal 
generated by as well as for the ideal generated by M. For this 


Rings 309 
purpose simply replace the word ‘left oe by ‘right ideal’ or by 


Sum of two left ideals. 

Theorem 3; The left ideal generated by the union I, Us a two 
left ideals is the set 1,-+-I, consisting of the elements of R_ obtained 
on adding any element of I, to any element of Is. (Kaopur 1988) 

Proof. Let a,+a3, +6; € L+d. | 

Then a, 5 & i, and ay, b3:E hh. 

Since i, J; are left ideals of R, therefore they are subgroups 
of the additive. group of R. Therefore 

4,b,Eh > a—bh EI, and ay,.by & fy >: ag—04 = fy. 

Consequently (4; +42)— (b: + bs) =(@,—5,) +(a,—b)GA+h. 

Therefore J, +J, is a subgroup of the additive group of R. 

Now let rER and a,+-a. G +i. Then aEh, ae. We 
have r (a,;+a42)=ra, +ra,ch+h. 

[" fis a left ideal implies ra,e/, and similarly ra,eJ,) 

L+k, is a left ideal of R. 

Since 0G /;, therefore a,€/, can be written as a,+0. Thus 

aeh = qaehth. 

‘5 q GAh+h. 

Similarly LC Ath. 

. AhUAGALH. 

Thus J, +/, is ‘a left ideal containing 4U A. 

Also if any left ideal contains 7, U 4, then it must contain 
hth. 

«- 4+, is the smallest left ideal containing 1, UJ. 

“. 4+4=the left ideal generated by Lh UL=(LU4). 

Note. A similar result can be proved for right ideals as well 
as for ideals. 


Solved Examples 


Ex. 1. The set N of all2x2 matrices of the form 
a 0 
b 0 


for a, b, integers is a left ideal but not a right ideal in the ring R of 
all 2x2 matrices with elements as integers. Here N is the subset of 
R consisting of those elements whose second column contains only 
Zeros. (Rajasthan 1977) 


Solution. Let A=[j 4 B=|4 4 be any two elements of 
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e 90 a—c 0 
N. Then 4-Be[p 9 ° -| : ol=[5— : 4 EN. 
... Nis asubgroup of & under addition. 


Now let ve[y *| be any element of R and A=fs al be 
any element of N. 


a 0 wat+xb 0 
Then va=|" “I l= = [ate 0] Ee N. 
Therefore N is a left ideal of R. It is not a right ideal, since 
1 0 1 2 

| 1 0} <*[o ile | a 
and the product [i | alo 0 ht | | which is not an element 
of N. 

Ex. 2. If m isa fixed.integer, the set P of integers given by, 

P={xm : x is an integer} 
is an ideal of the ring R of all integers. 

Solution. Let x, and xsm be any two elements of P. Then 
‘X, and x, are some integers. ; 

We have x,m—x,m=(x,—X2) m & P since x1—%, is. also an 
integer. 

P is a subgroup of R under addition. 

Now let r be any integer i.e., r be any element of R and xm 
be.any element of P. Then r (xm)=(rx) m © P since rx is also an 
integer. Therefore P is a left ideal of R. But Ris a ‘commutative 
ring. Hence P is an ideal of R. 

Ex. 3. The set of integers 1 is only a subring but not an ideal 
of the ring of rational numbers (Q, +,*). 

(Meerut 1980, 81, 82, 90; Rajasthan 77) 
_ Solution. The product of a rational number and an integer 
is not necessarily an integer. 

For example 3EI, 2/5 & Q but (2/5).3=6/5 € IL. 

Lis not an ideal of the ring of rational numbers. 

‘Ex. 4. The set Q of rational numbers. is only a subring but not 
an ideal of the ring of real numbers (R,+5°). (Meerut 1983 P, 90) 

Solution. The product of a rational number and a real num- 
ber is not necessarily a rational number.. Forexample 4€Q, /7ER 


but 4. Vien! € Q. 


.. Q is not an ideal of the ring of real numbers. 
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Ex. 5. Prove that the subset S of all matrices of the form 
a 0 
0 6b. 
with a and b integers, forms a subring of the ring R of ali 2x 2 mat- 
rices having elements as integers. Prove further that S is neither a. 
right ideal nor a left in. <4 “ 


Solation Let 4=|. re oh a y be any two elements of © 
S. Then A~B=[ 765 


a ac 0 
Also 4B=I6 allo a= =|4 wie 
06 «Sisa subring of R. 


ed 1 1] ES, E 1] © Rand the product 
2 ale i}-[2 i] & S. Therefore Sis not a left ideal. 


ee (0 HF i|- [> iles. Therefore S is not a 
right ideal. 


Ex..6. If U is an ideal of a ring R with unity and1 © U: prove 
that U=R, (Sambalpar’ 1977) 


Solution. We have UC R since U is an ideal of R. Let x 
be any element of R. Since U is an ideal of R, therefore 
1EU,xER>lxGUsxeEU,. 
.. RCU. 
“ Umer. 
Ex. 7. If Risa ring anda & R let T={xER: ax=0}. Prove 
that T is a right ideal of R. 


Solution. First we see that T is not empty because 
0 & Ris such that a0=0. 
‘ Let x1, x2 be any two elements of 7. . Then ax,=0, ax.=0. 
We have a (x,—x2)=ax,—ax,=0—0=0. -: 
M—xXs GT. 
’. Tis a subgroup of R under addition. 

-Now to show that 7 is a right-ideal of R we are to show that 
xET, yER>xy ET. But xeT = ax=0. If we show that 
@ (xy)=0, then xy will be an element of 7. 

We have a (xy) =(ax) y=0y=0, 
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2. wet. 
T is a right ideal of 2. ; 
Ex. 8. Prove that the intersection of two ideals of R is an ideal 
of R. _ (Vikram 1976; Kumayon 78; Meerut 80, 81, 83, 84 P) 
- Solutton. Let S and T be two ideals of R. Then S, T are 
subgroups of R under addition. Therefore S()T is also.a subgroup 
of R under addition. __ _ 
Now to show that Sf) T is an ideal of R, we are only to show 
that 
reER, sESNT > rsESNT, srESNt. 
We have sESNT => sES, sET. . 
But S and 7 are ideals of R. Therefore 
reER, seS => rseS, sreS 


and reR, sET => rseT, sref.. 
Now rsES, rseT > rseSNT 
and sis rr SS, srET > sreSSNT. 


S(T is also en ideal of R. 


Ex. 9. Show that S is an ideal of S+T where S ts any ideal of 
ring R,.and T any subring of R. (Meerut 1984) 


Solution. Since Sis an ideal of R therefore S is a subring of 
Xx. Also Tis asubring of R. First we shall show that S+T is 
s subring of R. Let a+a,5+f8 & S+T, where a, 6 € S and 
a, p ST. 
Since S is a subring, therefore a—b € S. Similarly «—PeET. 
2. (a+a)—(6+8)=(a—b)+(a—B) & S+T. 
Also (a+) (b+8)==ab+aB-+ab+oB=(ab-+aB-+ab)+aB. 
Now Sis asubring. Therefore a,b © S > abe S. 
Also S is an ideal, therefore a,b G@ S and a, 8 © R= ap, 
ab GS. Therefore ab+a8+<b & S. 
Further 7 is a subring implies «8 & T if «, 8 & T. 
(a+-«) (b+-8)=(ab+-aB +ab)+o8 & S+T. 
S+T is a subsing of R. 
Since 0’eé T, therefore a & S can be written as 
a=-a+0 © S+T. 
SS S+T. | 
Thus S G S+T and S+T isa subring of R. Since S is an 
ideal of R, therefore S is also an ideal of S+7. 


Ex.10. If U isa left ideal of a ring R, let 
A(U)={x & R: xu=0 ¥ ueU}. 
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Prove that 4 (U) is a two sided ideal of R. 
Solution. First we see that 4 (U)4@ because 0 e R is such 
that — Ou=0 ¥ ue U. 
Now let x), X, be any two elements of A(U). Then 
xu=0 ¥ u © Uand xeu=0 ¥ ue U. 
We have (x,:—Xs) U=x,u—X2u=0—0=0 for all u & U. 


X1—X3 GA (U). 
Now let x be any element of A(U) and r be any element of R. 
Then xu=0 ¥ ucU [by def. of A (U)) 


<> ¢(xu)=r0 ¥ uecU 
=> (rx) u=0 for all w&U = rxed (U). 
Further U is a left ideal of R. Therefore rucU ¥ ue. 
Since x & A (U), therefore by def. of A (U), we have 
xEX(U), rucU => x (ru)=0 for all ueU 
=> (xr) u=0 for all weU 
=> xr E A(U). 
Thus x GA(U), rE R => xr, rx G AU). 
Hence A (U) is a two sided ideal of R. 


Ex. 11. For any given element a of a ring R Jet 
Ra={xa:x © R}. 
Prove that Ra ts a left ideal of R. (Meerut 1985) 
Solution. Let x,a, x,@ be any two elements of Ra where x, 
X2G R. We have x,a—x,a=(x,— x2) a & Ra, since 
m1, x%ER>XM—XER. 
Thus x,@, x3a @ Ra > xja—x,a © Ra.. 
Now let xa be any element of Ra where x © R and r be any 
element of R. We have r (xa)=(rx) a & Ra, since 
reR, xER > rxER. 
Thus re R, xa © Ra = r (xa) & Ra. 
Ra is a left ideal of R. 
Ex. 12. If U is an ideal of a ring R, let 
[R : Uj={xER : rxEU ¥ reER}. 
Prove that (R : U} {san {deal of R and that it contains U. 


Solution. First we see that [R: U] is not empty because 0& K 
is such that -0=0cEU for allre R. 
Now let x1, x2 be any two elements of [R: U}. Thea 
rx, © Uv re R,and rx.cU ¥ reR. 
Since U is an ideal, therefore 
rx, & U, r7xe E ;U @ xX, —1xg SE ;U 
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>r(%-xm) GUY TER 
> X3—xXe © (R: UV], by def. of (R : U): 
Now let x be any element of [R :.U] and s be any element of 
R. Thenrx GU ¥ rER 
=> (rx) sEU ¥ rER {°° U is an ideal and so 
sER, rxeU = (rx) seu] 
> P. (xs)EGU for all reER > xsE[R : VU]. 
Also rxGU ¥ rER > sxeU ‘* seR} 
=> (sx) reU ¥ rER 
[°. U is an ideal and so sxeU, 
reER = (sx) reU) 
=>. Sxe@[R: U}. 
Thus. x © [R: VU), sER > xsE[R: UV), sxE[R: UV}. 
Therefore [R : U} is an ideal of R. 
Now to show that U C[R:U]. We have 
yeUxuzypreEuvreER {.. U is an ideal) 
=> ye[R: U}. 
« UCIR: VU]. 


Ex. 13. If U, V are ideals of a ring R let UV be the set of all 
those elements of R which can be written as finite sums of elements 
of the form uv where uG@U and veV. Prove that UV ts an ideal of R. 

(Marathwada 1972; Meerut 70; I.C.S. 84) 


Solution. U and V are ideals of a ring R. Let . 

UV={tyv,+g'e+.. ~tUnVn 2 Uy, Ua;..., UNE U, Vny Voy.eey wieV 
and n is any positive integer}. 

To prove that UV is also an idea! of R 

Let a=1,¥) + uve... buna, B= Uy'Vy'+ Ug'¥9’ +... +um'vm’ be 
any two elements of UV, where 1, ts,..., Un, Ur’, Ue',..., Um’ EU 
ANd V1, Va,:..) Vay V2’, Va'p--+9 Ym’ EV. Also mand mare any posi- 
tive integers. a 

We have « — B=u,¥4-+-ueve+... + UpVn— ay’; —Up' V9"... —Um' Vn 
= UV Uae... lava t (—uy’) vy + (— ty’) Ve! +... + (— tam’) Vm’. 

This is obviously an element of UV because U is. an ideal and 
therefore u,’GU = (—u') & U, ete. 

Again let r@R and «@UV. Then 

To=P (4,¥;+-UeVe-+...--UnVn)= (Py) Vit+-(rtlg) Vat... +(rttn) Vane 

This is an'element of UV because U is an ideal and therefore 
rER, u4.eU => ru,ceu, etc, 
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Also ors (41, +-Ueve+ eee +UnVa) r=, (yr) + us (var) + i ot (var). 
This is an element of UV because V is an ideal and therefore 
reR, .EV => wre, ete. 
Hence UV is an ideal of R. 
Now to show that UVC UN V. 


Let «=v, +...+Unv, be any element of UV where 
Uy,...UneU and y,...,ywweEV. 

Now »,2@V > v,ER. Also U is an ideal. Therefore 
ywER, ueU > my,eU. 

Similarly 4.GU > 4E@R. But V is an ideal. Therefore — 
mER, n.EeV > meV. 

Thus 4.EU, u4EV > uneUNV. 

Similarly UsVg, ...,UnVn S&S U a) V. 

Since Uf) V is also an ideal of R, therefore —_ 

UVa, .. nae UNV > c=uyyt+...tdamEeUun V. 

Thus c@UV = «eGUNV. Therefore UV C.UNV. 


Exercises 


1. Distinguish between Subrings and Ideals in a ring. Show 
that the 2-rowed matrices of the form 
a 0 
se) 
where a, b, care integers form a subring of the ring of all 2-rowed 
matrices with integral eatries. Is this subring an integral domain ? 
Ans. No. (Kerala 1970; Meerut 73, 75, 77, 78, 79) 
2. Show that the set Mf of all 2x2 matrices of the form 
0 @ 
0 b. 
a, b integers is a left idea! but not a right idealin the ring of all 
2x2 matrices with elements as integers. (Meerut 1970) 
3. Show that for a field F, the set of all matrices of the form 
ab 
—6©«(L0 (OO 
for a, bE F is a right ideal but not a left ideal of the ring of all 
2x2 matrices over the field F. (I.A.S. 1970; Dethi 70) 
4. if U,.V are ideals of a ring R, let 
U+V={u+y :ueu, veV}. 
Prove that U-+ V is also an ideal of R. 
(Marathwada 1972; Meerut 81, 86, 90) 
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5. Show that an arbitrary intersection of ideals of a ring is 
an ideal of the ring. © (Banaras 1961) 
6. If U is an ideal of a ring R, let 
r(U)={xER : xu=0 for all ue@U}. 
Prove that r(U) is an ideal of R. (Gura Nanak 1982) 
7. Consider the ring R of all 3x3 matrices of the type 


a bee 
faa ¢ |, 
0 Oo f 


a, b,c, d, e, f are real numbers. Show that the set I of all matri- 
ces of the form 
a 0 0 
0 0 0 


0 0 O 
is a left ideal of R, which is not a right ideal. © (Meerut 1974) 
8. Verify the following for being true or false : 
(i) The set of all positive rationals is a subring of the ring 
of all rational numbers. 
(ii) A subring of any field is a field. 
(iii) Any subring of the ring of integers, Z, is an ideal of Z. 
(Meerut 1976) 
Ans. (i) and (ii) are false; (iii) is true. 
§ 17. More about ideals. 
Theorem 1. A field has no proper ideals i.e., if F is a field then 
its only ideals are (0) and F itself. | 
(1A S. 1972; Poona.73; Meerut 80, 90; Andhra 77; 
Kanpur 87, Nagarjuna 80; Sambalpur 77) 


Proof. Let S be any non-zero ideal of the field F and let a be 
any non-zero element of S. We have a & F. 
Since S is an ideal, therefore 
aeS,a* &F>aae'C § = 165. 
- Now let x be any element of F. Then 
le S.xE&F= 1xES > xeES. 
Thus each element of F belongs toS. Therefore FOS. But 
SCF. Therefore S=F. 
Thus the only ideals of F are (0) and F itself. 
Theorem 2. /f & is a commutative ring and a& R, then 
Ra=s{ra:r & R} is an ideal of R. 


(Kanpur 1980; Madras 77) 
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_ Proof. In order to prove that Ra is an ideal of R, we should 
prove that Rais a subgroup of R under addition and that if u@Ra 
and.x@R then xu and ux are also in Ra. But R is a commutative 
ring, therefore xu=ux. Thus we only need to check that xu is in 
Ra. 

Now, let-u, ve Ra. Then u=r,a, v=r,a for some r,, reER. 
We have u—v==r,a—rea=(r,—rg) a& Ra since r,—rsER. 
Thus u,v G Ra > u-—vERa. Hence Rais a subgroup of 
R under addition. 
Now let xER. 
Then xu=x (ria)=(xr,)a © Ra since xr,ER. 
Ra is an ideal of R. 


Theorem 3. A commutative ring with unit y is a field if tt has 
no proper ideals. 


(1.A.S. 1973; Gura Nanak 82; Nagarjuna 79, 80; Meerut 82, 88, 89; 
Madarai.88; Kanpur 71; Vikram 76; Andhra 77; Rajasthan 77) 
Proof. Let R-be a commutative ring with unity having no 

proper ideals i.e., the only ideals of R are(0) and R itself. In 

order to show that R is a field, we should show that each non- 
zero element of R possesses multiplicative inverse. 

Let a be any non-zero element of R. 

The set Ra={ra :r & R} is an ideal of R. (See theorem 2] 

Since | © R, therefore la=a & Ra. Thus 04a © Ra. There- 
fore the ideal Ra+(0). Since R has no proper ideals, therefore 

the only possibility is that Ra=R. Thus every element of Ris a 

multiple of a by some element of R. In particular, 1 & R so it 

can be realised as a multiple of a. Thus there exists an element 
bER such that ba=1. Therefore a-!=b. Hence each non-zero 
element of R possesses multiplicative inverse. 


R is a field. 
Ex. Prove that a commutative ring R with Identity is a field if 
and only if it has no proper ideals. (Madras 1978) 


Theorem 4. Let R be a ring with unit element, Rnot-necessarily 
commutative, such that the only right ideals of Rare(0) and R. 
Prove that R ts a division ring. (Kanpur 1971; Meerat 73) 

Proof. Let R be a ring with unity element having no proper 
right ideals i.e., the only right ideals of R are (0) and R itself. In 

‘order to show that Ris a division ring, we should show that each 
non-zero element of R possesses multiplicative inverse. 
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Let a be any non zero element of R. Then aR={ar: r © R} 
is a right ideal of R. Since 1ER, therefore al=aGaR. Thus 
0a G aR. Therefore the right ideal a2R#(0). Since R has no 
proper right ideals therefore the only possibility is that a2R=R. 

Now 1ER > 1eaR [° @aR=R) 


=> |=ab for some b&R- 
=> bis the right multiplicative inverse of a. 


Thus each non-zero element of R possesses right multi- 
plicative inverse. 

Note that l=ab => 50 because if b=0, then 

ab=a0=041. 

Now it remains to show that b is also the left multiplicative 
inverse of a. 

We have (ba) b=b (ab)=61=b. 

Since 5 is also a non-zero’ element of R, therefore b also 
possesses right multiplicative inverse. Let b-! & R be such that 
bb =1. 

We have (ba) b=b=>(ba) bbr3=bb-1<> (ba) l=]oba=1. 

Thus 6 is also the left inverse of aand so 6 is the inverse of a. 

Hence each non-zero element of R is inversible. 

R is a division ring. 


Theorem 5. Let R be a ring with unity element such that the 
only left ideals of R are (0) and R. Show that R is a division ring. 
| (Sagar 1967; Kurakshetra 70) 
Proof. Proceed exactly as in the theorem 4. Here note that 
Ra={ra : r&R} is a left ideal of R. 


§ 17. Ideal generated by a given subset ofa ring. If M is any 
subset of aring R, we can find ideals containing Mf. For example, 
the ring R itself is an ideal containing any subset of R. 

Smallest ideal containing a subset. Let M be any arbitrary 
subset of a ring R. Then an ideal S of R is called the smallest 
ideal of R containing M if 

MCS, | 
and if Sis contained in every ideal of R containing M. 

Definition. Let R be a ring and let M be an arbitrary subset — 
of R. The smallest ideal of R containing M is said-to be the ideal 
generated by M and is denoted by (M). 


. In particular, if M consists of a single: element, say a, of the 
ring R we write (a) in place of M@. An ideal such as (a) generated 
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by a single element of the ring is called a principal tdeal. 

Principal idea). Definition. An ideal S of a ring Ris said to 
be a principal ideal if there exists an element a & S such that any 
ideal T of R containing a also contains S i.e., S=(a). 

(Lucknow 1970) 

Thus an ideal generated by a single element of itself is called 
a principal ideal. . 

Ifa ring R has a unity element I, then the ideal generated by 
_ 1 is the whole ring i ¢., (1)=R, since every element r@ R may 
be written as rl. For this reason ring itself is called the unit 
ideal. The ideal generated by the zero element of R i.e., (0) 
consists of the zero element alone and is called the null ideal. 
Every-ring R has at least one principal ideal, namely, (0). Every 
ring with unity has at least two principal ideals, (0) and (1). 


. Theorem 1. Ifa is an element in a commutative ring R with 
untty, then the set S={ra:r © R} isa principal tdeal of R genera- 
ted by the element ai.e., S=(a). 

Proof. First we should prove that a © S. Since R is a ring 
with unit element I, therefore la=a & S. 

Now we should prove that S is an ideal of ‘R. So first we 
should prove that S is a subgroup of R under addition. Let u, v 
be any twoelements of S. Then u=r,a, v=rga for some r, 5G R 

We have u—v=r,a—rga=(r1—rs) a G S since r,—re E R. 


S is a subgroup of R under addition. 

Now we should prove that x © R, ue S => xu © Sand 
ux © S. But R is a commutative ring, therefore xu=ux and thus 
it is sufficient to show that xu © S. | 

_ We have xu=x (rja)=(xr,). a & S since xr, & R. 
S is an ideal of R anda © S. 

Now in order to prove that S is an ideal generated by the 
element a, we should prove that if 7 is an ideal of R and a & 7, 
then SCT. 

“Let ra be any element of S. Then r € R. If Tis an ideal of 
R containing a, then 2&7, reR=>raeT. Thus SCT. 

Hence Sis a principal ideal of R generated by the element a. 

Example. Suppose we are to find the principal ideal 
generated by 5 in the ring of integers. The ring I of integers is a 
commutative ring with unity. Therefore (5)={5r : 7 © I}. 

Thus the principal ideal generated by 5 is given by 
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(5)={...,.—10, —5, 0, 5, 10,...}. 

Obviously (—5)=(5). 7 

Theorem 2. Let S be an ideal of a commutatlve ring R. Leta 
be an element of S such that 

xe S = x=ya for somey © R. 

Then S is a principal ideal of R generated by a. 

Proof. As given in the statement of the theorem, Sis an 
ideal.of R containing the element a. Let J be any ideal of R 
containing a. Then S will be principal ideal of R generated by a 
if SGT. 

Let x be any element of S. Then x=ya for some y © R. 


Now yER, aeT > yaeT (.° Tis an ideal] 
>xeEf&. (Us x=ya) 

Thus xeS2=xerf&©. 

. SECT 


Hence S is a principal ideal of R generated by a. 

Note. The above theorem will be very helpful in proving that 
an ideal S of a commutative ring R is a principal ideal. If we are 
able to find an element a in S such that 

x © S > x=ay for some y © R, 
then S will be a principal ideal of R generated by a. 
§ 18. Principal Ideal Ring. Definition. | 
(Meerut 1981, 84P, 88; Rajasthan 78; Guru Nanak 82; 
Andhra 77; Madras 83; B.H.U. 87) 

A commutative ring R without zero divisors and with unity ele- 
ment is a principal ideal ring if every ideal S in R is a principal 
ideal hg if every ideal Sin R is of the form S=(a) for some 
aces. 

Theorem 1. The ring of integers is a principal ideal ring. 

(Banaras 1971; Lucknow 70; Rajasthan 77; Andhra 77; 
Meerut 84P, 88, 89, 91; Nagarjana 78; Madras 83) 

Proof, Let (I, +, .) be the ring of integers. Obviously I is 
a commutative ring with unity and without zero divisors. There- 
fore I will be a principal ideal ring if every ideal inl isa 
principal ideal. | 

Let S be any ideal of the ring of integers. If S is the null 
ideal, then S=(0) so that S is a principal ideal. 

So let us suppose that S<(0). 

Now S contains at least one non-zero integer, say a. Since S 
is a subgroup of R under addition, thereforeae S> —a ES. 
This shows that S contains at least one positive integer because 
if 0a, then one of a and —a must be positive. 
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Let S,. be the set of all positive integers in S. Since S, is not 
empty, therefore by the well ordering principle S, must possess @ 
least positive integer. Let s be this least element: We will now 
show that Sis the principal ideal generated by s i.e., S=(s). 

Suppose now that” is any integer in S’ Then by division 
algorithm, there exist integers g and r such that x=qs-br with 
O<cr<s. } i 

“Now sESqele=ges. — (. Sisan ideal) 
and nES,qsES2n—qgsES ['. Sisa subgroup 
of the additive group of I] 

> res. [.. na—gs=r) 

But 0 <r < sand sis the least positive integer such that 
s © S. Hence r must be 0. 

n=qs. 

Thus n © S > n=qs for some q € I. 

Hence S is a principal ideal of I generated by s. 

Since S was an arbitrary ideal in the ring of integers, there- 
fore the ring of integers is a principal ideal ring. - 

Theorem 2. Every field is a principal ideal ring. 


Proof. A field has no proper ideals. The only ideals ofa 
field are (i) the null ideal which is a principal ideal generated by 0 
and (ii) the field itself which is also a principal ideal generated by 
1. Thus a field is always a principal ideal ring. 


§ 19. Divisibility in an Integral Domain. Definition. Suppose. 
0a fs an element of a commutative ring R. Then a ts said to divide 
bE R, if there exists an elementc G R such that b=ac. 

We shall use the symbol a|5to represent the fact that a 
divides b. Also if a divides b then sometimes we say that ais a 
factor of b or 6 is divisible by a or ais a divisor of b. From the 
definition of divisibility it follows that every non-zero element of 
R is a divisor of its zero element. Obviously we can write 0=a0. 
Therefore if 04a € R, then a|0. 


Example 1. In the ring I of integers, we have 3 | 6 since we 


have 6=3x2 and2 eI | 
However in the ring of integers 3 is not @ divisor of 7. 


Example 2 In the ring Q of rational numbers, we have 3| 7 
since we have 7=3 x (7/3) and 7/3 € Q. 


Theorem 1. Jf Ris a commutative ring, then 
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(i) a| band b|c +.a|ct.e., the relation of divisibility in R 
is a transitive relation. (Allahabad 1967) 

(ii) a| BD anda|ec > a|(b+c). Pie 

(ii) a| b>a | bx for all xSR. 

Proof. (i) a|b=5=ap for some pER 
and b| c>c=bq for some qER. 

Now c=bg and b=ap>c=(ap) q>c=a (pq) 

=>a|csince pg © R. 

(ii) a|b>b=ap for some pER 
and a | c»c=ag for some gER. 

Now b=ap and c=aq>b+c=ap+aq>b+c=a (p+q) 

=> a| (b+c) since (p+ gvER. 
(iii) a | b> b=ap for some pER. 
Now b=ap=> bx=(ap) x ¥ xER 
=> bx=a (px) > a\ bx since pxER. 
_ Units. (Raj: 77). Let Rbe a commutative ring with unity element 

1. An element a & Ris a unit in R if there exists an element bER 
such thatab=1. In other words units of R are those elements of 
R which possess multiplicative inverse. 

The students should not confuse a unit with the unit element 
or the unity element of the ring. There maybe more than one 
units in a ring but the unity element is always unique. Of course 
the unity element is also one of the units. 

In the ring of iitegers I, the only units are | and —1I. These 
are the only inversible elements of the ring of integers. 

Every non-zero element of a field possesses multiplicative 
inverse. Therefore every non-zero element of a field is a unit. 

It is obvious that if a is a unit in a ring R, then a~ is also a 
unit in R. Also the product of two units :is again a unit. Because 
if a, b are two units in R, then (ab)-'=5-? a-" which is an element 
of R. Of course the set of all units in R forms a group under mul- 


tiplication. (Madras 1975) 
Example. Find all the units of the integral domain of Gaussian 
integers. : (Madurai 1988) 


Solation. Let D={a+ib: 0, b & I the set of integers} be the 
ring of Gaussian integers. The element 1 +0i is the unity element 
of this ring. Let x+iy be-a unit and x’+-iy’ be its inverse. 

Then (x+iy) (x'+iy')=14+.08 
or (xx' —yy') +3 (xy' + yx')=1+0i. 
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Equating real and imaginary parts, mS get 
xx’ —yy’= =] o-e(L) 

and xy’ +yx'=0. »-(2) 

Squaring and adding (1) and (2), we get 

x2x’2 + ys (84. x8y/84 y 2>'3— ] 

or | Geir yt) Gy =1. 

Now the product of two positive integers can be equal to 1 
if and only if each of them is 1. 


*  x-y8=1, 
This gives = = x8 30, y®= 
or x=1, yi=0, 
Thus x=0, y= +1 
or x= +1, y=0. 


.. The only units of the integral domain of Gaussian integers 
are 0-1, (+1)+0ffe., 1,—1, i, —i. 
. Associates. Definition. (Raj. 1977). Let R be a commutative 
ring with unity element 1. Then an element a of Ris said to ‘be an 
associate of b& R if a=ub for some unit u in R. 

In symbols, we express it by writing a ~ 5 which is read as 
‘a is an associate of 5’ or ‘a and b are associates’. 

From this definition we observe that in a commutative ring 
with unity all the associates of an element can be obtained by 
multiplying the element by different units in that ring. 


INustrations. 


1. _ The only units of the integral domain of integers are 1 
and —1. Therefore if ais any non-zero integer, then it has 
exactly two associates namely la and (—1)a f.e., a and —a. Thus 
the two associates of 5 are 5 and —5. 


2. In any commutative ring with unity the associate of 0 is 
only zero. 


3. The only units of the domain of Gaussian integers are 
1,—I1,i,—i Therefore if a+ib is any non-zero element of this 
domain, then it has exactly four associates namely, 

1 (a+ib), —1-(a+ib), i (a+ib), —i (a+ib) 
ie., a+ib, —a —ib, —b+ia, b—ia. 

Theorem 2. Let R be a commutative ring with untty elernent 1. 
The relation in R defined by ‘a is an associate of b’ is an equivalence 
relation. 
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Reflexivity, Let a be any element of R.: Then .a=1a. There- 

fere a ~ a because 1 is a unit in R. «Thus ~ is reflexive. 
Symmetry.. We havea ~ b > a=ub for some unit « in. 

Rs ilacsutub > uta=1b = ula=b = b=ua > b~a be- 

cause u~! is also a unit in R. Therefore ~ is symmetric. - 
Transitivity. Leta ~ 6,b ~ c. Then a=ub and b=ve for 

some units u,v GR. This gives a=u-(ve)=(uv) c. . But the 


- #:*product of two units in R is again a unit in R. Therefore uv isa 


‘unit in Rand so a=(uy)c>a~c.: Therefore ~ is transitive. 
Hence ~ is an equivalence relation in R. 
Theorem:3. Let D be an integral domain with unity element 1. 

Two non-zero elements a, 6 & D are associates if and only ifa\b 
and b | a. : 
Proof. Let two non-zero elements a, b be associates of each 

otber in D. Then a=du where uw is a unit in R. 

Now a=bu => b| a. 
Again a=bu = au7=buu"! > au=b > b=qu- > a| b. 
Thus a and b are associates > @ | 5 and b| a. | 


Conversely, let a|b and 6|a. Then to prove that a and b 
are associates. Ps 

We have a| b = 3c & D such that b=ac. 

Sinilarly 5 | a. > 3d & D such that a=bd.- - 

’. b=ac=(bd) c=b (de). | 


b1=6 (dc) [.° 5b1=6) 
or 5 (i—dce)=0 
or (l—dc)=0 [°° 550 and D is without zero divisors] 
or .. l=de. 


Both c and a are units in D. 


* Thus abd where d is a unit in D. Hencea and 5b are 
associates. aa ; Ty os 


Note. In a field any two non-zero elements are associates, 


Proper.and Improper Divisors. Definition. Let D be an integral 
domain with unity element 1. Let a be any non-zero element of D. 
Then the:units of D and associates.of a are always divisors of a. 
These dre ‘called improper.or trlvial-divisors of a. Any other divisors 
of a are called proper or non-trivial divisors of a. 

In the integral domain of integers +1, +6 are trivial divisors 
of 6. But +2, -++3 are proper divisors of 6. 
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Prime Elements. Definition. (Raj. 77). Let D be an integral 
domain with unity element 1. A non-zero non-unit element a.& D, 
having only trivial divisors, is called a prime or irreducible e/ement 
of D. Anelement 0b & D having proper divisors is called a 
reducible or composite element of D. From this definition it is 
obvious that if p is a prime element of D and if mee where 
x, »y & D, then one of x or y must be a unit in D. : 

Also 0b & D is'a composite element of D if ond’ d’only if we 
can find two elements x, y © D such that b=xy and none of x 
and y isa unit in D. 


Greatest Common Divisor. Definition. Let Rbea “commutative 
- ping. Ifa, b © R then 04d & Ris sald to bea greatest common 
divisor of aand bif . 

(i) d|aandd |b. 

(ii) Whenever c| a and c|b thes c|d. (Madres 1983) 


We shall use the notation d=(a, b) to denote thatd is a 
; greatest common divisor of a and 5. 

‘Now suppose a, b € D.where D is an integral domain with 
unity element 1. Let a, b possess a greatest common divisor. 


If d,,d, are two greatest common aivisers:: of a and 5, 
. we have 
a, | ds and ds | d, 
=> d, and‘d, are associates. 
Thus in an integral domain with unity in case a "greatest 
common divisor of a and 6 exists, it is unique apart from the dis- 
tinction between associates. 


Relatively Prime Elements. Definition. (Raj. 1967). Let D. 
be an integral domain with unity element 1. Two elements a,b © D 
are said to be relatively prime if their greatest common divisor ds a 
unit of D.: 

But any associate of a greatest common divisor i is @ greatest 
common divisor. Also the unity element | is an associate of any 
unit. Therefore if a, 6 are relatively prime we may assume that 
a greatest common divisor of 4 and 6 is 1 i.e., (a, b)=1. 


‘ § 20. Polynomial. Rings. While studying algebra in “high 
‘school classes we are “introduced . polynomials. We know that 
expressions of the type 3x*—4x+5, x+7, 9x?—4x344x+45 etc. 

- are called polynomials:in the indeterminate x. In place of x we 
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can use other letters 1:ke y, z etc. to denote these polynomials. 


_Now we shall define polynomials over an arbitrary ring. 


Definition. Let R be.an arbitrary ring and let x, called an 
indeterminate, be any symbol not an element of R. By a polynomtal 
in x over R is meant an expression of the form 

I(x) =AyX9 4-4, X%+a_x*+...... » where 
Gy) Qi, @a,...are elements of Rand only a finite number of them are 
not equal to 0, the zero element of R. (Agra 1970; Meerat 73) 

Here x is an indeterminate. We could have used any other 
letter, say, y in place of x. Also a)x°, a;x, dex", etc. are called 
terms of the polynomial and a), a1, a2, etc. are called coefficients 
of these terms. All these coefficients are elements of R. The 
number of terms in the polynomial f(x) will be infinite but except . 
a finite number of terms, the coefficients of all the remaining 
terms will be equal to 0, the zero element of the ring. The symbol 
‘-+’ connecting various terms: in f(x) has no connection with the 
addition of the ring R. This symbol has been used here only to 
connect different terms. Also x is not an element of R. The 
pow-rs of x are nothing to do with the powers of an element of 
R. The different powers of x only tell us the ordered place of 
different coefficients. There is no harm if we represent this poly- 
nomial f(x) by the infinite ordered set (a), a, dg,...... ) where 
Go, 1, Gay.:....afe elements of R and only a finite number of 
them are not equal to zero. Since from high school classes we 


“represent a polynomial with an indeterminate x, therefore we 


have preferred this way to represent polynomials. 
Set of all polynomials over a ring. Let R be an arbitrary r ring 
and x an indeterminate. The set of all polynomials f(x), . 
7 “Fo= = QnX"= AX? +0\X+ AX? +... 


where the as are ee of the ring R and only a athe number of 
them are not equal to zero, is called R (x). 


We shall make a ting out of R(x]. Then R[x) will be called 


the ring of ail polynomials over the ring R. For this we shall 


define equality, addition, and teultiptication of t two elements of 
(R(x), 
Definitica, Specs R is an a arbliiaep ring and 

| fx) =0gX + ax-+ aa? + Qsx°+... 
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and g(x) = b,x9+ by x+ bax?-+ byx?+ és 
are any elements of R[x]. Then 


(a) f(x)=g (x) if and only if dn=b, 4 non-negative integer n. 
Thus two polynomials are equal iff their corresponding coefficients 
are equal. 


(b) f(x) +g (X) = ¢yx9+0,%+4-6ax2+ 9x? ...where 
Cn=An+b, for every non-negative integer n. Thusin order to.add 
two polynomials we should add the coefficients of like powers of x. 
Since c, = R and only a finite number of c’s. cannot be equal 
to zero, therefore f(x)-+-g (x) is an element of R [x]. Thus R[x] is 
closed with respect to addition of polynomials as defined above. 


(c) f(x) 2(x)=dox®+d,x+dgx?+dyx? +... 
where dya=Qobn+-€10n-1 + G2bn_g+...-+@nbo 
for every non-negative integer n. Wecan writéd,= £ ajb; 
itjen 


where by this summation we mean the sum of all the products of 
the type a,b; with i and / non-negative integers whose sum is n. 

Since d, = R and only a finite number of d@’s can be not equa) . 
to zero, therefore f(x) g(x) is an element of R [x]. Thus R [x] ic 
closed with respect to multiplication of polynomials as detned 
above. 

We have dy=aybo, d:=aob, +4,5p, 

dg=Gybg+415;+agbp, d,=,bs+ a1b2+ ashy + ash and so.on. 

Therefore in order to multiply two polynomials S(x) and g(x), 
we should first write 

S(%) B(X) = (gx? +41 % + dex? + agx8 +...) (Byx°+b1x+ bgx®+.. ). 

Now we should multiply different powers of the indetermi- 
nate x and using the relation x/x/=x'+/ we should collect coeffi- 
cients of different powers of x. 


Zero Polynomial. The polynomial 
IX) = Zax" 4x + A,X + agx* + agx?+... 


in which all the coefficients ay, Gi, d2,...are equal to 0 is called the 
zero polynomial over the ring R. 


Degree of a Polynomial. Meerut 1978) a 
. Let flx)=0,%9-4-0%-+-0,2°+ a,x°+.. bd Xb. ce 
“be a polynomtal over an arbitrary ring R. ‘We say that nis the — 
degree of the polynomial f(x) if and only if ag%0 and an=0 for ail 
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m>n. We shall write deg f(x) to denote the degree of f(x). Thus 
the degree of f(x) is the largest non-negative integer i for which 
the ith coefficient of f(x) is not 0. If in the polynomial L(%)s % 
 (Le., the coefficient of x°) is not 0 and all the other coefficients 
are 0, thén according to our definition, the degree of f(x) will be 
zero. Also according to our definition, ifthere is no non-zero 
coefficient in f(x), then its degree will remain undefined. Thus we 
do not define the degree of the zero polynomial. Also it is obvious 
that every non-zero polynomial will possess a unique degree. 
Note. if f(X)=ayx° +a X+ Ox? +... + aax"+...iS a polynomial 
of degree n L.e., if an3£0 and am==0 for all iz > n, then it is con- 


Mer: n ; 
yenient to write f(x)= 2 GjX! > Ay X° + AX +agX* +00 + Onr". It will 
imQ 


‘remain understood that all the terms in f(x) which follow the term 
Gnx", have zero coefficients. Also we shall call a,x" as the leading 
term and a, as the leading coefficient of the polynomial. The 
term’ ax° is called the constant term and a, is called the zero‘ 
coefficient of f(x). For example (x)= 2x0} 3x—4x8 45x58 — 8x8 is 
a polynomial of degree 4 over the ring of integers. Here —8 is the 
leading coefficient and 2 is the zero!" coefficient. The coefficients of 
ali terms which contain powers of x greater than 4 will be regar- 
ded as zero. Similarly g(x)=3x° is a polynomial of degree zero 
over the ring of integers. In this polynomial! the coefficients of 
x, x*, x%,...are all equal to zero. The zero polynomial over an 
arbitrary ring R will be represented by 0.°. 

Set of constant polynomials over a ring. Let R be un arbitrary 
ring and R [x] the set of all polynomials over R. Let R' denote the 
set of all polynomials over R whose . covfficients are all zero except 
for the constant tert, which may, be either zero or, non-zero. That is 

"Rafae:aG Rk 

Then R' will-be called as the set of constant polynomials in 

R {x]. 3 ee = | , 

‘Thus all the polynomials of degree 0 as well as the “zero 

polynomial will be called as constant polynomials. 


pte, 


as oflo ihing: .pol 'ynomials “over 


Example 1. Add.and multiply th 
the ring of integers: © ge fees ee 
(f(x) 2x°+Sx43K2—42, a(x) 3x04 4x 2i8 + 5x8, 
Solution. “By our definition of the sum of two polynomials, 
we have sh 4 
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f(x)+8(x) =(2+3) °+(54-4) x+(3+0) x? . 
+(—4—1) x®+(04+5) x 
= 5x9 49x 4 3x2—5x8+45x!. 

Also fix) g(x) =(2x6 +5x+-3x?—4x*) (3x°+4x—x?-+ 5x‘) 

= 6x°+(8-+ 15) x+(20 +9) x24-(—24+12—12) x°® 

+(10—5—16) x4+-(25—3) x°+(15+4) x§—20x’ 

= 6x9 23x-+ 29x — 2x9— 11x44 22x54 19x5—20x7. 

Example 2. Add and multiply the following polynomials over 
the ring (le, +6, Xe) : 

f(x) =2x°+5x+32?, g(x)= 1x9+ 4x-+42x°. 
Solution. f(x)+g (x)=(2+el) 2°+(5+64) * 
| +(3+60) x?+(0+<2) x8 
= 3x94 3x-+-3x?-+- 2x3, 

Also f(x) g(x)=(2x°+5x+3x") (1x°-+-4x-+-2x?) 

=(2xX el) x°+((2 x st) +e (5x 6!) x+((5 x 84) +6 (3 Xl )\x? 

+[(2%62)+6 (3 x 64)) x3-++(5 x ¢2) x*-+(3 X62) x 
=2x0+4(2+465) x-+(2+63) x*+(4+40) x3+-4x4+-0x° 

= 2x9+ La+ 5x®+-4x3+4x4. 

Note. Here degree of f(x)=2, degree of g(x)=3 and degree 
of f(x) g(x)=4. The point to note is that degree of f(x) g(x) may 
be less than the sum of the degrees of f(x) and g(x). 

(G.N D.U. 1986) 

§ 21. Degree of the sum and the product of two polynomials. 

Theorem. Let f(x) and g(x) be two non-zero polynomials over 
an arbitrary ring R. Then 


(i) deg [f(x) +8 (x)] < Max [deg f(x), deg g(x), 
if f(x) +(x) #0. 
(ii) deg [ f(x) g(x)] < deg f(x)+deg g(x) if f(x) g(x) #0. 
gS (Meerut 76, 78) 
Proof. Let f(x)=G)x°+@1X-+ ax? +... anx"s an~0 
and g(x) =b)x°+-b1x+b2x? +... + bmx”, bm3%0 be two elements of 
R[x]. 
Here deg f(x)=n and deg g(x)=m. 
From our definition of the sum of two polynomials, it is 
obvious that if f(x)+2(x)+0, then 
ae max (n,m)ifnsm | 
deg [ f(x) +a(x)]= nif n=m and an+bm40 
<nifnomand a,tbm=0. | 
Again fix) (x)= (dbo) X°+ (Gobi -+41bo) xb +--+ Anbmx"*™. 
Suppose f(x) g(x) #0. Then-/(x) g(x) has a unique degree. 
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If Gnbm#0, then deg [ f(x) g(x)]=n+m=deg f(x)+deg 2(x). 

Also if @nbm=0, then deg [ f(x) g(x)] < n+m. 

Cor. 1. Important. Suppose D is an integral domain and f(x), 
g(x) are two non-zero elements of D [x]. Then 

deg [ f(x) g(x)]=deg f(x)+deg g(x). 

Proof. Since a,0, bn340, therefore anb.,340 because in an 
integral domain the product of two non-zero elements cannot be 
zero. Hence deg [ f(x) g(x))=m-tn. 

Cor. 2. If F is a field and f (x), 9(x).are two non-zero elements 
of F(x), then deg { f(x) g(x)|=deg fix)+deg 2(x). 

(Meerut 1973; Kanpur 80) 

Proof. Since a field is also free from zero divisors, therefore 
anbm#0 when a,40 and by30. Hence the result. 

§ 22. Ring of Polynomials. 

Theorem. The set R(x] ef all polynomials over an arbitrary 
ring R is a ring with respect to addition and multiplication of poly- 
nomials. (Meerut 1973, 80; Sagar 77) 

Proof. Let f(x), g(x)GR[x]. Then f(x)+2(x) and f(x) g(x) 
are also polynomials over RX. Therefore R[x] is closed with respect 
to addition and multiplication of polynomials, 

Now let 

f(x) = 2ajx! = ayx° + a, x+ aex?-+ ...,g(X) =x" +bix+box?-+..., 

A(X) = cox? +4,x+¢,x°+ ...be any arbitrary elements of R[x]. 

Commutativity of addition. We have 

F(X) +.8(X) = (09+.bg) 09+ (a1 +81) x+ (a2 +e) x24... 

= (by +45) X9°+-(b1+41) ¥+(b2 +45) x24... = (x) + fix). 

Associativity of addition. We have 
[ f(x) +8(x)) + A(x) = 2 (a;+b;) x' +2 ojx!=F [(ai+b)) +e,] x! 
= (a;+(bi+¢;)] x'=F aixi+T (b:+¢;:) x'=f(x)+[g(x) +h (x)]. 

Existence of additive identity. Let 0 (x) be the zero polyno- 
mial over R i.e., 0(x) =O. +0x+0x24... 

Then f(x)+0 (x)=(a,+0) ¥°+(a,+0) x+(a2 +0) x?+... 
=A X° +x +4,x* + .. f(x). 
*,, the zero polynomial 0(x) is the additive identity. 

Existence of additive inverse. Let —f(x) be the polynomial 
over R defined as —S(x)=(—,) x9+€=—a1) x+(—ae) x?4+... 

Then —f(x)+-f(x)=(—a) +44) x°+(—a,+a,) x-+(—ae+as) x*+... 
=0x°+-0x+0x?+...=0(x)=the additive identity. 
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* each member of R[x] possesses additive inverse. 
Associativity of Multiplication. We have 
f(x) g(x) =(aox® +4,x+ aax* +...) (byx9-+ b1x+ box? +...) 
. =d,x0-+d,x-+-dax?+...+0)x'+..., where dim 2 214 


Now [ f(x) g(x)) 2 (x). 
== (d,x°-+4,x +d,x* +...) (CyX9- 1X4 Cox? +...) 
== yx e1,X+ Cox? +... benx"+..., | 7 
where e,=the coeff. of x" in [ f(x) g(x)] A(x) 


a: ditp= 5 [(( 2 abs cxyj= 2 aibjce. 
itken itken it+jeal : itj+kon 


Similarly we can show that the coeff. of x" in 
Six) [a() h(x\)= rl aibjCr. 
=n 


Thus [ f(x) g(x)] A(x)=f(x) [g(x) A(x)] since corresponding 
coefficients in these two polynomials are equal. 
- Distributivity of multiplication with respect to addition. We 
have f(x) [g(x)+4(x)) ; 
= (ayx°-+ ax +a2x* +...) ((Oo +e) x9-+-(b,+01) x+(b2+¢2) x?+...). 
If nis any non-negative integer, then the coefficient of x” in 
F(x) [g(*) A(x] - rn 
= ZS a(bta)j= F (aibjtaicj)= 2 aibjt+ 2. ajc; 
itjeon itjen itjen itjon 


=Coeff. of x" in f (x).2(x)+coeff. of x7 in f(x) A(x) 
=Coeff. of x" in [ f(x) g(x) +/(x) A(x)}. 
SAX) (8x) FAC) =SX) 8(%) +404) AO). 
Similarly we can prove the right distributive law. 
Hence R(x] is aring. This is called the ring of all polyno- 
mials over R. The zero element of this ring is the zero polynomial 
0x°-+- Ox-+-0x?-+0x°+... 
§ 23. Rasa subset of R[x] or Imbedding-of R into R[x). 
Theorem. /f R is an arbitrary ring and R’ is the set of constant 
polynomials in R[x}, then R' is isomorphic to R. (1.A.S. 1974) 
Proof. We have R’ ={ax°+0x+0x?+0x°+...such that a=}. 
Let ¢ : R->R’ such that | 7 
$(a)=ax°+0x+0x?+0x9+...¥ ER. 
¢ is one-one since | oe 
¢(a)=4(6) > ax9+Ox+Ox?-+...=bx9-+0x+0x?+...> a= b. 
Also ¢ is obviously onto R’. 7 a « 
Again ¢(a+b)=(a+5) x°+0x+0x?+0x°+... 
= [ax°+Ox+-0x9+...]+[0x°+0x+0x?+ ...]=¢ (a)+¢ (6). 
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Also ¢ (ab)=abx°+0x+0x*+0x°+... 

= (ax°+ Ox+0x*+...) (bx° -+0x+0x?-+...)=¢ (a) ¢ (6). 

¢ is an isomorphism of R onto R’. Hence RoR’. 

Since R is isomorphic to R’, therefore in R[x] we can identify - 
R' by Rie., all the constant polynomials in R[x] can be replaced 
by the corresponding elements of R. This replacement will not 
affect the addition and multiplication of polynomials. 

Hence in future we shall write 0 in place of the zero polyno- 
_mial. If ax®°+0x+0x®+ .. is any constant polynomial in R(x), 
then we shall simply write a in place of this polynomial. 

Also in place of AyX° +A X+ eX? +... we shall write - 
A,+a:X+aax*+.... If we are to multiply f(x) by a constant poly- 
nomial ax°+-0x +0x?+..., then we shall write af (x) in place of . 
(ax°+0x+...) f(x). : 

§ 24. Polynomials over an integral domain. 

Theorem. If D is an integral domain, then the polynomial ring 
D [x] is also an integral domain. 

(LA.S. 1974; Rajasthan 74; Allahabad 80; Kanpur 88; 
Marathwada 72; Meerut 84, 88, 89) 

Proof. Let D be a commutative ring without zero divisors 
and with unity element !. ‘As proved in § 22, D[x] is also a ring. 
To prove that D [x] is an integral domain, we should prove that 
(i) D {x] is commutative, (ii) is without zero divisors and (iii) 
possesses the unity element. OS 

D [x] is commutative. Let f(X%)= A, + a1x+ a2x? +...... and 
g(x) =bo+ bx + b.x? 4-..: be any two elements of D [x]. 

If nis any non-negative integer, then the coefficient of x” in 
I(x) g(x) is= ao ajbj;= ae b,a;, since D is commutative | 


=Coefficient of x" in g(x) f(x). 

i f(x) g(x) =8(x) f(x). Hence D [x] is a commutative ring. 

If 1 is the unity element of D, then the constant polynomial 
1+0x + 0x24 0x3+ ...is the unity element of D [x]. We have 

- [aotayxanx? +...) (1+0x+0x?+ Ox3+...J 

= (aly (a,') x+(ael) x*+ Ay taiX+aex*+ ... 
the polynomial 1+0x+0x°+ or simply | is the unity 

element of D [x]. | a 

D [x] is without zero divisors. Let) - ae 


gp er a Sa 
tea” * —_—steeme - ane - a — 
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SX) Hag + a1X+Gax* +... +Amx", am#0 
a(x)=bo+bix+bax?+...+bnx", bn XO 
be two non-zero elements of D{x). 

Then f(x) g(x) cannot be a zero polynomial /e., the zero ele- 
ment of D [x]. The reason is that at least one coefficient of 
f(%) g(x) namely amb, of x™** is #0 because Gm, bn are non-zero 
elements of D and D is without zero divisors 

- Hence D[x] is an integral domain. 

Theorem 2. If R is an integral domain with unity element, then 
any unit in R[x] must already be a unit in R. . 

Proof. If R is an integral domain with unity element 1, then 
R[x] is also an integral domain ‘with unity element. Further the 
constant polynomial 1 is the unity element of R[x]. Let f(x) be a 
unit in R[x], fe., let f(x) be an inversible element of R[x) Let 
g(x) be the inverse of f(x) in R[x]. Then 

f(x) g(x)=1 
=> deg[{ f(x) g(x)}=0 [". degree of the constant polynomial 
1 is 0} 
=> deg f(x)+deg g(x)=0 > deg f(x)=0, deg g(x) =0. 
> both f(x) and g(x) are constant polynomials in. R{x). 

Let f(x)=aER and g(x)=bER. Then ab=1=>a isa unit in 
R. Thus any unit in R[x] must already be a unit in R. 

Note. If a&R is a unit in R, then ae R[x] is also a unit in. 
R{x]. If 6 is the inverse of a in R, then the constant polynomial 5 
is the inverse of a in R[x]. 

§ 25. Polynomials over a field. . 

Theorem 1. If F is a field,. then the set F[x] of all polynomials 
over F is an integral domain. j 

(Kanpur 1986; Bombay 70; Allahabad 66; Meerut 69) 

Proof. Every field is an‘integral domain. So give the same 
proof as we have given in § 22 and then in § 24. . 

We shall call the set F[x] as the polynomial domain over the 
field F. . | 

Theorem 2. The-polynomial domain F(x] over a field F is not 
afield. |. Bes . (Allahabad 1985) 

Preof.. In order to. show that F{x] is not a field, we should 
show that there exists a non-zero element of F[x] which has no 
multiplicative inverse, Let f(x) be any element of F[x] such that 
deg f(x) is greater than zero. The inverse of f(x) cannot be the 
zero polynomial because the product of f(x) and the zero polyno- 


334 Modern Algebra 


mial will be equal to the zero polynomial ‘and not equal to the 
unity element of F[x] which is the polynomial 1-+0x+0x8+... 
Suppose now g(x) is any non-zero polynomial. Then -F being a 
field, we have . : 
deg [ f(x) g(x))==deg f(x)+-deg g(x) > 0 because deg f(x) > 0 
anc deg g(x) > 0. 

. The degree of the unity element of F[x] fs 0. Hence f(x) g(x) 

cannot be equal to the unity element of F[x]. Thus f(x) does not 
possess multiplicative inverse. 

F(x] is not a field. 

Important. The only inversible elements of F[x] are constant 
polynomials excluding the zero polynomial. No member of F[x) 
whose degree is greater than 0 is inversible. 

§ 26. Ring of polynomials | in n variables | over an integral 
domain. 

Definition. Let R be an integral domain. Then the ring of poly- 
nomials in the n-variables x;,...,Xn over R is denoted by R(X1,..-.Xn] 
and is defined as follows : 

Let- Ry=R [x], the polynomial ring in x, over R, 

Re=R, [Xe], the polynomial ring in x2 over Ri, 
Rs= Re [xs], the polynomial ring tn xs over Ra, 


Rn=Ra-s (Xn), the polynomial ring in x, over Ry-1. 
Then R, is called the ring of polynomials in x;,...,%n over R and 
we write Ram>R [X1,...,Xn). 
Theorem 1. If R is an integral domain, then so is R [x),...,Xa]- _ 
Proof. If R is an integral domain then R:=R [x,] is also an 
integral domain. Now R, is an integral domain implies that 
Re= R, [x2]= R [x1, Xe] is also an integral domain. Continuing this 
process a finite number of times we see that R [%1,...,%a] is an in- 
tegral domain. 
Theorem 2. If F is a field, then F [*1,.. Xn] ts an integral 
domain. . . 
Proof. If Fisa field, then F,=F (x,] is an integral domain. 
. Now F; is an integral domain implies that F,=F, [x3] 
=F [x, ¥9] is also an integral domain. Continuing this process 
a finite number of times we see that F[x,...,x,] is an integral 


domain. - . 
Note. If Fis a field, then F [%,...,x,)is an integral domain. 
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Now we can construct the field of quotients of the integral 
domain F [x;,...,%n]. This field is called the field of ratlonal 
Junctions in x,,...,%_. over F and is denoted by F (x1,...,%n). 
§ 27. Divisibility of Polynomials over a field. 
Suppose F is a field. Then F(x] is an integral domain. If 
@ (x)+0 and f(x) are elements of F[x], then a (x) is a divisor (or 
factor) of f(x) if and only if there is a polynomial 5 (x) in F[x] 
such that f(x)=a(x) b(x). Symbolically we write a(x) | f(x). 
A unit is an element of F[x] which has multiplicative inverse. 
All the polynomials of zero degree belonging to F[x] are units of 
F [x]. Thus the non-zero elements of Fare the only units of F [x]. 
_If f(x) and g(x) are polynomials in F (x), then we call f(x) 
and g(x) associates if f(x)=c g(x) for some 04c € F. It can be 
easily proved that two non-zero polynomials f(x).and g(x) in F(x} 
are associates if and only if f(x) | g(x) and g(x) | f(x). 
If f(x) is any non-zero polynomial in F{x], then f(x) is 
‘always divisible by its associates and by all units of F [x]. These 
divisors of f(x) are called its improper divisors. All other divisors 
of f(x), if there are any, are called its proper divisors. 


Definition of an irreducible polynomial over a field. Let F be 
a field and f(x) be a non-zero and non-unit polynomial in F[x) i.e., 
J(x) be a polynomial of positive degree. Then f(x) is said to be irre- 
ducible over F (or prime) if it has no proper divisors in F [x]; f(x) 
is reducible over F if it has a proper divisor in F (x). 

| (Meerut 1983P) 

Thus a positive degree polynomial f(x) in F(x] is irreducible 
over F if whenever f(x) =a (x) b (x) with a(x), 6 (x) © F [x] then 
one of a (x) or b (x) is a unit in F [x] i.e., has degree 0. Also f(x) 
is reducible over F if and only if we can find two polynomials 
a(x) and b(x) in F(x) such that {(x)=a (x) 5 (x) and none of a(x) 
and b{x) is a unit in F [x] i.e., has degree 0. 

Irreducibility depends on the field. The polynomial x*—2 is 
irreducible over the field of rational numbers while it is reducible — 
over the field of real numbers, since x*—2=(x+- +/2) (x— 2) 

The polynomial x?+1 is irreducible over the field of real 
numbers while it is reducible over the field of complex numbers 
since x2-++ 1 =(x+i) (x—i). 

Monic polynomials. Definition. 

— Let f(xX)=aytax+...+@nx", with an%0, be a polynomial in 
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F[x] over an arbitrary field F. If the leading coefficient a, of f(x) ts 
equal to 1, the unity element of F then the polynomial f(x) will be 
called monic. 4 Zs 

The polynomial 2x—3x* over the field of real numbers is not 
monic since its leading coefficient is —3. But the polynomial 
x®--3x-+4 over the field of real numbers is monic since its 
leading coefficient is 1. ia , 

_ Greatest common divisor of two polynomials over a field. 

Definition. Suppose F is any field. Let f(x) and g(x) be two 
elements of F(x). A greatest common divisor of f(x) and g(x) fsa 
non-zero polynomial d(x) such that 

(i) d(x) | f(x) and d(x) | g(x) | 

(ii) If c(x) is a polynomial such that ¢(x) | f(x) and c(x) | g(x) 
then c(x) | d(x). - | 

Relatively prime polynomials. Two polynomials f(x) and 
g(x) & F[x) are sald to be relatively prime if their greatest common 
divisor is |, the unity element of F. 


§ 28. Division Algorithm for polynomials over a field. . 

Theorem. Let f(x), g(x)+0 be any two polynomials of the 
polynomial domain F(x), over the field F. Then there exist uniquely — 
two polynomtals q(x) and r(x) in F[x] such that 

S(x)=9(x) g(x) +(x) 
where either r(xj=0 or deg r(x) < deg a(x). 
(Allahabad 1985; Jabalpur 86; Meerut 87; G.N.D.U. Amritsar 87) 

Proof. Suppose . 

S(X) Hao +a X+Gex* +... -+-Amx™, anxX~0 
and 2(x) = bo +b1x+bax? + ... + bax", 6,0. 

If degree m of f(x) is smaller than the degree 1 of g(x) or if 
f(x)=0, then we are nothing to prove. Because we can always 
write f(x) =0. g(x) +/(x). So in this case .g(x)=0, r(x)=f(x) and 
we have either f(x)=0 or deg f(x) < deg g(x). 

Now let us assume that m > n. In this case we shall prove 
the theorem by induction on m™ ie., degree of f (x). 

If m==0, then m > n>n=0. Therefore f(x) and g(x) are both 
non-zero constant polynomials, f(x)=4, 40, and g(x)=b,, 
bp+0. We have inthis case - | 

f(x)=a5= (obo!) Bo +-O0=(Agbo-') B(x) +9. 

Thus the theorem is true when m=0 or when the degree of 

f(x) is less than 1. 
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We shall now assume that the theorem is true when f(x) is a 
polynomial. of degree. less than m and then we shall show that it 
is also true if f(x) is of degree m and then the proof will be com- 
plete by induction. 
Let f(x) = f(x) —(@mba=3) 2-7 a(2) 7 aa men 60) 
Obviously deg f,(x)<m. Therefore by our*assumed ‘hypo- 
thesis, there exist polynomials s(x) and r(x) such that . 
Ai(x)=s(x) a(x) +r(x), 
where r(x)=0 or deg e(x)<deg g(x). 
Now putting the value of f(x) in (1), we get 
8(x) B(x) +1(x)=f(x)—(amba-2) x™-" g(x) 
or I(®)=((amba=?) 2-9 4-5(x)] 8(x)+7(x). 
If we write g(x) in place of (amb,-1) x™-"-4+-5(x), we get 
. I(*)=9(x) a(x)-+r(x) 
where s(x)= 0 or deg r(x)<deg g(x). 
This proves the existence of polynomials g(x) and r(x). Now 
to show that q(x) and r(x) are unique. Let us assume that 
S(x)=H (%) 8(x) +(x) =gs (x) 9(x)+1a(2). 
Then (x)'g(x)-+r1 (x)=qs (x) 9(x)+12(x) 
or [9:(x)—9o(x)) a(x) =ro(x)—ri(x). (2) 
If [91(x)—ga(x)]40, then [9:(x)—9a(x)] g(x) cannot be equal 
to the zero polynomial because g(x)=£0 and F[x] is without’ zero 
‘divisors. Also then the degree of (¢;(x)—qa(x)] g(x) is at least 7, 
the degree of g(x). But rs(x)—r;(x) is either equal to the zero 
polynomial or else its degree is less than n because the degrees of 
ra(x) and r;(x) are both less than n. Hence the equality (2) among 
two polynomials holds only if 
—— QilX)—g2(x) = 0 and P(x) —r,(x)=0 
f.e., only if 91(x)=4e(x) and r;(x)=r,(x). 
*, the polynomials g(x) and r(x) are unique. 


Definition. Jn the division algorithm, the polynomial q(x) ts 
called the quotient on dividing IG) by g(x) and the pornos: r(x) 
ts called the remainder. 


Theorem. A polynomial domain F(x} over a fleld F ts a princi- 

pal {deal ring. (Vikram 1976; Lucknow 70; Madras 78; 

I.C.S. 87; Kanpur 71; Kumayun 77; Meerut 79, 81) 

Proof. Obviously F[x] is a commutative ring with unity and 

without zero divisors. Therefore Fix}i is a principal ideal ring if 
every ideal in F[x) is a principal ideal. 
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Let S be an aes ideal of F[x). If Sis the null ideal, then 
S=(0) i.e., the ideal of F[x] generated by 0. Therefore S is a — 
- principal ideal. So let-us suppose that S is not a null ideal. Then 
there exist non-zero polynomials f(x) in S. Let g(x) be a polyno- 
mial of lowest degree m belonging to S. We shall show that S is 
- the principal ideal generated by g(x). 

Let f(x) be any arbitrary member of S. By division algorithm 
there exist two polynomials g(x) & F[x], r(x) © F(x], such that 
S(x)= q(x) g(x)-+rix), where r(x)=0 or deg r(x) < deg g(x). 

Since S is an ideal, therefore 

q(x) & F(x], g(x) € S => g(x) g(x) € S. 

Also f(x) & S, g(x) g(x) & S > f(x)— q(x) g(x) ES. 

But f(x)— q(x) g{x)=r(x). Therefore r(x) GS. 

Now either r(x)=0 or deg r(x) < deg g(x). But we have 
assumed that g(x) is a polynomial of lowest degree belonging to S. 
Hence deg r(x) cannot be less than deg g(x). -Therefore we must 
have r(x)=0.. Then f(x)=4(x) g(x). Thus g(x) € Sis such that 
f(x) € S = f(x)=q(x) g(x) for some g(x) € F[x]. Therefore S . 
is a principal ideal of F[x] generated by g(x). Hence F[x]isa 
principal ideal ring. 

Important. A polynomial ring over an arbitrary field is a 
principal ideal ring But a polynomial ring over an arbitrary ring 
is not a principal ideal ring as is obvious from the following 
example. | , . 

Example. Show that the polynomial ring 1 [x] over the ring of — 
- Integers is not a principal ideal ring. 

(Meerut 1976; Andhra 75; Madurai 88) 


Solution. To prove this statement we shall show that the 
ideal (2, x) of the ring I [x] generated by two elements 2 and x of 
I (x] is not a principal ideal. Let (2, x) be a principal ideal in 
I [x). Then there will exist a non-zero element g(x) € I [x] such 
that (2, x)=(g(x)). 

Since 2 & (g(x)) and x & (g(x)) therefore there will exist 
elements ¢(x) and ¥(x) belonging to I [x] such that 

= $(x) B(x); .(1) 
= h(x) g(x). ...(2) 

From (1), we iy 2x=[¢(x) g(x)] x and from (2), we get 

2x = 2 (x) g(x). | 

24(x) g(x)=x¢d(x) g(x) (°” ILx] is a commutative ring]. 

“.  .2b(x)=xd(x) since g(x) <0, and I[x] is without zero divisors. 
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Now 2¢(x)=x (x) implies that the coefficients of ¢(x) must 
all be even integers. Therefore ¢(x)==2h (x) where A(x) is some 
polynomial in I [x]. Putting this value of ¢(*) in (1) we get ; 

2=2h (x) g (x) 
1 =h (x) g(x). 


Now 1=A(x) g(x) > 1 & (g(x)). Therefore each element of 
I [x] will belong to (g(x)). Thus we have I [x)=(g(x))=(2, ). 
Therefore each element of I [x] will belong to (2, x)... We shall 
show that 1 & (2, x) and this contradiction will mean that: (2, x) 
is not a principal ideal in I [x]. 
Now I © (2, x) = we can write 
1 =2p(x) + xq(x) 
where p(x) and g(x) are some elements in I [x]. 
Let p(x)==do-+ a:x-+ ax?+...and g(x)=bo-+ bix-+bex*+ ... 
Then 1=2 (a9+-a,X-+43x?-+...)+% yt bint bert. y 
or 1 = 24+ (241+ Bo) x+.(2a2+5;) 2+... 
This equality implies 1=2a, whereaq El. — 
But for no integer dy we can have 1=2a). Hence 1 & (2, x). 
(2, x) is not a principal ideal in I [x]. 


§ 29. Euclidean Algorithm for polynomials over a field. 

Theorem. Ler F be afield and f(x) and g(x) be any two poly- 
nomials in F[x], not both. of which are zero. Then f(x) and g(x) 
have a greatest common divisor d(x) which can be. expressed in the 
form 


Ai =I(x) f(x)+n(x) g(x) 


for polynomials m(x) and n(x) in F(x). (Meerut 1976). 
Proof. Consider the set , 
S={s(x) f(x) +t(x) g(x) : s(x), t(x) & F[x]}. »(1) 


We claim that S is an ideal of F{[x]. The proof is as follows : 

Let s(x) f(x)+ h(x) g(x) and s(x) f(x)+ to(x) g(x) be any two 
elements of S. | 

Then [s:(x) f(x)+t1(x) g(x)]—(se(x) f(x)+- tex) g(x)] 

=[s1(x) — 5o(x)] f(x) +[4(x)— ta(x)] (x) E S 

since 5,(x)—59(x) and #,(x)— ¢.(x) are both members of F[x]. 

Also if a(x) be any member of F[x], then 

a(x) [s1(x) f(x) +4(x) 8(x)) 
=[a(x) 5i(2)] f(z) + Lae) Hx)) (2) ES. 
Therefore S is an ideal of F[x]. Now every ideal in F[x) isa 
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principal ideal. Therefore there exists an element d(x).in S such 
that every element in S is a multiple of d(x). 


Since d(x) € S, therefore from (1) we see that there exist 
elements m(x), n(x)@F{x} such that. 
d(x)=m(x) f(x)+-n(x) g(x). 
Now F[x] is a ring with unity element 1. 
“. Putting.s (x)=1, ¢ (x)=0 in (1), we see that f(x) & S. 
Also putting s(x)=0, t(x)=1 in (1), we see that g(x) & S. 
Now f(x), g (x) are elements of S. Therefore ‘they are both 
multiples of d(x). Hence d(x) | f(x) and d(x) | g(x). 
Now suppose ¢ (x) | f(x) and c (x) | g(x). A 
Then (x) | [m (x) f(x)] and c (x) | [ (x) g(x)].. Therefore 
¢ (x) is also @ divisor of m(x) f(x)-+n (x) g(x) fe., ¢ (x) isa divi- 
sor of d (x). . 


Thus d (x) is a greatest common divisor of S(x) and g(x). 


Note. If-d (x) is a greatest common divisor of F(x) and g(x) 
then any associate of d(x) t.e., kd (x) ‘where 04kEF will also be 
a greatest common divisor of f(x) and g(x). In particular if 046 
‘is the leading coefficient of the polynomial d(x), then the monic 
polynomial b-'d(x) will also be a greatest common divisor of f(x) 
and g(x). Often while defining greatest common divisor of two 
polvnomials over a field we include one more condition in our defint. 
tion that the greatest common divisor should be a monte polynomial. 
The advantage of this extra condition is that now we shall get - 
unique greatest common divisor as shown below : | 

Suppose d,(x) and dy (x) are two monic polynomials and 
each is a greatest common divisor: of (x) and g(x). Then 

d,(x) | de (x) and ds (x) | d; (x). Therefore d, (x) and ds (x) are 
associates and we have d,(x)=ud, (x) for some 0+ueEF. Since 
d, (x) and dq (x) are both monic, therefore u=1. 


§ 30. Unique Factorization Domain. Definition. An integral 
domain, R, with untty element 1 is a unique factorization domain if 

(a) any non-zero element in R is etther a unit or can be written 
as the product of a finite number of irreducible (prime) elements 
Of R; . . 

(5) the decomposition in part (a) is unique upto the order and 
associates of the irreducible elements. 

(Punjab 1968; Madurai 78; Banaras 64; Meerut 70) 
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Thus if R is a unique factorization domain and if a0 is a 
non-unit in R, then a can be expressed as a product of a finite. 
number of prime elements of R. Also if 


2=P, Ps Pa... Pn=P1'Ds'Ps'...Dm' 

where the p; and p,’ are prime elements of R, then m=n and each 
pi, 1 <i < 2 isan associate of some Py’, 1 Sj < mand conver. - 
sely each p,’ is an.associate of some p,. 


§ 31. The unique Factorizetion Theorem - for polynomials over 
a Field. We shall now prove that every polynomial over a field 
can be factored uniquely into irreducible factors. Before stating 
the main factorization theorem, we shall give two preliminary 
theorems that are needed for its proof. | 


~ Theorem 1. Let f(x), g(x) and h(x) be polynomials in F{x] for 
afield F. If f(x) | g(x) h(x) and the greatest common divisor of f(x) 
and g(x) is 1, then f(x) | A(x). 

‘Proof. If the greatest common divisor of f(x) and g(x) is 1, 
then by theorem of § 29 there exist polynomials mm(x) and 
n(x) & F(x] such that 1=m (x) f(x) +n (x) g(x). Multiplying both 
members of this equation by A(x), we get 

A(x) =m (x) f(x) h(x)-+0 (x) g(x) A(x). ooe(1) 

But f(x) | g(x) h(x), so there exists a polynomial g(x) & F[x] such 
that g(x) h(x)=¢ (x) f(x). 

Substituting this value of &(x) A(x) in (1), we get 

h(x)=m (x) f(x) A(x)-+n (x) ¢ (x) f(x) 
=S(x) [7 (x) h(x) +2 (x) g(x), 

which ‘shows that f(x) is a divisor of A(x). 

Hence the theorem. 


Theorem 2. If f(x) ts an irreducible polynomial in F(x] for a 
Sield F and f(x) | g(x) h(x) where &(x), A(x) & F[x] then f(x) divides 
at least one of g(x) or h(x). (Allahabad 1967) 

Proof. Suppose that f(x) does not divide 8(x). Since f(x) is 
prime therefore f(x) does not divide g(x) implies that f(x) and g(x) 
are relatively prime. Therefore the greatest common divisor of 
f(x) and g(x) is 1. Hence by theorem 1, we get that f(x) | A(x). 

Corollary, If f(x) ts an trreducible polynomial in F(x] for a 
field F, and if f(x) divides the product 81(X) 89(x):..8n(x) of polyno- 
mials in F[x], then f(x) divides g(x) for some Lligign | 
. This result follows immediately by repeated application of 
theorem 2. 
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The Unique Fact-rization Theorem for polynomials over a . 
field. Let f(x) be 2 noa-zero polynomial in F[x], where F is a field. 
Then either f(x) is a unit in F[x) or f(x)=ap1 (x) ps (x).--Pm(*)s 
where each p; (x), 1 <i < m, isan irreducible montc polynomtal in 
F[x] and aG&F ts the leading coefficient of f(x). Further the factors 
P(X), Pa(X);-++» Pm(X) are unique except for the order in which they 
appear. (Meerut 1989, 91) 


Proof. We shall prove the theorem in two parts. First we 
shall prove that f(x) can be factored as required, and then we stall 
show that the factors are unique. 


Let f(x) be a non-zero element of F(x]. Then either f(x) is a. 
unit in F[x] ie., deg f(x) is 0 or deg f(x)>0. If deg f(x) >0, and 
the leading coefficient of f(x) is a we are to prove that f(x) can be 
expressed as a product of a and a finite number of irreducible 
monic polynomials in F(x). The proof will be by induction on the 
degree of f(x). 

Suppose f(x) is of degree one. Let f(x)=b+ax fora,b © F 
and a£0. We can write f(x) =a (a- b+-x).. Therefore the theorem 
holds in the case where f(x) has degree one since a-? b--x is irre- 
ducible and monic. j 


Now assume, as the induction hypothesis, that every polyno- 
mial of degree less than n can be factored as stated in the theorem. 
Consider an arbitrary polynomial f(x) of degree x having a as its 
leading coefficient. We can write f(x)=<af, (x), where f,(x)=a7'f(*) 
and f,(x) is monic. If f(x) is irreducible, then /,(x) is also irredu- 
cible and the theorem holds. If f(x) is reducible, then it can be 
factored as f(x)=g (x) h(x) where neither g(x) nor A(x) is a unit 
in F[x]. Now the degree of f(x) is equal to the sum of the degrees 
of g(x) and h(x). Also g(x) and A(x) are not units in F[x], so each 
of them must be of degree one or larger. Hence both g(x) and 
h(x) have degrees less thann. Therefore by our induction hypo- 
thesis we can write 

B(x)= ca, (X) &e (x)... (X), A (x)= AB, (x) Ba (%)...Bs (x) 
where each a; (x) and each B; (x) is monic and irreducible and 
where c and d are leading coefficients of g(x) and h(x) respectively. 
Thus aa 

f (x)sed cry (x) a (X) ots (x)...06 (2) Br (3%) Bs (x)»-Be (%) 

Since the leading coefficient of f(x) is a, therefore we must 
have a=cd because each « (x) and each 8 (x) is monic. Therefore 
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S(X)=aa, (x) ae (%)...¢5 (%) Br (%) Bs (X)...Br (x). . 
The factorization of f(x) satisfies the requirements of the 
theorem. Hence the theorem holds for all polynomials of degree 
n, and by the principle of induction, for all polynomials of arbi- 
trary degree. | 


In order to prove that the factors are unique, let us suppose 
that f(x)=aps (x) pa (x)...Pm (x)=4gi (%) qa (X)...gn (%) where each 
Pp (x) and each q (x) is irreducible and monic. Then we shall prove 
‘ that z=m and each.p (x) is equal to:some q (x) and each g (x) is 
equal to some p (x). From these two decompositions of f(x), we 
have > P1 (X) Po (X)...Pm (%) = Gi (X) G2 (X).-.da (X). 

Now Pp; (x) | pi (X) ps (X) ..pm (x): Therefore 

Pa (X) | 4s (%) Ge (X).--Gn (%). 


By Cor. to theorem 2 of this article p, (x) must divide at least 
one of a (x), 2 (X)s--s Qa (x). Since F [x] is a commutative ring, 
therefore without loss of generality we may Suppose that p; (x) 
divides g, (x). But p: (x) and q, (x) are both irreducible polyno- 
mials in F [x] and p, (x) | gq: (x). Therefore p; (x) and g; (x) must 
be associates and we have q, (x)=up, (x) where wu is a unit in F[x) 
i.é., u is a non-zero element of F. Since 9,(x)-and p, (x) are monic 
therefore u must be equal to | and we have p, (x)=, (x). . Thus 
we have 

P1 (X) Pa (X)...Pm (%)=P1 () qa (%)-+-Gn (%). 
Cancelling 0p, (x) from both sides, we get 
Pa (X) Ps (X)...Pm (xX) =Qz (*) Js (%).-.9n (x). »(I) 


Now we can repeat the above argument on the relation (1) 
with p. (x). If n>m, then after m steps the left hand side be- 
comes | while the right hand side reduces to a product of a cer- 
tain number of qg (x) (the excess of n over m). But the q (x) are 
irreducible polynomials so they are not units of F[x) i.e., they 
are not polynomials of zero degree. 


_ So their product will be a Polynomial of degree > 1. So it 
cannot be equal to 1. Therefore #-cannot be greater than m. Then 
n<m. Similarly interchanging the roles of p (x) and g (x), we get 
men. Hence m=z. 

Also in the above process we have shown that every p (x) is 


equal to some q (x) and conversely every q (x) is equal to some 
p (x). Hence the theorem has been completely established. 
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Thus we car say that the ring of polynomials over a field ts a 
unique factorization domain. 
§ 32. Value of a polynomial at x=c. 
Definition. Let f(x)=a, +-4,%+a,x°+ ...-+-,x" be a polynomial 
- in F [x] for an arbitrary field F and let c be an element of F. Then 
S(c)=a,+4,c+a,c'+...+a@,c°, where the indicated addition and 
multiplication are the operationsyin F, is called the value of f(*) at 
x=c. Obviously f(c) is an element of F. 
Zeros of a polynomial. Definition. /f f(x) is a polynomial in 
F [x] for an arbitrary field F,andf(c)=0 for an element c & F, 
then c is called a zero of f(x). | 
Polynomial equations and their roots. Definition. ‘Let f(x) be 
a polynomial of degree n overafield-F. We say that f(x)=0 is an 
equation over the field F and n is the degree of the equation. | 
If c is a zero of the polynomial f(x), thenc is a root of the 
equation f(x)=0. A root of an equation is also called a solution 
of. the equation. 
~ Remainder Theorem. Jf f(x) G F(x] anda © F, for any field 
F, then f(a) is the remainder when f(x) is divided by (x—a). 
(Allahabad 1983) 
Es Proof. By division algorithm there exist polynomials g (x) . 
and r(x) such that f(x)=q (x) (x—a)+r (x), where either r(x)=0 
or deg r(x) is less than the degree of x—a. But the degree of 
(x—a).is 1. Therefore r(x) has degree 0 or no degree. Hence 
. #(x) is a constant polynomial i.e., r(x) is simply an clement, say, 
rin F. Thus f(x)=q (x) (x—a)-+r: Putting x=a in this relation, 
we get f(a)=q (a) (@—a)-+r = f(a)=r. 
_ Cor. Factor Theorem. Jf f(x) © F[x] anda & F, fora field 
F, then x—a divides f(x) if and only if S(a)=0. 
(Meerut 1984 P; 88, 89, 91; Allahabad 85) 
Proof. By remainder theorem, f (a) is the remainder when’ 
f(x) is divided by (x—a). Therefore if f(a)=0, then (x—a) divides 
I(x). 
2 Conversely, if f(x) is divisibia by (4a) we get 
S(x)=(x—4) G(x). 
Putting ema, we get f(a)=(¢—a) g(a)=0 epnb. 
Example. Show that the polynomial x*+x+4 is irreducible 
over F, ‘thé field of .integers modulo 1}. 
(Meerut 1982, 83P, S4P, 88) 
Solution. The teld F is ({0,.1,.. o> 10}, +41, X11). 
Let S(xaxi+x4+4. 
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If a&F, then by a” we shall mean @Xu1 @X11 2X11 G...Upto 
ntimes. 

Now f (0)=0?-+u1 O43: 4=4, f(=UV4+un I+ 4=6, 
f (2)=2B+y 2+ 4=10, f (3)=FP +11 3+1°4=5, f (4)=2, 
S3)=1,f O)=C+1 6414=2, f ()=S, f (8)=10, f(9)=6, 
fF (10)=4. 

Since f (a)40 ¥ aeF, therefore by factor theorem x—a does 
not divide f (x) ¥ aG@F. Therefore f(x) has no proper divisors 
in F(x]. Hence f (x) is irreducible over F. | 

§ 33. Prime fields. Definition. 4 field is said to be prime if 
it has no subfield other than Itself. 
(Andhra 1977; Nagarjuna 79, 80; Delhi 70; Meerut 80, 81) 
The field of rational numbers is a prime field while the field _ 
of real numbers is not a prime field. The field I, is prime for each 
prime integer p. - (Andhra 1977) 
Theorem 1. Show that every prime field of characteristic 0 is 
tsomorphic to the field of rational numbers. . 
(Nagarjuna 1980; Kurukshetra 70; Meerut 81; Andhra 77) 
Proof. Let F be a prime field of characteristic 0. For the 
sake of convenience let us denote the unity element (multiplicative 
identity) of F by e. Since F is of characteristic 0, therefore for any 
integer n, we have ne=0 (zero element of F) if and only if n=0. 
Here ne is an integral multiple of the element e of F. [For the 
def. of integral multiple see § 3 page 256 of this chapter on rings). 
We have ne@F. Consider a subset F’ of F defined as 
F'={mej|ne : m, ne the set of integers I with n#0}. 
Since n40 > ne+0, therefore ne is an inversible element of 
F. So me|ne=(me) (ne)™ is definitely an element of F. We claim 
that F’ is a subfield of F. 
Let 7° yi 


be any two elements of F’. Here am, Mh, M2, 
me.” ne y 


_(imyn2) e—(nyms) & [ is 
(myn) e = 


_ (yng —NMe) € pa 
a ee &F’ since 04m, € I. 
(Mya) € 


e?==e] 
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Again let - ale 2 be any Stement of F’ and — —_ <— be any non-zero 


element of F’. "Then m, m4 EI with 2,0. as Ms, NgEI with 
m2%0, 2340. We have 
mye (mse y “hme me (me) (me) (ming) e 
me \nge} “me me (me) (mee) (nym) e* 
__ (mine) é 
~ (ny mM a) € 
Therefore F’ is a subfield of F. But F can have no proper 
subfield because F is a prime field. Therefore we must have F’=F. 


Thus F={mejne : m,n = I with n~0}. If Q is the : field of 
rational numbers, then Q={mjn: m,n © I with n0}. 
Let fbe a mapping from F into Q defined as © 
JS (mejne)=m|n + m, oe with 20. 


f is well-defined. We have —< ce 
2' 


=> (mye) (nse)=(me) (me) > (mine) Payee e2 
=> (mnz) e=(m m2) e 
=> (myng—nym2) e=0 > myng—nymn,=0 
my ta, ¢ (mse) _ ¢ (me) 
~ i ie af (*) s(Z). 
tne mapping f is well-defined. 


f is one-one. We have f (Me )= f (2 “ae | 


© F’ since 0nym, EI. 


%3e Nee 
mM, Mo 2 8 
=> a = > MSN, > (7Na)e ==(nymz) e > (ming)e =(mmy)e 
1 2 
me me : 
=> (me) (nee)=(ne) (mee) > ——=—>—. = fis one-one. 
me ee 


 fisonto. Let mjn be any element of Q. Then mejne © F 
and is such that f (me/ne)=mjn. Therefore f is onto. 
Sf preseryes compositions. We have 
f (24 mt) =f [eee ie)) =f [Soret e 
me Tie (me) (12€) (mune) € 
BB ola Oy me) (7). 


- Ne My No me Noe 
ip (mie me\ _,[ (mum) e re | “(mymz) e 
nny (m ine )= (Gans) eF |S Han I 


mB Br (22), (tt) 


=niNs a Ne ,e R,e 
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Hence F=Q. 
Theorem 2. Every field of characteristic 0 contains a subfield 
isomorphic to the field of rational numbers. (Nagarjuna 1979) 


Proof. Let F be any field of characteristic 0 and let e be. the 
unity element of F. Since F is of characteristic 0, therefore for 
any integer , we have ne=0 if and only if n=0. 

Consider the subset F’ of F defined as 

F'={mejne: mel, 04n ET}. 

Now prove that F’ isa subfield of F and F’ & Q where Q is. 
the field of rational numbers. Give the same proof as in theorem 1. 

Theorem 3. Every prime field of finite characteristic p is 
isomorphic to the field I, of the residue classes of /the set of integers 
modulo p. (Kurakshetra 1970; Andhra 77; Nagarjuna 80) 

Proof. Let F be a prime field of finite characteristic p. Then 
p must be a prime number. The unit element e of F will be of 
order p regarded as an element of the additive group of F. The 
identity element of the additive group of Fis the zero element of 
F, Therefore ifn is any integer, then 

ne==0 if and only if p is a divisor of n. 

Consider a subset F’ of F defined as 

F'={ne : n@I where I is the set of integers}. 

F' is a cyclic subgroup of the additive group of F. 

Since F’ is generated by e whose order is p, therefore F’ con- 
tains p distinct elements. We claim that F’ is a subfield of F. For 
this we shall prove that F’ is an integral domain and we know 
that every finite integral domain is a field. 

Let me, ne be any two elements of F’. Then 

nie—ne=(m—n) e © F' since m—n € 1. 

Also (me) (ne)= (mn) e?=(mn) e & F’ since mm € I. 

Thus F’ is a subring of F. Since Fis without zero divisors, — 
therefore F’ is also without zero divisors. Therefore F' is a com- 
mutative ring without zero divisors. Therefore F’ is an integral 
domain and so F’ is a subfield of F. But F can have no proper 
subfield because F is.a prime field. Therefore we must have 

F=F'={ne : ne}. | 
Now we Shall prove that F = I,. 
. Let f be a mapping from F into I, defined as 
S (ne)=the residue class [n), ¥ nel. 
f is well defined. We have ne=me 
=> (n—m) e=0 => p is divisor of n—m > n=m (mod p) 
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=> [n]=[m]) > f(ne)=f(me) = f is well-defined. 

fis one-one. We have f (ne) =/f(me) 
> [n]=[m} > n—m is divisible by p > (n—m) e=0' 
=> me=me => f is one-one. 

fis onto. Let (n] be any element of Ih, Thenne & F and 
is such that f(me)=(n]. Therefore S is onto. 

J preserves compositions. We have | 

S(me +-ne)=f((m-+-n) e)=[m-+n]=[m]+[n]=/(me) +f (ne). 

Also f((me) (ne))=f((mn) e)=[mn)=[m] [n]=f(me) fine). 

Hence FeI,. 

Theorem 4." Let R be an integral domain with unity of finite 
characteristic p.. Then R contains a subset isomorphic to the field I, 
of the residue classes of the set of integers modulo p. 

(Banaras 1974; Nagarjuna 79) 

Proof. Proceed as in theorem 3. If e is the unity element of 
R, then prove that R’={ne : neD is isomorphic to I,. 

Theorem 5. Let R be an integral domain with unity of charac- 

~ teristicO. Then R contains a subset isomorphic to the integral 
domain of integers. (Banaras 1975) 
Proof. If eis the unity element of R, then prove that | 
R={ne:ne} | | 
is isomorphic to the integral domain I of integers. Show that the 
mapping f from R’ into I defined as f(ne)=n ¥ n GTis an iso- 
morphism of R’ onto I, 

§ 34. The ring of endomorphisms of an abelian group. 

Endomorphism ofa group. Definition. Let G be a group, the 
composition being denoted multiplicatively. A mapping f of G into 
itself is called an endomorphism of G if | 

f (ab)=f(a) fib) ¥ 9,b © G. | 

Now suppose G is an abelian group, the operation in G being 
denoted additively. We recall that a mapping / of G into itself is 
an endomorphism of G, if . | 

f(a+b)=f (a) +f) ¥ 4,6 6. 

Let R denote the set “of all endomorphisms of an. abelian 
group. We shall presently show that we can impose a ring struc- 
ture on the set R by suitably defining the operations of addition 
and multiplication on it. This ring is called the ring of endomor- 
phisms of an abelian group. 

Theorem !. Let G be an abelian Sroup (with the operation 
denoted additively) and let R be the set of all endomorphisms of G. 
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Suppose addition and multiplication tn R are defined as follows : 
If f, g & R, then for each a & G, 
(+8) (a)=f(a)+8(a), ( fg) (a)=f [e(a)). 
Then under these operations R ts a ring. (Nagpur 1979; Andhra 79) 
Proof. G is an additive abelian group and R={f:f is an 
endomorphism of G}. If f,g GR, we have defined f+g as 
follows : ~. 


(+2) (a)=f(a)-+-g(a) for alla & G. 


Since f(a); g(a) & G = f(a)+g(a) & G, therefore f+g is 
& mapping of G into itself. We’ shall show that f+-g ‘is also an 
endomorphism of G. For all a, 6 G G, we have 
(f+8) (a+b)=f (at+b)+g (a+6) [by def. of f+g] 
=[f(a)+f(b)]+[2g(a)+2(b)] (°° f and g are endomorphisms) 
=[f(@)+2(a))+[ £(6)+8(5)] [".. G.is an abelian group] 
=( f+) (a)+( f+g) (6). (by def. of f+g] 
Therefore {+g is an endomorphism of G. Thuufe R,gER 
> f+g & R. Therefore R is closed with respect to addition. 
Further if f, g © R, we have defined the multiplication fg in 


R as follows : | 
( fg) (a)=f [g(a)] ¥ @E G. | 
It should be noted that fg is nothing but the composite of the 
functions f and g. Obviously fg.is a mapping of G into itself. We 
sball show that fg is also an endomorphism of G. For all a, b&G, 


we have 
(fg) (a+b)=f (g(a+5)] [by def. of fg] 
=f [g(a)+(b)] [°° gis an endomorphism] 
=f [g(a)]-+-f [2(b)) («fis also an endomorphism] 
=( fg) (a)+( fg) (0). 


Therefore fg is an endomorphism of G. Thus 
f,8 @ R= fe © R. Therefore R is closed with respect to multi- 
plication. 

Now we shall show that all the other ring postulates are also 
satisfied by these two operations on R. We should remember that 
if f and g are two mappings of a set Ginto itself, then f=g if and 
only if f(a)=g(a) ¥ a eG. 

Associativity of addition. For all f, g, h & Rand for all acG 
we have - 

(i f+g)+h) (2)=( +8) (a)+4h (a) (by def. of addition of 2] 

=[ f(a) +8(@)]+A(a)=f(a)+[g(a)+h(a)] [by associativity in G] 
=f(a)-++(g+h) (a)=[ f+(g+A)] (a). 
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Therefore by definition of equality of two functions, we have 
( f+g)+h=f+(g+h). 


Commutativity of addition. For all a € G, we have 
(£+8) (@)=f(a)+s8(a)=28(a) +fla)=(e +F ).(a). 

Therefore S+g=et/. 

Existence of additive identity. Let 0 denote the identity ele- 
ment of the group G. Let us define a mapping 0 of G into itself 
by the rule 0 (a)=0, ¥ ae G. For all a, b & G, we have 

0 (a+b)=0=0+0=0 (a)+0 (8). 


Therefore 0 i is an endomorphism of G i.e., 6 Ee Rk. :Now for 
all f © R and for alla © G, we have 


(O+/) (a)=0 (a) +-f(a)=0-+f(a)=f(a). 


Therefore 6+f=f. Thus 0 & R is the additive identity. 

Existence of the additive inverse. Let f € R. Let us define a 
mapping. —/f of G into itself by the rule 

(—/) (a)=—f(a), ¥ @ EG. 
For all a, b € G, we have 
(—f) (a+6)=—fla+b)=—[ f(a) +f(6)] 
=[—f(a)]+[—f(o)}=(—S ) (a) +(—F ) (4). 

Therefore —fi is an endomorphism of G, tNow for all a & G, 

we have 


(-F4f) @=(f) (@)+fla)=—fla)-+fla)=0=6 (2. 
Therefore —f+f=:0. Thus —f & R is the additive inverse 
of fE R. 
Associativity of multiplication, We know that composite or 
product of functions is an associative operation. “i, 
Distributive laws. For all f, 2,4 @ Rand for all aeG, 
we have 
(Mg+h)} (a)=S ((g-+4) (a)] =f (g(a) +4(a)]=S [e(a)) + [h(a)] 
—=(fs) (a) +( fh) (2)=[ Se +fn] (a). 
Therefore f(g+h)=fe+fh. Similarly we can show that 
(g+h) f=afthf. | 
_ Thus R, has a ring structure for the addition and multiplica- 
tion compositions as defined. 
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Note. The ring of endomorphisms of an abelian group G is 
a ring with unity. If ! denotes the identity mapping of G te., if 
1 : G->G such that 1 (2)=a, ¥ a & G, then ! is the unit element 
of this ring. Obviously 1 is an endomorphism of G and we have 
lf=f=fl¥fER. The ring R may not be commutative and 
may have zero divisors. 

Theorem 2. Every ring with unity is isomorphic to a ring of 
endomorphisms of an abelian group. ; ‘ (Nagarjuna 1979) 

Proof. Let R be a ring with unity-element 1. The additive 
group of-R is an abelian group. Let S denote the ring of endomor- 
phisms of the abelian group R. 

Ifa & R, let f, denote the mapping of R into itself defined 
by the rule f, (x)=ax ¥ x © R. 

Obviously f, is an endomorphism of the additive group of R. 
For, if x, y © R, we have 

fa (x+y) =a (X+y)=ax-+ay =f,(x) +faly). 

Thus f, is an endomorphism of the additive group of R. Let 
T={ fg: a&R}. Then TCS. We shall show that 7 is a subring 
of S. First we shall show that 

Sare=fatSor fab=fa fo, f-a= —fa. 

Now for all xER, we have 

Sa44(x)=(a+5) x=ax+bx=f,(x) +fo(x)=( fat/s) (x). 

Therefore fo,s=fa +f. 

Also fas(x)=(ab) x=a(bx)=a [ f(x) =fa [ (x)= (fa fo) (x). 

Therefore fas=fofs. 

Further f_.(x)=(—a) x= —(ax)=—[ f,(x)]= —Ja) (x). 

Therefore f_.=—/fi. | 

Now let f., /2 be any two elements of 7. We have 
Sa—fo=fat(—fo)=fatS.s=far-1)=fa-» Since a—b & R, there- 
fore fo.sGT. Also fafs=fos € T since abeR. Thus fa, fo ET 
=> fa-—fp © TandfifsET. Therefore 7 is a subring of S. 

Now we shall show that the ring R is isomorphic to the ring 
T. Let $: RT such that ¢d(aj=fa ¥ aER. 

¢ is one-one. If a, bER, then 

$(a)=4(b) > fa=fy > falx)=folx) ¥ XER 

=> ax=bx ¥ xER 
> al=5bl [°° leR) . 
=> a=b. 
Therefore ¢ is 1-1. 
¢isonto. Let/.eG7. Then aR and we have ¢(a)=fa. 
Therefore ¢ is onto. 
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_ ¢@ preserves compositions in Rand 7. Leta,bGR. Then 
. $(A+b)=fars=fatfo=$(a)+4(b) 
and $(ab)=far=fofo=$(a) $(5). . 
Hence ¢ is an isomorphism of the ring R onto the ring T 
and. therefore R=T. ; 


" Exercises . 
1. Show that if a ring R has no zero dignon: then the ring 
R[x] has also no zero divisors. (Meerat 1976) 


2. If p is a prime integer, show that it need not be a prime 
Gaussian integer. 
3. Show that the polynomial x*—9 is reducible over the 
ring of integers modulo 11. 
4. Resolve x‘+-4 into factors over the field 
({0, 1, 2, 3, 4}, +5, Xs). (Meerat 1980) 
Ans,  x!+-4==(x-+-1)(x-+2)(x+3)(x+4). 
5. Resolve x?-+1 into factors over the field Z;. 
(Meerat 1981, $2P, 83) 
Ans, x?-t-1=(x+2)(x+3). 
| 6. Find the solution of the equation 3x=2 in the field (Z;, 
+7, X7). (Meerat 1981) 
Ans. x=3 because 3X, 3=2. 
7. .Show that f(x)=x*+8x—2 is irreducible over Q. Is it 
irreducible over reals? Give reasons for your answer. i 
(Meerut 1980) 
8. Let f(x)=2xt4+3x2+2 -and g(x)=3x5+4x9+2x+3 be 
two polynomials over the fieid 
Z;=({0, 1, 2, 3; 4}, +s; X 5) 
Determine (i) (d/dx)-f(x), (ii) f(x).g(x). ‘(Meerut 1983) 
Sol. We have 
Sfay=4 (2) x°-+3 (3).x? 
=(2+5 2+5 2+5 2) x9+(3-+5 3-+5 3) xt 
=3x°+ 4x2, 
(ii) ‘We have f(x) g(x) 
= (243x384 2x4) (3-+2x?4-4x9-+43x5) 
=(2X5 3)+(2x5 2) °+[(2X5 4)+5 (3X5 3)} x?-+(2X5.3) x! 
+((2X5 3)+5 (3X5 2)] x°+[(3 x5 4)+5 (25 2)] x6 
+(2X5 4) x’+(3xX5 3) x8+(2x, 3) x 
14x24. 2x54 x6 4-2554 x6 4357 4.458-4. x9, 
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9. If f (x)=3x7 + 2x+3, o(x)=5x®+2x+6 be two polyno- 
mials over the field Z,=({0, 1, 2, 3, 4, 5, 6}, +2, X2)» determine 
(i) (d/dx) f (x), (ii) f (x). g (x), and (iii) f (x) +8 (%). 

(Meerut 1981) 

Ans. (i) 2. (ii) AP ARTA L SEAS LORRY. 

(iii) 3x7 + 5x54 4x 4-2. i 

10. Let f (x)=x’. Set + 4et—3n42 and g (x)=x9+2x—3 
be in Z, [x). Find 

(i) . Sum and product of f (x)" and g (x) in Z; [x]. 

(ii) Two polynomials’g (x) and r(x) in Z, {x] such that 
S (x)=9(x) g (x)+r (x) with degree of r (x) < 2. (Meerut 1980S) 

Ans. (i) f (x) +g (x)= x9+3x5+45x2+6x+63 — 

SL. (x) & (x)= 14 6x4 5x24 5x34 4x44 $x54-3x94 5x74 x8; 

Note that in Z,, we have —3=:4, —1=6. etc. 

(ii) q (x)=x!+ x84 284245; r (x)=4x+3:, . 

11. Define a prime field. Prove that the field of rational 
numbers is a prime field. Give an example of a field which is not 
a prime field. (Nagarjuna 1980) 

12, Prove that the field I, is prime for each prime integerp. 

13. Prove that the field of rational numbers and the field 
J{(p) of residue classes modulo a prime p are the only prime fields 
apart from isomorphism. (Nagarjuna 1980) | 


| 5 
Rings (Continued) 


-§1. Quotient Rings or Rings of Residue Classes. Suppose R 
is an arbitrary ring and S is an ideal (two sided ideal) in R. Then 
- S is a subgroup of the additive abelian group of R. We can form 
the cosets (right as well as left) of Sin R. Since R is an abelian 
additive group, therefore if a & R, then the right coset S-+-a will 
-be equal to the corresponding left coset a+S. Thus we shall call 
S-+a as simply a coset of Sin R. We remember from our study 
of cosets in group theory, that if a, b&R, then 

S+a=S+b =~ a—beS. 
The cosets of S in R are called the residue classes of S in R. 
We denote the set of all residue classes of Sin R by the symbol 
R/S. Thus’ R/S={S+a:aeR}: 
We shall now impose a ring structure on the set R/S by defin- 
ing addition and multiplication of residue classes. 


Theorem. Jf S is an ideal of a ring R, then the set | 
R/S={S+a: aGR} 
of all residue classes of S in R forms aring for the two compositions — 
in R/S defined as follows : 
(S+-a)+(S+6)=S+(a+5) ( Addition of residue classes] 
(S+a) (S+5)=S-+ab (Multiplication of residue classes] 
. _(LA.S. 1973; Meerut 89; Raj. 78; Vikram 76; 
_ Nagarjuna 78; Andhra 71; Kanpur 86, 88) 
Proof. Since S+(a+5) aud S+ab are also residue classes of 
S in R, therefore R/S is closed with respect to addition and multi- 
plication of residue classes. First of all, we shall show that both . 
addition and multiplication in R/S are well defined. For this we 
are to show that if Sta=S+a' and S+b=S+0’, then 
a ee — (S+a)+(S+5)=(S+0')+(S+5') 
and ° ~  (S+-a) (S+b)=(S+a') (S+5'). 
‘We have S+a=S+a'>a'SS+a 
‘and S+b=S+b'abV'ES+5. 
eo 
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Therefore there exist «, BES such that a’=a-+a, b’=B+. 
Now a’+b'=(«+a)+(8+5)=(a+5)+(«+8). 
(a’ +-b')—(a+b)=a+feEs. 
S+(a'+5')=S+ (a+b) 
> (S+a’')+(S+5')=(S+a)+(S+5). 
Thus. addition in R/S is well defined. 
Again a’b'=(« +-a) el Set teen 
=ab-+aB-+ab+ap. | 
: a'b'—ab=a8 +-ab+aBES. {Since S isan ideal therefore 
a, BES and a, bER > abeS, aBES, «BES and finally 
aB+ab+aBeES]. 
Now since a’b’—abeS, therefore S+a’b’'=S+-ab 
=> (S+a') (S+b')=(S+a) (S+5). 
Hence multiplication in R/S is also well defined. 
Associativity of addition in R/S. Wehave 
(S+a)+[(S+5) +(S+c)}=(S+a)+[S+(6+c)] 
=S+lat(b+e)]=S-+[(a+b)-+c]=[S+ (a+b)]+(S+¢) 
=((S+a)+(S+5)]+(S+c). 
Commutativity of addition in R/S. Wehave _ 
(S+-a)+(S+5)=S+(a+b)=S+(b+a)=(S+5)+(S+a). 
Existence of additive identity. We have S=S+0ER/S.' If 
S+aeER/S, then (S+0)+(S+a)=S+(0+a)aS+a, 
S is the additive identity. 
Existence of additive inverse. Let S+-aeR/S. 
Then S+(—a)ER/S. Also we have — 
{S+(—a)]+[S+a]=S+[(—a)+a]=S+0=S. 
*, S+(—a) or S—a is the additive invezse of S+a. 
Associativity of multiplication. We have. 
[(S+-a) (S+5)] (S+-e)=(S+ab) (S+c)=S +(ab) ¢ 
\ =S+a (bc)=(S+a) (S+be)=(S+a) ((S+5) (S+c)]. 
Distributivity of multiplication with respect to addition. We 
have 
(S-++-a) ((S+5)+(S+ e)J=(S+a) [S+(b+c)) 
=S+a (b+¢)=S+(ab+ac)=(S+ab)+(S+ ac) 
=(S+a) (S+b)+(S+a) (S+o). 
Similarly, we can prove that 
((S+5)+(S+c¢)) (S+a)=(S+5) (S+-a)+(S+c) (S-+a). 
Hence R/S is a ring with respect to the two compositions. 
The residue class S+-0 or S is the zero element of this ring. 
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Note. The students should not confuse that by the multipli- 
cation (S+-a) (S+5) of residue classes we mean the totality of 
elements obtained on multiplying the elements of S+a with 
those of S+-5. This multiplication of residue classes is a new 
composition which we have defined in the set R/S. 

However the addition (S+a)+(S+5) of residue classes as 
defined by us coincides with the totality of elements obtained on 
adding elements of S+-a to the elements of S+5 as can be sal 
seen : 

(S+a)+(S+5)= S-+(a+S)-+b=S+(S+a)+5 

=(S+S)+(a+b)=S+(atb). 

Ex, If R/S is a-ring of residue classes of S in R. prove ‘iss 

(2) if R ts commutative, so also is RIS. 

(it) If R has a untty ied 1 so also has R/S, namely S+1. 

(Poona 1973; Meerut 86) 

Solution. (i) Suppose Ris a ‘commutative ring. Let S+a,. 
S-+-b be any two elements of R/S. Then a, b&R and ab=ba. 

We have (S+a) (S+-5)=S+ab=S+ba=(S+5) (S+a). 

(il) Suppose R is a ring with unit element 1. Then S+-1ER/S. 
If S+a is any element of R/S, we have 

(S+1) (S+ta)=S+(la)=S+a 
and (S+a) (S+1)=S+(al)=S--a. 
S+1 is the unit element of R/S. 

§ 2. Homomorphism of rings. a 

Definition. Homomorphism inte. A mapping f from a ring R 
into a ring R’ is said to be a homomorphism of R into R if 

(i) flatbj=fla)tfb) ¥a,bER. - 

(ti) f(ab)=f(a) f(b) for all a,b = R. 

(Delhi 1970; Allahabad 80; Kumayun 77) 

Homomorphism onto. A mappliig f from aring R onto aring 
R' ts said to be a homomorphism of R onto R' if 

() fatb=f(a)+f(b). ¥ 4,.6ER. 

(it) flab)=f(a) f(b) for all a, bER. 

Also then R' is said to.be a homomorphic image of R. 

| Theorem 1. Uf f is a homomorphism of a zing R into a ring R’, 
then 

(1) f(0)=0', where 0 ts the zero element of the ring Rand 0’ 
is the zero element of R’. (Kamayun 1977; Allahabad 80) 

(if) fi—a)=—fa) ¥ aER. (Utkal 1969; Allahabad 80; 

Kumayun 77) 
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Proof. (i) Let ae&R. Then f(a)ER’. We have 
f(a)+0'=f(a) = [‘._ 0’ is the additive identity of R’] 
=f(a+0)=f(a)+f(0). 
Now &’ is a group with respect to addition. Therefore 
fla) +0'=f(a)+f(0) | 
> 0’'=/(0). | [by left cancellation law]. 


(ii) Let a be any element of R. Then —aeR. 
We have 0'=(0)=f [a+(—a)]=fla)+f(—a). 
J(—4) is the additive inverse of f(a) in the ring R’. Thus 
S(-a)=—fla). 
‘Theorem 2. Let ¢ be a homomorphic mapping. of a ring R into 
_aring R'. Let s' be the homomorphic image of R in R’. Then S' 


is @ subring of R’. ~ (Nagarjuna 1978; Karnatak 77) 
Proof. Since S’ is the image of R in R’ under the. mapping ¢, 
therefore AR=S’ | R. 


Let a’, b' be any two elements of S’.. Since S’=¢(R), there- 
fore there exist elements a, b&R such that ¢(a)=a’, ¢(b)=8’. 
We have a’ —b'=4(a) —¢(b)=d(a—B). 
[*. ¢ is a homomorphism) 
Now a—bER is such that a’—b’=¢ (a—b). Therefore 


a’—b'e S'. 
Further a'b'=4(a) ¢(b)= g(abjes’, since abe R. 
Thus a’, b' ES’ > a’'—b'SS' and a'b’'ES’. 


Therefore S’ is a subring of R’. 

§3. Kernel of a ring homomorphism. 

Definition. 2ff is a homomorphism of a ring R into a ring R’, 
then the set S of all those elements of R which are mapped onto the 
- zero element of R' is called the kernel of the homomorphism f. 

Thus if fis a homomorphism of R into R’, then S is the ker- 
nel of f if S={xER : f(x)=0' where 0’ is the zero element of R’}. 

' Theorem 3. If f is a homomorphism of a ring R into a ring R' 
with kernel S, then S ts an ideal of R. 

(Andhra 1977; Karnatak 77; Patna 86; Nagarjuna 80; 

Kanpor 86; Allahabad 80; Meerut 81, 87, 88) 

Proof. Let fbea homomorphism of a ring R into a ring R’. 
Let 0, 0’ be the zero eleménts of R, R’ respectively. Let S be the 
kernel of f-§ Then S={xER : f(x)=0'}. 

‘Since /(0)=0’, therefore at least 0&S. Thus S is not empty. 

Leta, bES. Then f(a)=0', f(b)=0'. 

We have f(a—b)=f [a-+(—5)]=/(a)+-/(—4) 
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==f(a)—f(b)=0'—0'=20’. 
” a-be S. 
Also if r be any element of R, then 
S(ar)=f(a) f(r)=0' fir)=0' . 
and f(ra)=fir) fia)=f(r) 0'=0'. 
areS,raeS. 
Thus a,b G S,r © R > (a—b) E S,ar ES, rae S. 
S is an ideal of R. 

Theorem 2. The homomorphism ¢ of a ring R into a ring R’ is 
an tsomorphism of R into R' if and only if 1(¢)=(0), where I (¢) 
denotes the kernel of 9. (Meerut 1987; Kanpur 87) 

Proof. Let ¢ be a homomorphism of a ring R into a ring R’. 
Let 0, 0’ be the zero elements of. R, R’ respectively. Let S=J(¢) 
be the kernel of ¢. Then S is an ideal of R and 

Sa{a © R: ¢ (a)=04. 

Suppose ¢ is an isomorphism of R into R’. Then ¢ is one-one. 

Leta eS. Then 


$(a)=0' (by def. of kernel] 
=> $(a)=¢ (0) LY ¢(0)=07) 
=> a=0. {°. is one-one) 


Thus a © S > a=0. Jn other words 0 is the only element 
of R which belongs to S. Therefore S=(0). 

Conversely suppose that S==(0). Then to prove that ¢ is an 
isomorphism of R.into R’ f e., to. prove that ¢ is one-one. 

If a, b € R, then ¢(a)=4(5) 


=> ¢(a)—¢(b)=0' {.’ (a), $(5) are in the ring R’} 
«> ¢(a—b)=0' {’. ¢is a homomorphism] 
2 a-beS [by def. of kernel] 
=> a—b=0 [°? S=(0)) 
> aod. 


*, @ is one-one. Hence ¢ is an isomorphism of R into R’. 
Theorem 3. Suppose Risaring, San idealof R. Letf be a 
mapping from R to R/S defined by f(a)=S+ava © R. Thenfis 
a homomorphism of R onto R/S. | 
(LA.S. 1973; Vikram 75; Kanpur 80; Nagarjuna 78; 
Karnatak 77; Andhra 77; Meerut 89; Patua 87) 
Proof. Consider the mapping  : R->R/S such that 
Si@=St+tavacER. 
Let S-++-x be any element of R/S. Then xER. 
We have f(x)=S+x. Therefore the mapping f is onto RIS. 
Leta,bG@ R. Then 
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: fla+-b)=S+(a+b)=(S+a)+(S+b)=f (2) +/(6). 
Also f(ab)=S-+ab=(S+a) (S+5)=f (a) S(6). 
*, fis a homomorphism of R onto.R/S. 
Thus every quotient ring of a ring isa homomorphic image of 
the ring. 


- Theorem 4. Fundamental theorem on homomorphism of rings. 
Every homomorphic tmage of aring Ris isomorphic to some 
residue class ring (quotient ring) thereof. (Nagarjuna 1979, 80; 
Madurai 88; Kanpur 86; Patna 87; Meerut 83P, 84, 87) 
Proof. Let R’ be the homomorphic image of a ring R and f 
be the corresponding homomorphism. Then f is a homomorphism 
of R onto R’. Let S be the kernel of this homomorphism. Then 
S is an ideal of R. Therefore R/S isa ring of residue classes of F 
relative to S. We shall prove that R/S&R’. 
Ifa & R, then S+a © R/S and f(a) € R’. Consider the 
mapping ¢ : R/S—>R’ such that 
¢ (S+a)=f(a) ¥ acR. 
First we shall show that the mapping ¢ is well defined i. e., if: 
a, b&R and S+a=S+5, then ¢ (S+a)=¢ (S+45). 
We have . St+a=S-+b 
=> a—beES 
=> f(a—b)=0' [f.e. zero element of R’) 
=> f [a+(—b)]=0' > f(a) +f(—b)=0'>f(a)—f(b)=0' 
> flaj=flb)>4 (S+-a)=¢$ (S+8). 
.. ois well-defined. 
¢ is one-one. We have ¢(S+a)=¢ (S+4) 
=> f(a)=f(b)=> f(a)—f(b)=0' 
=> f(a)+f (—b)=0' > f(a—b)=0' 
>a-beS [°° Sis kernel of f) 
=> S+a=S+6. 
¢ is one-one. 
¢ is onto R’. Let y be any element of R’. Then y=f(a) for 
some a&R because f is onto ‘R’. Now S+ae R/S and we have 
¢(S+a)=f(a)=y. Therefore ¢ is onto R’. 
Finally we have 
d[(S+a)+(S-+b)]=¢ [S+(a+5)]=f (a+8) 
| =fla)+f()=¢ (Sta) +¢ (S+4). 
Also $ ((S+-a) (S+5)]=¢ (S-+ab)=/(ab)=f(a) f(b) 
=[¢ (S+a)] (¢ (S+5)]. 
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“.- ¢ is an isomorphism of R/S onto R’. 
Hence R/S&2R’. 


Solved Examples 


Ex. 1. Show that every homomorphic image of a commutative 
ring is commutative. (Agra 1986) 
Solution. Let R be a commutative ring. Let f be a homomor- 
. phic mapping of R onto a ring R. Then R'is a homomorphic 
' Image of R. ; 
Let a’, b' be any two elements of R’. Then fla)=a' ; (=e 
for some a, bER because f is onto R’. We have 
a'b’ =f(a) f(b) =f(ab) 
=f(ba) {°° Ris commutative] 
. =f(b) f(a)=b'a’. 
R’ is a commutative ring. 
Ex.2. If Risa ring with unit element 1 and ¢ is a homomor- 
phism of R onto R' prove that ¢ (1) is the unit element of R'. 
(Allahabad 1980; Meerat 85, 91) 
‘Solution. Since ¢ is a homomorphism of R onto R’, therefore 
R’ is a homomorphic image of R. If 1 is the unity element of R, 
ther ¢(1) E R’. Leta’ be any clement of R’. Then a’=¢(a) for 
some aE&R since ¢ is onto R’. We have 
¢ (1) a’=¢4(1) $(a)=¢ (1a)=4(a) =a" 
and a’ ¢(1)=4(@). 6(1)=9(al)=¢(a)=a’. 
, (1) is the unity element of R’. 
 Ex.3. If Ris a ring with unit element 1 and ¢ isa homomor- 
phism of R into an integral domain R' such. that kernel of ¢ i.e. 
1(¢)#R, then prove that $(1) is the unit element of R’. ; 
Solation. ¢ is a homomorphism of a ring R into an integral 
domain R’. Then kernel of d — 
= I(p¢)={x : xER and ¢(x)=0E R’}. 
Since [(¢)R, therefore there exists an element a&R such 
that . ¢(a)40ER’. 
We have $(1!) $(@)=¢ (1a)=¢ (a). 
Now let b’ be any element of R’. We have 
$(a) b'=4(a) b’ a 
=> (1) ¢(a) b’=¢4(a) b' [" (1) $(a)=¢(a)) 
> $(a) [$(1) b=¢(a) 5’ 
_[. ¢(), $(a)ER’ which, being an integral 
domain, is a commutative ring] 


=> $(a) (¢(1) 5J—9¢(@) b'=0 
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> ¢ (a) [¢(1).b’—b'}=0 
=> (1) b’—3’=0 

(. ¢(a)#0 and R’ is without zero divisors] 
=> ¢(1) b'=b'=)’ A(1). [°° Risa commutative ring] 

Thus ¢(1) b’'=b'=8' 4(1) ¥ b'ER’. 

¢(1) is the unit element of R’. 

Ex. 4. Prove that any homomorphism of a field is either an 

isomorphism or takes each element into 0. (Nagarjuna 1979) 
: | Or 

Show that a field has no proper homomorphic image. 

Solation. Let ¢ be a homomorphism of a field F into a ring 
R. Let S be the kernel of 6. Then Sis an ideal of the field F. _ 
We know that a field has no proper ideals. Therefore either SoF 
or S=(0). 
. If S=F, then by definition of kernel of ¢, we have ¢(x)=0 
% xGF. Thus in this case ¢ takes each element of F into the 
zero element-of R. In other words in this case ¢(F) is the zero 
subring ofthe ring R. 

If S=(0), then the kernel consists of zero element alone. So 
in this case ¢ is an isomorphism of F into R. [See theorem 2 on 
page 358]. Since the isomorphic image ‘of a field is a field, there- 
fore in this case ¢(F) is a field isomorphic to the field F. 

§4. Maximal Ideal. An ideal SAR in a ring R is said to be 
a maximal ideal of R if whenever U is an ideal of R such that 
SCUGR, then either R=U or S=U. 

(Banaras 1971; Meerut 80, 84P; Karnatak 77; Raj. 78; 
Guru Nanak 82) 

In other words an ideal S of a ring Ris said to be maximal 
ideal if there exists no ideal properly contained in R which itself 
properly contains S i.e., if it is impossible to find an ideal which 
lies between S and the full ring R. For example, in the ring of 
integers I, the ideal (6) is not maximal since it is properly con- 
tained in the ideal (3), which in turn is properly contained in I. 
On the other hand, (3) is a maximal ideal since the only ideal pro- 
perly containing (5) is I itself. 

Ex. Jf A be the ring of all functions from the set of reals to it- 
self under pointwise operations and I, the subset of all functions 
vanishing at zero, prove that I is a maximal ideal of A. | 

Theorem. An ideal S of the ring of integers 1 ts maximal if and 
only if S is generated by some prime integer. 
(Meerut 1983P, 84P, 88) 
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‘Proof. We know that every ideal of the ring of integers.I is a 
principal ideal. Suppose S is an ideal of I generated by p so that 
S=(p). Since p and —p generate the same ideal, therefofe we can 

take p as positive. 
. Now we are to prove that 

fi) S is maximal if p is. prime. 

' (ii) p is prime if S is maximal. 

First we shall prove (i). Let p be a prime integer such that 
(p)=S. Let T be an ideal of Isuch that SC TCI. Since Tis 
also a principal ideal of I, let T=(g) where g is some positive 
integer. , 

Now SCT>(p)CT 

. >pewr 
>peEi{xq:xe} 
=> p=rq for some positive integer r. 

Since p is prime, therefore g=1 or g=p. 

If gq=l, ‘we have T=(q)=(1)=I 
andif q=p, we have T=(q)=(p)=S. 

Thus either T=I or T=S. 

Hence (p) is a maximal ideal of I. 

Now we Shall prove (ii). Let (p)—=S be a maximal ideal. We 
are to show that p is prime. Let-us suppose that p is.a composite 
integer. 

Let p=mn, m41,n+41. 

It is obvious that (p) C (m) C I. 

But since (p) is a maximal ideal, therefore we have 

either (m)=(p) or (m)=I. 

If (m)=I, then m=1, which is a contradiction. 

If (m)=(p), then m must be equal to /p for some integer / 
since each element of (p) is a multiple of p. 

Therefore p=mn=Ipn=pin. But p<0, therefore In=1. This 
gives n=1 which is again a contradiction. 

Hence p must be a prime integer. 

§ 5. Some more results on Ideals. 

Theorem 1. Let S;, Sy be ideals of a ring R and let 

Si +S3={51+53 3 51ES1, 52ES}. 

Then S,+Ss3 is an ideal of R generated by S,US3. . 

. (Meerut 1986, 90) 

Proof. Let a,+a,€5,+Ss, 0: +4:E5:+S2. Then 

@,, b,eS, and ae, b,E82. 
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We have (a; +as)—(b1-+-b3)= (a, —51)+(aa— 5s). 
Since S, is an ideal, therefore a,, 5, € Syoai—b ES. 
Similarly az—3,ES,. 
(a,:—5;) +(a@g—53)ESi + Ss. 
w. (Gi+49)—(01+53)ES,+Ss. 
Si+S, is a subgroup of the additive group of R. 
Let r be any element of R. Then 
r(a;+49)=rai+ra, 
.©S8;4+S, since rER, a,ES;>7ra,ES, 
and similarly rag]Ssz. 
| Similarly (a:+4@2) r=ayr+asrES,+Ss since arES1, areSe. 
Hence S,+S; is an ideal of R. 
Since 0GS, and also 0GS;, therefore obviously 
-Si:GSi+S: and Sal S,+S3. 
aA Si U S3CS14+S2. 
Thus S,+S;3 is an ideal of R-containing S:USs. 
Also if S'is any ideal of R containing S,USs, then S must 
contain 5,;+S2. Thus S,+S; is the smallest ideal of R containing 
Si USs i.e., Sit Se=(Si US2). 


Theorem 2, Jf an ideal U of a ring R contains a unit of R then 
U=R. . 


Proof, Let R be a ring with unity element 1. Let'u be a unit 
of R. Then u is aninversible element of Ri.e., u-! exists. Let w&U. 

Since U is an ideal, therefore 

ueu, wteRou'eU=1eU. 
Now let x be any element of R. Then 

xER, 1EU>xlEUexcu. 

RGU. . 

Also UCR as U is an ideal of R. Hence R=U. 


Theorem 3. Let R be a commutative ring sel unity and a, b 
be two non-zero elements of R. Then 


(a)=(b) iffa | b and b| a. 
Proof. Here (a@)=the principal ideal of R generated by a 
={ax: xER}. 
_ Similarly (6)=the principal ideal of R generated by 5b. 

Let ; (2)=(d). 
Then (@)G(8) 

>ae(d) 

>a=rb for some rER 
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> b|at.e., 6 is a divisor of a. 
Similarly (a)==(5) . 
=> (5) & (a)>bE(a) 
> b=sa for some s=Ra|| 5, - 
Thus (a)=(6)>a | 5 and/d | a. | 
Conversely let a| 6 and 5 | a. 
Now a| b>b=pa for some pER. Let. y be any eleusnt of 


(5). Then y=ub for some uER 
=u (pa)=(up) a&(a) since upER 
Thus . ye(b)>ye(a). 
| (6)c(a4). 
Thus a|b=>(b)C(a). Similarly 5 | a= (a)C(6). 


Consequently a| b, b | a>(a)=(b). 

Corollary. Let R be an integral domain with unity and a, b be 
two non-zero elements of R. Then (a)=(b) iff a and b are associates. 

Theorem 4. An ideal S of a commutative ring R with unity is 
maximal if and only if the residue class ring R/S is a field. 

(I.A.S. 1971, 88; Madras 83; Karnatak 77; Kanpur 87; 
G.N.D.U. Amritsar 87; Meerut 83P, 91) 

Proof. Since R is a commutative ring with unity, therefore 
R/S is also a commutative ring with unity. The zero element of 
the ring R/S is S and the unity element is the coset S+-1 where 1 
is the unity element of R. 

_ Let the ideal S be maximal. Then to prove that R/S is a 
field. 

Let S+-é be any non zero element of R/S. Then S+oHS i.e., 
b&S. To prove that S+4 is inversible. 

If (5) is the principal ideal of R generated by b, then S+-(d) 
is also an ideal of R. Since b&S, therefore the ideal S is properly 
contained in S+(6). But S is a maximal ideal of R. Hence we 
must have S-+-(6)=R. 

Since 1GR, therefore we must obtain 1 on adding an element 
of S to-an element of (5). Therefore there exists an element a&S 
and «eX such that 

a+ab=1 | [Note that (6)={ab : «= R}) 
.. l-ab=aes, 
Consequently S+ 1=S-+-ab=(S-+-«)(S +5). 
7 S+a=(S+5)-'. Thus S+6 is inversible. 
R/S is a field. . 

Conversely, let S be an ideal of Rsuch that R/S is a field. 

We'shall prove that S is a maximal ideal of 2. 
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Let S’ be an ideal of R properly containing. S i.e., SCS’ and 
SS’. Then S will be maximal if S’=R. The elements of R con- 
tained in S already belong to S’ since S]S’. Therefore R will be 
a subset of S’ if every element « of R not contained in S also be- 
longs to S’. If cER is such that «@S, then S+a4S Le., Sta is’ 
a non-zero element of R/S. Also S’ properly contains S. There- 
fore there exists an element f of S’ not contained in S so that S+B 
is also a non-zero element of R/S. Now the non-zero elements of 
R/S form a group with respect to multiplication because R/S is a 
field. Therefore there exists.a non-zero element S+y of R/S such © 
that 

(S+y) (S+£)=S+«. 

{We may take S+y=(S+«) (S+8)-"]. 

Now (S+y) (S+£)=S+« 

> S+yB=S+a > pB—acES >yB—«eS’. ( SESs’] 

Now S’ js an ideal. Therefore yER, BES’ >yBES’. Again 
YBES’, yYB—aES’ > yB—(yB—a)ES’ ie., ES". 

Thus RcS’. Also S’CR as S’ is an ideal of R. 

SSSR, 

Hence the theorem. 

§ 6. Prime Ideals. 


Prime Ideal. Definition. Let R be a ring and S an ideal in R. 
Then S is said to be aprime ideal of Rif ab&S, a bER implies that 
either a or bis inS. (Gujrat 1971; Karnatak 77; Raj. 78; 

. 1.A.S. 75; Guru Nanak 75) 

For example, in the ring of integers I, the principal ideal (7) 
is prime. Obviously if ab is in (7), then a or 5 must be a multiple 
of 7. On the other hand, (6) is not a prime ideal in I since, in 
particular, 12=—3 x4 is in (6), yet neither 3 nor .4: is an element 
of (6). 

Theorem 1. Let R be a commutative ring and S an {deal of R. 
Then the ring of residue classes R[S is an integral domain if and only 
if S ts.a prime ideal. (Gujrat 1970; G.N.D.U. Amritsar 87) 

. Proof. Let R be a commutative ring and s {an ideal of R. 
Then R/S=={S+a : aGR}. 
Let S+a, S+5 be any two elements of R/S. Then a, bER. 
We have (S+a) (S+5)=S+ab 
=S+ba[y Ris a commutative ring] 
=(S5-6) (S+a). 
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RISi is a Commutative ring. 

Now let S be a prime ideal of R. Then we are to prove that 
R/S is an integral domain. For this we are to show that R/S is 
without zero divisors: The zero element of the ring R/S is the 
residue class S itself. Let S+-a, S+-b be any two elements of RIS. 

Then (S+a) (S+5)=S (the zero element of R/S) 


=> S+ab=S>abeES 
=> either a or 6 is in S, since S is a prime ideal . 


=> either S+a=S or S+d=S [Note that a@S<>S+a=S) 
' = either S+a or S+3 is the zero element of R/S. 
R/S is without zero divisors. 

Since R/S is a commutative ring without zero divisors, there- 
fore R/S is an integral domain. . 

Conversely, let R/S be an integral domain. Then we are to 
prove that S is a prime ideal of R. Let a, 5 be any two elements 
io R such that abeS. We have 

abEeS>S+ab=S=>(S+a) (S+5)=S. 
Since R/S is an integral domain, therefore it is without zerc 
divisors. Therefore 
(S+a) (S+5)=S (the zero element of R/S) 
> either S+a or S+5 is zero>either Sta=S or S+b=S 
=> either a&S or b&S=S is a prime ideal. 

This completes the proof of the theorem. 

Note. If R is a ring with unity, then R/S is also a ring with 
unity. The residue class S+1 is the unity element of R/S. There- 
fore if we define an integral domain as 2 commutative ring with 
unity and without zero divisors, even then the above theorem will 
be true. But in that case R must be a commutative ring with unity. 

Theorem. Let R be a commutative ring with unity. Then every 
maximal ideal of R is a prime ideal. 

(1.A.S. 1970; Karnatak 77; Gujrat 71; Calicut 75) 

Proof. R is a commutative ring with unit element. Let S be 
a maximal ideal of R. Then R/S is a field. 

Now every field is an integral domain. Therefore R/S is also 
‘.an integral domain. Hence by theorem 1, Si isa prime ideal of R. 


-. This completes the proof of the theorem. 


But it should be noted that the converse of the above sieorew 


is not true i.e., every prime ideal is not necessarily @ maximum 
ideal. 
‘Solved Examples 


Ex. 1, Let R be the field of real numbers and S the set of all 
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those polynomials f (x)ER (x) such that vf (0)=0=f (1). Prove that 
S is an ideal of R[x}. Is the residue class ring R{x)/S an Integral 
domain 2 Give reasons for your answer. (Gujrat 1970) 
Solution. Let f(x), g(x) be any elements of S. Then 
Ff (0)=0=/f (1) and g(0)=0=¢ (1). 

Let A(x)=f (x)—g (x). Then 
h(0)=f(0) —2(0)=0—0=0 and A(1)=f(1)—g(1)=0—0=0. 

Thus A(0)=0=A(1). Therefore: h (x)ES. 

Thus f(x), e(x)ES > A(x)=f(x)— g(xJES. 

Further let f (x) be any element of S and r(x) be any element 
of R[x). Then f (0)=0=/(1), by definition of S. 

Let t(x)=r (x) f(x)=f(x) r(x) (*. R(x] is a commuta- 

7% tive ring] 

Then t (0)=r (0) f (0)=r(0). 0O= 

and e (=r (I) f(D=r(l). 0= 
os t(x) Ee S. 

Thus r (x) € R[x], f(x) E S = r(x) f(x) ES. 

Hence S is an ideal of R[x]. 

Now we claim that Sis not a prime ideal of R[x]. Let 
J(x)=x (x—1). Then f (0)=0 (0O—1)=0, and f(1)=1 ai =(. 

Thus f(x)=x (x—1) is an element of S. 

Now let p(x)=x, g(x)=x—1. 

We have P(i)=10. Therefore p(x) € S. Also q(0)= =0—1 
==—1540. Therefore g(x) © S. Thus x (x—1) €-S while neither 
x € Snorx—1 © S. Hence S is not a prime ideal of R(x). 

Since S is not a prime ideal of R [x], therefore the Tesidue 
class ring R[x]/.S is not an integral domain. 

Ex. 2. Let R be the ring of all real valued continuous functions 
defined on the closed interval (0, 1}. Let 

M={ f(x) € R: f (4)=0). 
Show that M is a maximal ideal of R. (Gura Nanak 1982) 

Solution. First of all we observe that / is non-empty be- 
cause the real valued function e(x) on (0, 1] defined by © 

e(x)=0 ¥ x © (0, 1] 
: belongs to M. 

Now let f(x), g(x) be any two Adments of M. Then f()= 0, 
g(4)=0, by definition of 47. 

Let h(x)=/(x)—a(x). Then-A(})=f(2)—2(4)=0—-0=0. 

Therefore h(x) € M. ; | 


i 
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’ Thus f(x), e(x) E€ M = h(x)=f(x)—a(x) © M. 
‘Further let f(x) be any element of M and r(x) be any element 
of R. Then‘ f(4)=0, by definition of M. : 

Let t(x)=r(x) f(x)=f(x) r(x). ("Ris a commutative ring]. 

Then 1(4)=r(4) f (4)=r(4). Therefore t(x)EM. 

Thus r(x) € R, f(x) E M => r(x) f(x) © M. 

Hence MM is an ideal of R. 

Clearly M4 R because f(x) & R given by &(x)=1 ¥ :xE(0, 1) 
does not belong to M. 

The ring Ris with unity and the element i(x) is its unity 
element. 

Let N be an ideal of R properly containing Mi.e, MCN 
and MN. Then M will be a maximal ideal of R if N=R, which 
will be so if the unity i(x) of R belongs to N. Since M is a proper 
subset of N, therefore there exists A (x) & N such that A (x)éM. 
This means A(4)40. Put A(4)=c where c+0. 

Let us define A(x)ER by B(x)=c ¥ xeE[0, 1]. Now consider 
w(x)ER given by u(x)=A(x)—A(x). 

We have u(4)=A'4)—B(4)=c—c=0. 

Therefore »(x)EM and so p(x) also belongs to N because N . 
is a super-set of M@. Now N is an ideal of R and A(x), p(x) are in 
N. Therefore A(x)— (x)= B(x) is also an element of N. 

Now define (x)ER by »(x)=1/e ¥ xeE[0, 1]. Since N is an 
ideal of R, therefore y(x)ER and p(x)EN=>y(x) B(x)EN. We 
shall show that y(x) B(x) =i(x). 

For every xE[9, 1), we have 

v(x) B(x)=(1/e) c= 1. 

Therefore y(x) B(x)=i(x), by the. definition of i(x). 

Thus the unity element f(x) of R belongs to N and consequen- 
tly NOR. 

Hence M is a maximal ideal of R. 

Ex. 3. Jf Ris a fintte commutative ring (t, e., has only a finite 
number of elements) with unit element prove that.every prime ideal 
of Ris a maximal ideal of R. 

Solution. Let R be a finite commutative ring with unit element. 
Let S be a prime ideal of R. Then to prove that Sis a maximal 
ideal of R. 

Since S is a prime ideal of R, therefore the residue class ring 
R/S is an integral. domain. Now. 

R/S={S+a : ae R}. 
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Since R is a finite ring, therefore R/S is a finite integral do- 
main. But every finite integral domain is a field. Therefore R/S 
is a field. Since Ris a commutative ring with unity and R/S is a 
field, therefore S is a maximal ideal of R. 


Ex. 4. Give an example of a ring in which some prime ideal 
is not a maxtmal ideal. (1.A.S. 19703. Calicut 75) 


Solation. Let I (x] be the ringof polynomials over the ring 
of integers I. Let S be the principal ideal of I [x] generated by x 
i.e., let S=(x), We shall show that (x) is prime but not maximal. 
We have S=(x)={x f(x) : f(x)EI [x]}. 

First we shall prove that S is prime. 

Let a(x), b(x) & I [x] be such that a(x) b(x)ES. Then there 
exists a polynomial c (x) & I [x] such that 

xe (x)=a(x) B(x). - . (1) 

Let @ (x)=4@)+-4a)x-+ dox®+..., B (x)=bo+b1x-+ bax? +... 

¢ (x)=cy+e1.x+C,x?+... . Then (1) becomes 
¥ (Cope x+...)er(agtayx+...) (bp +5:x+...). 
Equating the constant term on both sides, we get 
Aoo=0 
=> 4,=0 or bo=0 °° is without zero divisors] 
Now a,=0 => a (x)=a;x-+a9x?+-... 
=> @ (x)=x (a,+agx+...) > a(x) & (x). 
Similarly 5.=0 > b (x)=b,x+5,x*+... 
> b (x)=x (bi +byx+...) > b (x)E(x). 

Thus a (x) b (x) & (x) > either a (x) & (x) or b (x) € (x). 
Hence (x) is a prime ideal. ° 

Now we shall show that (x) is not a maximal ‘ideal of I (x]. 
For this we must show an ideal N of I[x] such that (x) is properly 
contained in N, while N itself is properly contained in I(x). The 
ideal N=(x, 2).serves this purpose. 

Obviously (x) € (x, 2). In order to show that (x) is properly 
contained in (x, 2) we must show an element of (x, 2) which is 
not in (x). Clearly 2&(x, 2). We shall show that 2 & (x). Let 
2€(x). Then we can write, 

2=xf(x) for some f(x) E I [x]. 
Let f(x)=ay+aix+... 
Then 2= =x f(x) => 2=x (ay +a;x+...) 
=> 2=aox+a4x*+... 
> 2= =0-+a,x+0,2-+... 
> 2=0 [by equality of two polynomials) 
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- But 240i in the ring of integers. ‘Hence 2 & (x). Thus (x) is 
properly contained in (x, 2). 

Now obviously (x, 2cr {x]. In order to show that (x, 2) 
is properly contained in 1 [x) we must show an element of I (x) 
which is not in (x, 2). Clearly 1 GI [x]. We shall show that 
1&(x, 2). Let 1@(x, 2). Then we have a relation of the form 

~ bx f(x)+2g(x), where f(x), g(x) & I [*). 
Let f(x)=ay+ax+..., (x) =So+hx-+... 
Then 1==x(4)+-4x-+-...)+-2 (bp+-h:x+... 
> 1=2,, {Equating constant term on both sides) 

But there is no integer 4) such that 1=25). 

Hence 1¢(x, 2). Thus (x, 2) is properly contained in I [x]. 

Therefore (x) is not a maximal ideal of I (x). 


Exercises 
1. If Ui is an ideal of a ring R, then prove that R/U isa ring and 
is a homomorphic image of R. (1.A.S. 1973; Meerat 89) 


2. Let a be a given fixed real number and R be the ring of real 
numbers. Let ¢ be the mapping which associates with every 
polynomial! p(x)— with real coefficients— the real number p(q). 
Show that ¢ is a homomorphism from the ring R[x).onto the 
ring R. (L.A.S. 1975) 

3. Let R be the ring of all the real-valued continuous functions 
on the closed interval (0, 1] of the real line, the compositions 
being the usual pointwise addition and multiplication of 
functions. Let M be a subset of R defined by : 
| M={f & R | f(})=0}. 

Prove that M/ is a maximal ideal of R. 

(1.A.S. 1969, 73; Guru Nanak 90) 

4. (a) Show that the set R of all elements of the form m-+in, 
m,n & Z, form a ring for addition and multiplication of 
complex numbers. Here Z is the ring of integers. 

(b) Is the map 6: R>Z, 0(m+in)=m, a ring homomor- 

phism ? 

(c) Give an example of a proper ideal in R. (Poona 1973) 
5. Let /be en ideal inaring R. If Ris an integral domain, is 

R/T also an integral domain ? Justify. (Poona 1973) 

§ 7. Euclidean Rings or Euclidean Domains. 

Definition. Let. R be an integral domain i.e., let R be a'’com- 
mutatlve ring without zero divisors. Then R 4s said to be a Euclidean 
ring if to every non-zero element a& R we can assign a non-negative 
integer d(a) such that : 
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(!) For all a, b & R, both non-zero, d(ab) > da). 

(ii) For any a,b © Rand bA<0, there exist q,r ER such 
that a==qb-+-r where either r=0 or d(r) <. d(b). 

(I.A.S, 1973; Guru Nanak 82; Kanpur 80; Madras 83; Raj. 78; 

B.H.U. 87; Jabalpur 86; Andhra 75; 
Meerat 81, 82, 83, 84, 88, 90, 91) 

The second part of the above definition is known as division 
algorithm. Also we do not assign a value to d(0). Thus d(a) will 
remain undefined when a=0. Also d(a) will be called d-value of a 
and d(a) must be some non-negative. integer for every non-zero 
element a & R. 

Example 1. The ring of integers is a Euclidean ring. 

[Banaras 1971; Meerat 81, 83, 84P, 87,.88, 90, 91) 

Solution. Let (I, +, .) be the ring of integers where 

I={..., —3, —2, —i, 0, 1, 2, 3,...}6 ; 
Let the d function on the non-zero elements of I be defined as 
d(a)=|a| ¥ O4eEL . 

Now if 0a & I, then | a| is a non-negative integer. Thus 
we have assigned a non-negative integer to every ‘non-zero ele- 
ment a & I. 

- [d (—5)=|—5 |=5, d(—1)=|—1 |=1, d(4)=| 4 |[=4 ete.) 

Further if a, 5 © I and are both non zero, then 

|ab|=|a| |b] - 
> |ab|>|a| (. |b|>1if 045 € I) 
=> d(ab) > d(a). 

Finally we know that if a © I and 0AbE I, then there exist 

two integers q and r such that 

a=qb+rwhere0 <r<|b| 
Le., where either r r=Oorl <r<{b| 
fe., where either r=0 or d(r) < d(b). 

It should be noted that d(5)=| b| and if 7 is a positive integer 
then r=| 7 |—d(r). 

' Therefore the ring of integers is a Euclidean ring. 

Example 2. The ring of polynomials over a field is a Euclidean 
ring. {Kanpur 1980; Madras 83; Meerat 83P, 86; Garu Nanak 90] 

Solution. Let F[x] be the ring of polynomials over a field F. 
Let the d function on the non-zero polynomials in F[x] be defined 
as 

d [ f(x)]=deg f(x), 4 O4f(x) & Fx]. ; 
Now if 04/(x)&F[x), then deg f(x) is a non-negative integer 
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Thus we have assigned a non-negative integer to every non-zero 
element f(x) in F[x). 

Further if f(x), g(%) © F{x] and are both non-zero polyno= 

mials, then 
deg [ f(x) 9{x)J=deg f(x) +-deg a(x) ; 
> deg [ f(x) g(x)] > deg f(x) [". deg g(x) 2 0) 
=> d[ f(x) g(x)] > 4 [ f(>)). 

Finally we know that if f(x) © F[x) and O4¢(x)EFIx) then 
there exist two polynomials g(x) and r(x) in F[x] such that 

F(x) = (x) g(x) +r(>) 

where either r(x)=0 or deg r(x) < deg 2(x) 
i.e., where either r(x)=0 or d [r(x)] < d [g(x)]. 

Hence the Ting of polynomials over a field is a Euclidean 
ring. 

Example 3. Every field {s a Euclidean ring. 

Solution. Let F.be any field. Let the d function on the non- 
zero elements of F be defined as 

d(a)=0 ¥ 0+a = F. 

Thus we have eens the integer zero to every non-zero 
element in F. 

If a and b are two non-zero elements in F then ab is also a 
non-zero element in F. We have therefore 

. d(ab)=0=d(a). 
Thus we have d(ab) > d(a). 
Finally if a © F and 0b © F, then we can write 
a=(ab-") 6+0 
4, a=qb+r where q=ab-' and r=0. 
Hence every field is a Euclidean ring. 
Example 4. The ring of Gaussian integers ts a Euclidean ring. 
[I.A.S. 1973, 90; Gujrat 70; Mysore 70; Delhi 70; Kanpur 80; 
G.N.D.U. 89; Meerut 79, 80, 81, 82P; B.H.U. 88) 
Solution. Let (G,+, .) be the ring of Gaussian integers where 
G={xtiy: x,y & B. 

Let the d function on the non-zero elements of G be definea 
as d(x+iy)=x*+y* ¥ 0+104x+ly € G. 

Now if x-iy is a non-zero element of G, then (x*+-y*) is a 
non-negative integer. Thus we have assigned a non-negative 
integer to every non-zero element of G. 

If x-+-iy and m-+in are two non-zero elements of G, then 

@ ((x+ ly) (m+in)]=d [(xam—ny)+i (my+xn)) 
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=(xm—ny)*+(my-+-xn)'=x*m' +-ntyt+ my? + xint 
==(x?+ y*) (m+n?) ; 
2S x8+y*, | [° m*+n° > 1) 
Thus d ((x+/y) (m-+-in)] > d (x+iy). 
Now to show the existence of division algorithm in G. 
- Let «eG and let £ be a non-zero element of G.. Let ¢=x-+iy 
and B=m-+in. Define a complex number A by the equation 
a x+f x+fy) (m—in 
| A= a= aoe oT) \=p+ig, 
where p, q are rational numbers. 
Here A is not necessarily a Gaussian integer. 
Also division by 8 is possible since B40. 
Let p’ and q’ be the nearest integers to p and q respectively. 
Then obviously | p—p' | < $,|q—9'| < 4. 
Let \’=p'+ig’. Then 2’ i: a Gaussian integer. 


-. Now =e > axdBp 
> aN B+ AB—NB, 
Thus 2=)'8+(A—2’) B. (1) 


Since a, 8, X’ are Gaussian integers, therefore from (1) it im- 
plies that (A—A‘) B is also a Gaussian integer. 
Now if p and q are integers then p=p’, g=q’. | 
So A—N =(p—p')+i (q~q')=0+80. Thus (A—A’) B=0-+10, 
If p and q are not both integers, then (A—A’) 8 is a non-zero 
Gaussian integer and we have 
d ((A—0’) Bl=d ({(p—p') +t (q—9')} (m+in)} 
=[((p—p')*-+(g—9')*) (me? +n")=[(p—p')?+(q—g')*] d (8) 
< (2+2)4 (8) . (~ (p—p’Y <2,(q-9')* < 2) 
= $d (B) < d (A). | a 
Thus «=)'B-+-(A—A’) B where.A’ and (A—’) 8 are Gaussian 
integers and either (A—A’) B=0 
or d [(A—A’) B] << a(B). 
Hence the ring of Gaussian integers is a Euclidean zing. 


§ 8. Properties of Euclidean rings. 


Theorem 1. Every Euclidean ring is a principal {deal ring. : 
(I.A.S. 1972; Gura Nanak 87; Meerut 82 P, 84, 85, 87; 
Kanpur 88; B.H.U. 87, 88; Madurai 78; Sambalpur 77; 

Andhra 75; Raj. 77; Gujrat 70) 
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Proof. Let R be 2 Euclidean ring. Let S be an arbitrary ideal 
of R. If Sis the null ideal, then S=(0) i.e., the ideal of R gene- 
rated by 0. Therefore S is a principal ideal. So let us suppose 
that S is not a null ideal. Then there exist elements in S not equal 
to zero. Let 5 be a non-zero element in S such that d(b) is mini- 
mum f.e., there exists no element c ‘in S such that d(c) < d(5). 
We shall show that S=(8) i.e., S is nothing but the ideal genera- 
ted by 5. 

Let a be any element of S. Then by definition of Euclidean 
ting there exist elements g and r in R such that 

a=qb+r where either r=0 or d(r) < d(5). 

Now g & R, 6b © S = qb E S because S is an ideal. 

Further a € S, qb © S > a—qgb=re S. 

Thus r © Sand we have either r=0 or d(r) < d(b). 

If r40, then d(r) < d(d) which contradicts our assumption 
that no element in © has d-value smaller than d(b). Therefore we 
must have r=0. 

Then a=qb. 

Thus every element a in S is amultiple of the generating ele- 
ment 6. Thusa © S > a & (6). Therefore S & (6). 

Again if xb is any element of (5), then x € R. 

NowxeG R,bGS=>xbES. Therefore (6) C S. 

Hence S=(d). 

Thus every ideal Sin Ris a principal ideal. Therefore R is 
s principal ideal ring. | 


Theorem 2, Every Euclidean ring possesses unity element. 
(Jabalpur 1986; Meerat 80, 81, 86, 87; Kanpur 87; B.H.U. 88) 


Proof. Let R be a Buclidean ring. Obviously R is an ideal 
‘of R. Therefore there exists.an element up © R such that R=(u) 
i.e., there exists an element u, @ R such that every element in R 
is a multiple of uw. Since, in particular, u, © R therefore there 
exists an element ¢ @ R such that w= c. We shall show that c 
_is the required unity element. Let now a be any element of R. 
-8inte a & R, therefore there exists some x & R such that a=u,x. 
Now. — ae==(ux) ¢ [*." aux) - 
os — s2(uc)x [°° Ris a commutative ring) 
ge y= gc] 
=a ("° @=upx). 
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Thus we have ac=a=ca ¥ ac R. 

Hence c is the unity element. 

Theorem 3. Let R be a Euclidean ring and aand b be any two 
elements in R, not both of which are zero. Then a and b havea 
Sreatest common divisor d which can be expressed in the form 

d=)a-+pb for some.r, » & R. 
(Kanpur 1987; Guru Nanak 88; Meerut 74, 76; Madras 83) 

Proof. Consider the set 

={sa+tb: s,t GR}. 

We claim that Sis an ideal of R. The proof is as follows : 

Let x=:5,a+4,5, and y=s,a+t,b be any two elements of S.° 

Then 5;, t1, 53, t2 @ R. We have 

X—Y=(514-+ tb) —(sea+ tab) =(s,;—52) a+(t:—t) bE S 
since 5;—s, and t,—f, ate both elements of R. 

Thus S is a subgroup of R with respect to addition. 

__ Also if u be any element of R, then 
xu=ux=u (S,a-+-t,b)=(us,).a+(ut;) b EG S since us, ut,ER. 
Therefore S is an ideal of R. Now every ideal in Ris a princi- 

pal ideal. Therefore there exists an element d in S such that every 
element in S is a multiple of d. 

Since d&S, therefore from (1), we see that there exists ele- 
ments A, x © R such that d=)a+ pb. 

Now R is a ring with unity element 1. 

Putting s=1, t=0 in (1), we see thata © S. Also putt- 
ing s=0, t=1 in (1), we see that bE S. 

Now a, 5 are elements of S. Therefore they are both multi- 
ples ofd. Hence d|aand d| ob. . 

Now suppose c|@ andc | b. 

Then ¢c | Aa and c| wb. Therefore c is also a divisor of Aa-+-pb 
L.e., c is a divisor of d. ‘3 

Thus d is a greatest common divisor of a and b. 

Theorem 4. Let a, b and c be any elements of a Euclidean ring 
R. Let (a, b)=1 ie., let the greatest common divisor of aand b 
be 1. Ifa| bc, thena|c. (Kumayun 1977; Madras 83; Kanpur 86) 

Proof. If the greatest common divisor of a and 6 is 1, then 
by theorem 3 there exist elements A and 1 in R such that | 

1=Aa+pb. \ (I) 

Multiplying both members of (1) by c, we get 

c=Aac+pbe. ~ »»(2) 
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But a | de, so there exists an element g&R such that 
be=qa. 
Substituting this value of bc in (2), we get 
c=Aac+ pqa=(Ac-+- 4g) 2, 
which shows that a is a divienr of c. Hence the theorem 


Theorem 5. Jf p isa prime element in the Euclidean ring R 
and p | ab where a, bGR then p divides at least one of a or b. 


Proof. If p divides a, we are nothing to prove. So suppose 
that p does not dividea. Since p is prime and p does not divide 
a, therefore p and a are relatively prime i.e., the greatest common 
divisor of p and ais 1. Hence by theorem 4, we get that p | 5. 


Corollary. Ifp is a prime element in the Euclidean ring R and 
. divides the product @d3...d, of elemenis in R, then p divides at 
jeast one of Gy, G2,..., On 

The result follows ummedlately by repeated application of 
theorem 5. 


Theorem 6. Let R be a Euclidean ring. Let a and b be two non- 
zero elements in R. Then 
(i) if bis aunit in R, d(ab)=d(a). 
(ii) if b is not a untt in R, d (ab) > da). 
(Meerut 1982, 83, 90, 91) 
Proof. (i) By the definition of Euclidean ring, we have 
d (ab)>d(a). (1) 
Now suppose that 5 isa unitin R. Then 4 is inversible and 
b=! exists. We can write 
a=(ab) b='. 
d (a)=d [(ab) b="). 
But by the definition of Euclidean ring, we have 
d {(ab) b-] > d (ab). 


oy. d(a) > d (ab). (2) 
From (1) and (2), we conclude that 
@ (ab)=d(a). = 


(ii) “Suppose now that 5 is not aunit in R. Since aandd 
are non-zero elements of the Euclidean ring R, therefore ab is also 
-@ non-zero element of R. Now a&R and 0abeER, therefore by 
definition of Euclidean ring there exist elements g and r in R such 
chat 
a= (ab)-+r (3) 
where either r==Q oi d(r) < d(ab). 
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If r=0, then 


=qab . 
> a—qab= 0>a (1—gb)=0 
> 1—gb=0 [*° a:40 and Ris free of zero divisors] | 


=> gb=1 =) is inversible> 6 is a. unit in R. 


Thus we get a contradiction. Hence r cannot be zero. There- 
fore we must have | 
d(r) < d(ab) | 
ae d(ab) > d(r). (4) 
Also from (3), we have r=a—gab=a (1—q6). 
d(r)=d[a (1—qb)j. 
But § d[a(1—qb)] > d fa). 
d(r) > d(a). .00(5) 
From (4) and (5), we conclude that d (ab)>d(a). 
Theorem 7. The necessary and sufficient condition that the 
non-zero element a in the Euclidean ring R is a unit is thai 
d (a)=d (1). 
Proof Letabe aunit in R. Then to prove thut d(a)=d(1). 
By the definition of Euclidean ring © 
d (la) > di) 
=> d(a) > d(l). . . (A) 
Since a is a unit in R, therefore a-' exists and we have 
‘1=saa-, 
| zd (1)=d (aa-*). 
But d (aa-!) > d(a). 
d(1) > d(a). ...(2) 
From (1) and (2), we conclude that d (a)=d(1). 
Conversely let d(a)=d(1). Then to prove that a is a unit in 
R. If ais not a unit in R, then by theorem 6, we have 
d(la) > d(l) 
x d(a) > d (1). | 
Thus we get a contradiction. Hence a must be a.unit in 2. 
Theorem 8. Let R bea Euclidean ring. Then every non-zero 
element in R ts either a unit in R or can be written as a Produce of a. 
finite number of prime elements of R. 
(1.A.S. 1971; Meerut 75) 
Proof. Let a be a non-zero elementiof 2. We are to prove 
that either a is a unit in R or it.can be written as a product of @ 
finite number of prime elements of R. ‘Wc shal! prove the result 
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by induction on d(a) i.e., by induction on the d-value of a. 

Let us first start the induction. We have a=1Ia. Therefore 
d(a)>d(1). Thus! is an element in R which has the minimal 
d-value. If d(a)=d(1), then a is a unit in R. [See.theorem 7]. Thus 
the result of the theorem is true if d(a)=d(1) and so we have 
started the induction. 

Now assume as our induction hypottiesis that the theorem is 
true for all non-zero elements xER such that d(x) < d(a). Then 
we shall show that the theorem is true for a also. If a is a prime 
element of R, the theorem is obviously.true. So suppose that a 
is not prime. Then we can write abc where neither 6 nor cis a 
unit in R. Since both 6 and care not units in R, therefore 
d (bc)>d (b) and d(bc)>d(c). But d(a)=d (bc). Therefore we 
have d(b) < d(a) and d(c)<d(a). So by our induction hypo- 
thesis each of b and c can be written as a product of a finite num- 
ber of prime elements of R. Let b=p,p3...2n, C=4,9a-..dm Where 
the p’s and q’s are prime elements of R. Then 


a=bc=pyps...Pn 912--.Gm- 

Thus we have written a as a product of a finite number of 

prime elements of R. This completes the induction and so the 
theorem has been proved. 

Theorem 9. Unique Factorization theorem. Let R be a Eucli- 

dean ring and a bea non-zero non-unit element in R. Suppose that 


A=) P2--.Dm=Qi Ta+--Qn 
where the p’s and q’s are prime elements of R. Then m-=n and each 
p ts an associate of some q and each q is an associate of some p. 
Proof. We have pipe... Pm=9192...gn. Now p, is a divisor of 
Pipe...Pm- Therefore p, is also a divisor of ,g2!..qn: By Cor. to 
Theorem 5, p: must divide at least one of gj, go,...,Gn. Since R is 
@ commutative ring, therefore without loss.of generality we may 
suppose that p, divides q. But Pi and gq, are both prime elements 
in R. Therefore p, and g, must be associates and we have A=Upr. 
where wis a unitin R. Thus we have 
Pip2---Pm>=UP\Q2.--Qne 
Cancelling 0), from both sides, we get 
P2p3-.-Pm=UQegs -.qn. | (1) 
Now we can repeat the above argument on the relation (1) 
with-p.. If > m, then after m steps the left hand side becomes 
1 while the right hand side reduces to a product of some units in 
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- Rand certain number of q’s (the excess of n over m). But the q’s 
are prime elements of R and so they are not units in R. So the 
product of some units in R and certain number of g’s cannot be 
equal to 1. Therefore n cannot be greater than m. 

Thus n<m. a 

Similarly interchanging the roles of p’s and q’s we get 

msn, Hence m=n. 

Also in the above process we have shown that every p is an 
associate of some q and conversely every q is an associate of some 
p. Hence the theorem bas been completely established. 


Note. Combining theorems 8 and 9, we can say that every 
non-zero element in a Euclidean ring ‘R can be uniquely writien (upto 
assoclates) as a product of prime elements or is a unit in R. There- 
fore a Euclidean ring is a Unique Factorization Domain. 

(Dibrugarh 1967; Meerut 1973) — 


Theorem 10. An ideal S of the Euclidean ring Ris maximal 
tff S ts generated by some prime element of R. 
(1.A.S. 1972; Meerut 89; Calicut 75) 


Proof. We know that every ideal of a Euclidean ring R is a 
principal idea). Suppose S is an ideal of R generated by p so that 
S=(p). Now we are to prove that 

(i) Sis maximal if p is a prime element of R. 

(ii) p is prime if S is maximal. 

First we shall prove (i). Let p be a prime element of R such 
that (p)=S. Let T be an ideal of R such that SCTCR. Since T 
is also a principal ideal of R, so let T=(g) where gER. 

Now SCT=+(p)C(q)>PpE(q) 

=>p=xq for some x] R=q | p. 


Since p is prime, therefore either q should be a unit in R org 
should be an associate of p. 

If gis a unit in R, then T=(q)=R. 

If g is an associate of p, then T=(q)= O)=S. 

Thus either T=R or T=S. 

Now we shall prove (ii). Let (p)=S be a maximal ideal. We 
are to show that p is prime. Let us suppose that p is composite 
f.e., p is not prime. 

Let p=mn where neither m nor n is a unit in R. 

Now p=mn=m | p 
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>(p)G(m). 
But (m)CR. Therefore we have ()C(mcR. 
But (p) is a maximal ideal, therefore we should have either 
(m)=(p) or (m)=R. 
If R=(m), then RC(m). 
1eR>1E(m) 
=>1l=ym for some yER 
> m is inversible>m is a uaitin R. 
inus we get a contradiction. 
If (m)=(p), then me&(p). Therefore eae for some /ER. 
_p=mn=Ipn=pin. 
p (I1—/n)=0 
=> 1—/In=0 {° p50 and R is without zero divisors) 
=> In=1l=n is inversible>n is aunitin R. 
This is again a contradiction. Hence p must be a prime ele- 
ment of R. 


§ 9. Polynomial rings over Unique Factorization Domains. 

We have already defined a unique factorization domain. For 
the sake of convenience we repeat the definition here. . 

Unique Factorization Domain. Definition. An fntegral domain 
R, with unity element 1 is a unique factorization domain tf 


(a) any non-zero element in R is efther a untt or can be written 
as the product of a finite number of trreducible (prime) elements 
of R. 

(b) the decomposition in part (a) is unique upto the order and 
associates of the irreducible elements. 

{Agra 1986; Jabalpur 86; Meerut 70; Calicut 75; B.H.U. 87] 


| In general commutative rings we have: defined the greatest 
common divisors of elements. But the difficulty is that in an arbi- 
trary commutative ring these might not exist. However, in unique 
factorization domain their existence is assured. Further we know 
that in an integral domain with unity in case a greatest common 
divisor of some elements exists, it is unique apart from the distin- 
ction between associates. 
- Theorem 1. Let R be a unique factorization donate and a and 
b be any two elements in R, not both of which are zero. Then a and 
b have @ greatest common divisor (a, b) in R. Moreover, ifa and b 
are relatively prime (i.e., (a, 6) is a unit in R), then a|bema| c. 
Proof. Suppose a and d are any two elements, not both of 
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which are zero, of a unique factorization domain R. If one of a 
and 5, say,.5 is 0, then obviously a is the greatest common divisor 
of a and b. If any of a and 5, say a, is a unit in R, then obviously 
a is the. greatest common divisor of a and b.. So let us suppose 
that, neither a=0 nor b=0 and none of these is a unit in R. Then 
each ‘of a and 6 can be uniquely expressed as the product of a 

. finite:number of irreducible elements of R, Let 


nines (1) 


and b=p,™ per > »+(2) 
where we have arranged i expressions in such a. way that the 
same irreducible factors p;, Pa....Pr appear in both. Note that we 
can definitely do so because the integer 0 can be used as power in 
any case, if necessary. The elements 71, pa,..., pr are all different 
primes and my, 719,..., Mr, M1, May... My are all integers > 0. 

Let g=minimum (7,7), where i=1,2,...,7r. Then 
obviously 

pe poe? pro? 

is the greatest common divisor of a and b. 

This proves the existence of greatest common divisor. 

Now suppose that a and b are relatively prime é.e., the grea- 
test common divisor of a and 5 is a unit in R. Also suppose that 

a| be, 

If a is a unit in R, then obviously a is a divisor of c. So let 
abe not a unit in R. Then acan be uniquely expressed as the 
product of a finite number of prime elements of R. Let 


a= Q2-- ss 
where q:, qa,-.., ds are prime elements of R. 
We have a| be=be=ka for some KER 
>be=kq, qa... (3) 


Since each element of R can be ee expressed as the 
product of a finite number of prime elements of R, therefore each 
of the prime elements i Qz»--+> Gs Must occur as a factor of either 
borc. But none of g;, g2,...,9s can be a factor of b because 
otherwise a and 5 will not remain relatively prime. Therefore 
each of q:, gs,..., gs must be a factor of c. Hence 

% Gz. gs is a divisor of c>a | c. 

Note. Ina similar manner we can prove that if @,..., Ge 

are any 7 elements of a unique factorization domain, they possess 
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& greatest common divisor which will be unique apart from the 
distinction between associates. Thus if g;, g, are two greatest 
common divisors of these 1 elements, then by the definition 6f 
greatest common divisor, we have bh 
81 | 2 and gs | g1 , 
=> g, and gz are associates 
=> 2:==ug, where u is a unit in R. 
Thus the greatest common divisor of some elements is unique 
within units of R. 
Theorem 2. If ais a prime element of a unique factorization 
domain R and b, ¢ are any elements of R, then 
a|be>a|boralc. 
Proof. If a|, then obvicusly the theorem is proved. So 
let 2 be not a divisor of b. Since a is a prime element of R and a 
is not a divisor of 5, therefore we claim that a and b are relatively 
prime. Since a is a prime element of R, therefore the only divisors 
of a are the associates of a or the units of R. Now an associate of 
a cannot be a divisor of b otherwise a itself will be a divisor of 5 
while we have assumed that a is not a divisor of b. Thus the units 
of R are the only divisors of a which also divide 6. Therefore the 
greatest common divisor of a and b is a unit of R. 
Since a and 6 are relatively prime, therefore by theorem |, 
we have 
a|be>a|c. 
This completes the proof of the theorem. 
Polynomial rings over unique factorization domains.. Let R be 
a unique factorization domain. Since 2 is anintegral domain with 
unity, therefore R[x] is also an integral domain with unity. Also 
any unit, (inversible element) in R[x] must already be a unit in R. ~ 
Thus the only units in R[x] are the units of R. A polynomial 
P(x)E R[x] is irreductble over Ri.e., irreducible as an elemént of 
R(x) if whenever p(x)=a(x) b(x) with a(x), b(x) & R[x], then 
one of a(x) or 5(x) is a unit in R[x] ie.,a unit in R: For exam- 
ple, if I is.the ring of integers, then lis a unique factorization 
domain. The polynomial 2x*-+-4 € I[x] is a reducible element of 
I [x]. We have 2x?4-4=2 (x?+2). Neither 2 nor x*+2 isa unit 
in I [x]. On the other hand the polynomial x?+1 © I [x] is an 
irreducible element of I [x]. . 
Content of a polynomial. 
Definition, Let f(x)=45-+-41x-+- agx*+-...+4nx" be a polynomial 
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over a unique factorization domain R.. Then the content of f (x) 
denoted by c ( f ), is defined as the greatest common divisor of the 
coefficients ay, a,..., Qn Of f (x). Obviously the content of f(x) is 
unique within units of R. Thus if c, and c. are two contents of 
S(x), then we must have c,=uc, where uw is some unit in R. 

Primitive polynomial. Definition. Let R be a unique factori- 
zation domain, Then a polynomial f(x)=a,+a@x+...+@nx" © R[x] 
1s said to be primitive if the greatest common divisor of {ts coeffi- 
cients Qg, @1,..., @n is a unit in R. Thusa polynomial f(x) is 
primitive if its content is 1 (that is a unit in R)}. If 

S(X) Hx" ay xO $... A On X+Gn 

is a-monic polynomial over R, then obviously f(x) is primitive. 

If I is the ring of integers, then 3x?—5x®+7 is a primitive 


member of I (x) while 2x?—4x+8 is not. a primitive member of 
I{x]. 


\ 


Every irreducible polynomial of positive degree belonging to 
R[x] is necessarily primitive. But an irreducible polynomial of 
zero degree may not be primitive. For example 3 € I [x] is 
irreducible but it is not primitive. Further a primitive polynomial 
may not be irreducible. For example x?+-5x-+6EI[x] is primitive 
and it is not irreducible. We have x* + 5x-+4-6=(x-+2) (x+3). 


Theorem 3. Let R bea unique factorization domain. Prove that 
‘every non-zero member f(x) of R [x] can be written as f(x)=gpfi(x) 

where g=c ( f ) and where f,(x) is primitive. Also prove that this 
decomposition of f (x) as an element of R by a primitive polynomial 
in R[x] is unique apart from the distinction between associates. 

Proof. Let R be a unique factorization domain and let 

J(®) =A + x+...+0nx"E R[x]. 

Since R is a unique factorization domain, therefore the ele- 
ments ao, @,,..., dn & R must possess a greatest common divisor. 
Let g&R be the greatest common divisor of these elements. Then 
g=c(f). Let. 

a;=gb; where i=0, 1,..., 7 

Then f(x)=gb,+2b,x+...+gbnx"=2 [bo4-byx+... + bx"). 

Since g is the greatest common divisor of do, @j,..., Gn, there- 
fore the elements 4,, 5,,..., 6, can have no common factor other 
than units of R. Consequently the polynomial 

Si(%)=bo+b,x+... + bnx" 
is a primitive member of R[x]. Thus we have f(x)=g/i (x), where 
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g © Rand (x) & R[x] is primitive. 
- Now we come to the uniqueness part of the theorem: - 
if possible, let. 
S(x)=h fo(x) where hE R and f,(x)ER[x] - 
is primitive. ane 

Then gf(x) W(x). - 0) 

Since fi(x) and f(x) are both primitive, therefore the content 
of the polynomial on the left hand side of (1) isg and the-con- 
tent of the polynomial on the right hand side of (1) is &. But the 
content of a polynomial is unique upto associates. Therefore g 
and h are associates ~ 

> g=hu where uv is some unit in R 
> hu fa(x)=hfr(>) 
> ufy(x)=fr(x) 
- [by left cancellation law in the integral domain 
R[x], since h0] 
=> fi(x) and f,(x) are associates. 

Hence the theorem. 

Theorem 4. If Ris auntque factorization domain, then the 
product of two primitive polynomials in R(x] ts again a primttive 
polynomial in R[x}. 

(Madras 1983; Guru Nanak 82; Jabalpur 86; B.H.U. 88) 

Proof. Let. 

SI(X)= ag -+- a x+... + anx" 
and (x) =b,+bi1x4+-...+bmx™ 
. be two primitive polynomials in R[x}. 

Let A(x)=f(x) 9(x)==cobeix+... emanxmte. 

Suppose A(x) is not primitive. Then all the cofficients of A(x) 
must be divisible by some prime element p of R. Since f(x) is pri- 
mitive, therefore the prime element p must not divide some 
coefficient of f(x) Let a, be the first coefficient of f(x) which p 
does not divide. Similarly let 5; be the first coefficient of g (x) 
which p does not divide. In f(x) g(x), the coefficient of xis 

€145= ibs +(Gi-1 Oj4r t+ aime Dyas... +0bi4)) 

+ (G41 bya +@ig2 Bjat ... 4014; by). 

From this relation, we get 

aibj=C145—(Ai-a 5 j41 +19 bjzat ... +%9614)) 

—(4i41 bj tase bj-o+... Fats; by) (1) 

Now by our choice of a;, p is a divisor of each of the elements 
@, @y,..., Qa. Therefore p | (@j1 Bys1+ ine byse... +A 5j44). 
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Similarly, by our choice of 5;, pis a divisorof each of the elements 
Bo, Biy.-y By. Therefore p | (Gia. bj-1+4i+s bjnat...-+G14) By). 
Also by assumption p | ¢i4;. 
Hence from (1), we get | 
p | ab, ae 
=> p| a or p| bj, since p ists carlin element of R. 

But this is nonsense because according to our assumption pis 
not a divisor of a; and also p is not a divisor of 5. 

Hence A(x) must be primitive. This proves the theorem. 

Theorem 5. If R-isa-unique factorization domain and if f(x), 
g(x) are in R [x), then 

c( fa)=c( f ) c(g) (upto units). 

Proof. The polynomial f(x) in R[x] can be written as . 
f(x)=af,(x), where a=c( f ) and f(x) is primitive. Similarly the 
polynomial g(x) can be written as g(x)=5g,(x), where b=c(g) and 
8:(x) is primitive. Then 
_ I(x) g(x)=ab f,(x) g1(%). +) 

Since f(x) and 2,(x) are both primitive, therefore f(x) 2:() 
is also primitive. [Refer theorem 4). 

Therefore from (1), we see that the content of f(x) g(x) is 
either ab or some associate of ab. Thus the content of f(x) g(x) is 
.ab (upto units). Therefore 

=ab=e(f)c 

This proves the ptt mn 6). | 

Field of Quotients of a unique factorization domain. If Risa 
unique factorization domain, then R is necessarily an integral 

-domain. Therefore R has a field of quotients, Throughout this 
section we shall denote the field of quotients of R by F. We can 
consider Rix] to be a: subring of F{x]. 


Theorem 6. If Ris an integral domain. (not necessarily a 
unique factorization domain) and F is its field of quotients, then any 
element f(x) in F(x] can be written as 


f= =f), 
where SAVER] and icheri aeR. 


Proof. Let F be the field of quotients of an integral domain 
R. Then 


Fe {2 PER, 0g ae 
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_ Let f(x) be au e!:ment of F [x]. Let 
fix=P4e Xho bE x", where a), 1,...,€n & R 


and Do, b,,...... >On are non-zero elements of R. 

Now by, d;,...,5, are also non-zero elements of F.. So each 
of them must be inversible. Further 5)5;...5, is also a non-zero 
element of F and so it i also bosia Then we can write’ 

pie + E- = 
_ (abbr Seat ine st (bob. Bbq. Gn) X" 
b,br. 
So (x) &) 


-where seiouaiy asia (agb,bs . bn) +(By@rbs...0n) X+.. 
+ (Dobs-..8n-1 An) x" is in R [x] and a=boby...bn is in R. 


oe Theorem 7. (Gauss’ Lemma). Let F be the field of quotients 
of a untque factorization domain R. If the primitive polynomial 
f(x) © R[x] can be factored as the product of two polynomials 
having coefficients in 'F, then it can be factored as the product of two 
polynomials having coefficients in R. | 


Proof. Let R be a unique factorization domain and F be its 
field of quotients. Let f(x) & R [x] be primitive. 
Let, f(x)=g(x) h(x) where g(x) and h(x) have coefficients in F. 
Since g(x), h(x) € F[x], therefore we can write 


(x)= 2), y=, 


where a,b © R and ohne 8 (x), hel) “eRte). 

Also g(xHagr (x), ho(x) =BAy (x), where 

a=c(g,), B=c (ho) and where g,(x), 4:(x) are primitive mom- 
bers of R[x]. [See theorem 3). 


Thus ‘fay &:(x) Ay(x). 


> ab S(x)=aB 8:(x) h,(x). a ..-(1) 

Since ¢,(x) and f(x) are both primitive ‘members of R[x], 
therefore g,(x) 4,(x) is also a primitive member of R(x). Therefore 
from (1), we conclude that f(x) and g,(x) 4,(x) are associates in 
R[x). (See theorem 3). Thus 

S{x)=ug, (x) Ai (x) where u is a unit in R R [x] ‘and so a unit 
of R. 
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Now u & R, g, (x) & R[x] > ug. (x) is a: member of R [x]. 
Also h,(x) is a member of R[x]. Hence f(x).can be factored as — 
the product of two polynomials with coefficients in R. 

Note. Let I be the ring of integers. Then I is a Euclidean ' 
ring and so a unique factorization domain. The field of quotients 
of I is the field of rational numbers. [f in the above theorem we 
take I in place of R, then the statement of the theorem is as 
follows : 

If the primitive polynomial f(x) & I [x] can be factored ‘as the 
product of two polynomtals having rational coef ficients it can be fac- 
tored as the product of two polynomials having integer. coeffictents. 

For its proof simply replace R by Tor say, ‘let & be the ring 
of integers’. 

Theorem 8. Let F be the field of quotients‘of auntque factori- 
zation domain R. If f(x)_€ R(x] is both primitive and irreducible 
as an element of R[x], then tt is irreducible as an element of F (x). 
Conversely, if the primitive element f(x) in R(x] is irreducible as an 
element of F(x}, it is also irreducible as an element of R[x]. — 

Proof. Let f(x) be a primitive member of R{x]. Suppose 
f(x) is irreducible in R(x] but is reducible in F[x]. Sitice F is a 
field and f(x) is reducible in F{(x], therefore we must have 
I(x) =8(x) h(x), where g(x), h(x) are in F[x] and are. of positive 
degree. Now we can write 


a(x)= ea). , A(x)= ie) 


where a, 6 & R, and ee &,(x), he © R[x]. 

Also B0(x) =a 81(X), Ao(x)=B hy(x) 
where a=c (g,), B=c (h,), and’ where g,(x), n(x) 1 are primitive 
‘members of R{[x].. [See ae 3]. Thus 


Sf (=o F a(x) h,(x) 


> ob fldmeh 8:1(*) n(x). vl) 
Since g,(x) and /,({x) are both—primitive members of R[x], 
therefore g;(x) /,(x) is also a primitive member of R[x]. There- 
fore from (1), we conclude that f(x) and g; (x) 4,(x) are associates 
in R[x]. (See theorem:3]. Thus f(x)=ugi(x) A(x) where u is a 
unit in R (x) and soa unit in R. 
Let ugi(x)=23(x).. Then 
S(%)= 8e(x) ha(x), where g(x), Ay) @ R{x]. 
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We have 

deg gs(x)=deg g(x), and' deg hy(x)=deg h(x). 

Thus deg g:(x) >'0, deg /y(x) > 0. 

Therefore neither g.(x) nor 4,(x) is a unit in R[x). 

Thus f(x)=ga(x) /4(x) is a proper factorization of f(x) in R[x). 
This contradicts the given statement that f(x) is irreducible in 
R[x]. Hence f(x) must be irreducible in F[x]. . . 

Converse. Suppose f(x) is a primitive member of R[x] and 
is irreducible as an element of F[x]. Then to prove that f(x) is 
also irreducible as an element of R[x]. Let — 

- S(%)=g(x) h(x), where g(x), h(x) & R[x]. 

Then f(x) will be irreducible in R[x] if one of g(x) or h(x) 
is a unit in R[x] i.e., a unit in R. 

Now g(x), h(x) © R{x] can also be treated as 

&(x), h(x) & F(x]. | 

Since f(x) is irreducible as an element of F[x], therefore one 
of g(x) or h(x) must be of degree 0. Suppose.deg g(x)=0. Then 
(x) is a constant polynomial. | 

Let g(x)=k © R. Then . 

I(x) =kh(x). 
Now f(x) is a primitive member of R[x]. Therefore c( f is 
a unit io R. If kis not a unit in R, then content of kh(x) cannot 
be & unit in R and so it cannot be equal to c(f). Hence & must 
be a unit in R. Consequently f(x) is irreducible as an element of 
Rix].. : 
This completes the proof of the theorem. 


| Theorem 9, Let F be the field of quotients-of a unique Sactori- 
zatlon domain R. - If fi(x),. f2(x) are two primitive members of R[x] 
and are associates in F [x], then they are also associates in R [x]. 
Proof. Since f;(x), fa(x) ate associates in F[x), therefore 
we have a | 
Slx)=kfi(x) where 0%k © F 
‘ 8, kis 8 unit in FLX): 
Note that the only ‘tinits of F[x] are the doli-dero eléniénts 
of F,. - . 4 ee bs | 
‘Now F is the field of quotients of R. Therefore 
O#k  F> kok where g, 0¢h © R. 
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SA (x)=8 fa(*) | 


=> Wh (x) =g fe (x). 

Since h,g © Rand f, (x), fa (x) are primitive members of 
R{x], therefore by theorem 3,/, (x) and f; (x) are associates 
in R[x]. 

Theorem 10. [f R is a unique cierto domain and if p(x) 
és a primitive polynomial in R (x], then it can be factored in a unique 
way as the product of irreducible elements in R[x]. (Meerut 1970) 

_ Hence show that the polynomial ring R(x] over a unique facto- 


rization domain R is itself a unique factorization domain. 
(Jabalpur 1986; Calicut 75; Agra 86; B.H. U. 87) 


Proof. Let F be the field of quotients of a unique factoriza- 
tion domain R. Let p (x) be a primitive member of R [x] We can 
regard p (x) asa member of F[x] Since Fis a field, therefore 
F(x] is a unique factorization domain. Recall that the ring of 
polynomials over a field is a unique factorization-domain.. There- 
fore p (x) & F [x] can be factored as . 

- P (x)=p1. (x) Do (%)...px (x), Where 
P(X); Ds — Pk re) are itreducible polynomials in F [x]. Now 


each p, (x), 1 < k, can be written as p; (x)= —— iG ie, 


a, Rand fi G © R[x]. Further hh (x) can be written as 


Si (x)=e1 qi (x); 
where c,@R and q, (x) isa primitive member of R[x]. Thus each 


_-where 


Pi (=z qi (x), where c:, a, &_R and g; (x) is a.primitive member 


of R [x]. Since p; (x) is irreducible in F [x], therefore: qi (x) must 
also be irreducible in F [x]. Now q; (x) is a primitive member of 
‘R [x] and q; (x) is irreducible in F(x]. Therefore, by converse 
part of theorem 8, q; (x) is irreducible in R [x]. 


Now p (x)=pi (%) pa (*)..-Pe (x) 
oe a (2) go (2)..ge (2). 
@:Q...Anp (X)=Cy Cy...Ce Ga (X) Ga (%)-00Ge (X)- (ly, 
Since q1 (x)»---» dx (x) are all primitive moeenters of R [x], 
therefore 


a1 (3) aa(2)-ige (2) _ 
is also a primitive member of R (x]. Further p (x) is primitive. 
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Therefore from the relation (1), we conclude with the help of 
theorem 3 that p(x) and 4: (x) qs (x)...ge (x) are associates in 
‘R{x]. Therefore p (x) =u qi (%) 9s(X)...9% (x) 
where u is some unit in R (x) and hence in R. 
If.q: (x) is irreduciblé in R [x] then ug, (x) is also irreducible. 
in-R(x]. If we simply replace ug, (x) by q: (x), then we get 
P (%)=a1 (%) Ys (%).-. 9% (%). 
Thus we have factored p (x) in R [x] as a product of irreduci- 
ble elements. 
Now to show that the above factorization of p (x) is. unique 
upto the order and associates of irreducible elements. 


— Let p (x)=n: (X) ra (x)...rm(x), where the r; (x) are irreducible 
in R(x]. Since p (x) is primitive, therefore each r; (x) must be - 
primitive. Consequently by theorem 8, each r; (x) must be irredu- 
cible in F[x]. But F[x] is a unique factorization domain. There- 
fore p (x)@ F(x] can be uniquely expressed as the product of irre* 
ducible elements of F[x]. Hence the r; (x) and the q: (x) regarded 
as the elements of F[x] are equal (upto associates) in some order. 

Since r; (x) and q: (x) are primitive members of R[x] and are 
associates in F[x], therefore, by theorem 9, they are also associates 
in R[x]. Thus p (x) has a unique “actorization as a product of 
irreducible elements of R [x].. 

Now we are in a position to prove that if Ris a unique facto- 
rization domain, then so is R [x]. 

Let f(x) & R [x] be arbitrary. Then we can write f(x) ina 
unique way as /(x)=cg (x) where c © Rand g (x) is a primitive 
member of R [x]. 

Now by the above discussion g (x) can be uniquely expressed 
as the product of irreducible elements of R[x]. What about c ? 
Let c=h, (x) hg (x)...hs (¥), where A, (x),..., hs (x) GE R[x]. We 
have O=deg c=deg hy (x)-+deg hz (x)+...-+-deg hs (x) 

. => each h, (x) must be of degree 0 
=> each h; (x) is an element of 2. 


Thus the only factorizations of cas an element of R [x] are 
those it had as an element of R. In particular if « G R is irredu- 
cible, then c&X [x] is also irreducible. But Ris a unique facto- 

-rization domain. Therefore c@ R can be uniquely expressed as the 
product of irreducible elements of R and hence of R [x]. 


Finally, we conclude that f (x)=eg (x) can be uniquely expre- 
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ssed as the product of irreducible elements of R [x]. Hence R [x] 
is a unique factorization domain. - - - 


| Corollary 1. Uf R is a unique factorization ies then so is 
R (X1..., Xn}. - (B.H.U. 1988) 


Proof. If Risa unique factorization domain, then we know 
that Ri=R [x] is a unique factorization domain. Now R, iss: | 
‘unique ee domain implies that | 

=R, [xe]=R (21, Xs] 

iis @ unique eatin: domain. Continuing this process a finite 
‘number of times we conclude that R [%1,-..) Xn] iS a unique factori- 
zation domain. 


Corollary 2. If F ts a t fleld, then F (x,, X2,...; Xp) fs @ unique 
Sactorization domain. 


Proof. If F is a field, ‘bet we know that F,=F{x:) is a unique 
factorization domain. Now F, is a unique factorization domain 
implies that F,=F,[x9]=F{x, x3] isa unique factorization domain. 
Continuing this process a finite number of times we conclude that 
F [x1,..., Xn] is a unique factorization domain. 


Eisenstein’s Criterion of Irreducibility. 


Theorem 11. Let F be the field of quottents of a unique factor- 
tration domain R. If 
I(x) =p +41 X-+- gx? +... +4,x" ER {x) 
and DP is a prime element of R such that 
P| 4% P| @1, p | Qs,. coe P| Gn—1 
whereas p is not a divisor of a, and p* is nota. divisor of Qo, then 
I(x). is irreducible in F (x). (Banaras 1987; Guru Nanak 87, 88) 


Proof. Without loss of generality we may take f(x) to be 
- primitive, for taking out the greatest common factor of its coefii- 
cients does not disturb the hypothesis,. since pis not a divisor of 
@,. Now suppose that f(x) is reducible in F[x]. Then f(x) can be 
factored as the product of two polynomials of positive degree in 
F[x). Therefore by Gauss lemma /(x) can be factored as the pro- 
duct of two polynomials of positive degree in R [x]. Thus if we 
assume that f(x) i is reducible in F [x], then — 
I(x) =a +aX+-... Fax” (by + Oix+...+5x) (Cg +ex+.. box") 
"  eee() 
where the b’s and os are elements of Rand where r>0 and 350. 
We have from (1), @,=5¢y. 


4 


392 . | Modern: Algebra 


Since p-is a prime element of R, therefore 
P| ay > p| bo or p| %. HF 
Since p? is not a divisor of ao, therefore p cannot divide both 
b, and co. Suppose that 
P | by and p is not a divisor of cy. ot 
If.p is a divisor of all the coefficients bo, bi,..., b,, then from 
_ (1) we see that pis a divisor of,all the coefficients of f(x). But p 
+3 not a divisor of aq. Therefore not all the. coefficients bo, b1,.-.» Or 
can be divisible by p. Let bs, where k <r, be the first b whith is 
not divisible by p. Then each of bp, bi,..., be-s is divisible by p 
and b; is not divisible by p. 
Also k <n, since r <n. 
Now from (1), we have 
O-=D pC + bk-1 Cr+ OK—a Cat... +bgCk rg 
> byCy= 84 —Dx-1 C1 —Dg_g Ca—.-» — Dyk | .-.(2) 
Now k <n. Therefore pj ax. Also p | be-a, Dx-2---+ bo. 
Therefore from (2), we have 
P| Beto 
=> p|bx orp | Cy, since p is a-prime element of R. 

But this is nonsense because according to our initial assump- 
tions p is neither a divisor of 5, nor a divisor of Co. Hence f(x) 
must be irreducible in F(x]. This completes the proof of the 
theorem 

Note. In the above theorem if we take the ring of integers I 
in place of the unique factorization domain R, then the field of 
quotients of I is the field of rational numbers. The statement of . 
the theorem will be as follows : . 

Let f(x)=ay+a,%+...+4,x° be a polynomial with Integer 
coeffictents. If p is a prime number such that | 
ake P|, P | G1y-«-+> P| Gor 
whereas p is not a divisor of a, and pis not a divisor of a, ‘then 
I(x) is irreducible over the field of rational numbers. 
(Madras 1983; Meerut 74) 
hero will be no difference in proof. 
_ Solved Examples 
Ex. 1. Jf p isa prime number, prove that the polynomial x"—p 
4s irreducible over the fteld of rational numbers. 


(Meerut 1985; Madurai 88) 


. Solution. “ Let f(x)=x"—p 
= — p-+-0x+0x?+ ...+0x071 4 1x7. 
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_ Then f(x) is a polynomial with integer coefficients. 
Now p is a prime number. 


We see that p divides each of the coefficients of f(x) except 
the coefficient 1 of the last term x". Also p* is not a divisor of the 
constant term —p. Hence. by Eisenstein’s criterion of irreducibility 
f(x) is irreducible over the field of rational numbers. 


Ex.. 2. Show that the polynomial x*—3 is irreducible over the 
field of rational numbers. (Meerut 1986) 

Solution. Let f(x)=x*—3=—3+40x+ 1x2. | 

Now f(x) is a polynomial with integer coefficients. Also 3 isa 
prime number such that 3 ‘divides each of the coefficients of f(x) 
except ‘the’ coefficient 1 of the last term x. Also 3% is not a divisor 
‘of the constant term —3. Hence by Eisenstein’s criterion of irre- 
ducibility f(x) is irreducible over the field of rational numbers. 

Ex. 3.:-Prove that the polynomial 1+x+-...4x°7!, where p isa 
prime number, is irreducible over - the field of rational numbers. 

| (Banaras 1987; Madras 83, G.N.D.U. Amritsar 89) 

Solution. Let f(x)=14+x+...+2x?"". 

Multiplying both sides by x—1, we get 

(x—1) f(x)=(x— 1) (xP! 400-2 +... + +1) 
=> (x—1) f(x)=xP—1. 
Putting x—I=y orx= =y+1 on both sides, we ¢ 
W(yt)H=O+lP—1 
PLPC yP-? + PCayP-9-+... +?Cp-1 y+I—l, 
expanding by binomial theorem 
=m yP-+PC, yeh 4 PCayp-3 + tPCoua Y 
=y [yP2-$PCyyP-24 PC ayPP+.. -+?Cy-ayt?Gp-]. 
» LOTR yrs rCiyrA+PCayr +. PC p-2y+PCp-r- 

Now °C, == Ppl) (p— 2) tpo rr) Ga). Fo zl) dgtepot 

Obviously °C, is divisible by p for each i< r < p—1. Note 
that p is given to be a prime integer. 

Now f(y+1) isa polynomial with integer coefficients. Also p 
is a prime number such that p divides each of the coefficients of 
Siy+1) except the coefficient of y?-* which is 1. Also p’ is not a 
divisor of the constant term which is equal to ?C,_,=p. Therefore 
' by Eisenstein’s criterion of irreducibility (y+ 1) i is irreducible over 
the field of rational numbers. Therefore f(x) is irreducible over 
the field of rational numbers. Note that y=x—1. 

Ex. 4. Show that the polynomial x‘+-x°+x°+x-+1 is irreduci- 
ble over the field of rational numbers. 
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Solution. — The number 5 is a prime number. So proceed as | 
in Ex. 3 by taking p=S. 

Ex. 5. Let R bea unique factorization domain. Then show 
that every prime element in R generates a prime ideal. 

Solution. Let p be a prime element of a unique factorization 
domain R. Let S=(p) be the ideal of R generated by p. Then to 
show that S is a prime ideal. 

Suppose ab is an element of S where a, bER. We have 

abeS > ab=kp for some kER 

=> p|ab 
>plaorp|s ("pis a prime element of R] 
> a=sp or b=tp for some s, tER 

=> a&(p) or be&(p) 

=> (p) is a prime ideal of. R. 


Exercises 


1, Examine whether the polynomial x*+3x?+x—4 is irre- 
ducible over (i) the field of integers modulo 5, (ii) the field of 
integers modulo 7. (Bombay 1970) 

1. Let p(x) be an irreducible polynomial over a field F. 
Prove that the ideal generated by p(x) in F[x] is a maximal ideal. 

/ (Kurukshetra 1971) 

3. Show that if F is a unique factorization domain then F[x] 
is also a unique factorization domain. : (Delhi 1970; Agra 86) 

4. Prove that a Euclidean ring is necessarily a principal ideal 
ring with unity. Give two examples of such a ring. (Banaras 1968) 

5. Prove that I [4/2], the set of realnumbers a+5,/2 where 
a, 6 are integers is a Euclidean ring. (Kurukshetra 1970) 

6. Prove that the ring of polynomials over a’ field F is a 
Euclidean domain. Hence or otherwise deduce that any non-zero 
' polynomials f(x), g(x)GF[x] have g.c.d. ‘(Meerut 1976) 


6 
Vector spaces 


So far we have studied groups and rings. Now we shall study 
another important algebraic structure known as vector space. ‘Be- 
fore giving the definition of a vector space we shall make a dis- 
tinction between internal and external compositions. 


Let A be any set. Ifa + beA¥va, beEA, anda * bis unique 
then * is said to be an internal composition in the set A. Here 2 
and b are both elements of the set A. 


Let V and F be any two sets. If ao «EV for all aeF and for | 
all aeV and ao @ is unique, then o is said to be an external com- 
position in. V over F. Here ais an element of the set F and « is 
an element of the set V and the resulting element ao « is an ele- 
ment of the set. V. 

§ 1. Vector space. Definition. (Madras 1977; Banaras 70; 
Rohilkhand 80; Kolhapur 73; Patna 86; Meerut 76) 


Let (F, +,.) be afield. The elements ‘of F will be called 
scalars. Let V be anon-empty set whose elements will be called 
ssa Then V is a vector space over the field P, if 

. There ts defined an internal composition in V called addition 
of ae and denoted by ‘+-’. Also for this composition Vis an 
abelian group. 

2. There is an external composition in V over F called scalar 
multiplication and denoted multiplicatively ie., axeV for all aeF 
and forallucV. In other words V is closed with respect to scalar 
multiplication. 

2. The two compositions i.e., scalar multiplication and. addition 
of vestors satisfy the following postulates : : 

(i) @(a+f)=ax+aB ¥acF and va, BEV. 

(ii) (a+b) aac+ba¥a, bE F and +aEV. 

(iii) (ab) a==a(ba) .¥ a, bEF and ¥aeEV. 

(iv) la=avaeV and 1 is the unity element of the field F. 
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When V is‘a vector space over the field F, we shall say that 
V(F) is a vector ,pace. If the field F is understood we can simply 
say that V is a vector space. 


In the above definition of a vector space V over the field F, 
we have denoted the addition of vectors by the symbol ‘+’. This 
symbol also denotes the addition composition of the field F, ie., 
addition-of scalars. There should be no confusion about the two 
compositions though we have used the same symbol] to denote 
each of them. If «, 8 & V, then «+8 represents addition in V i.e., 
addition of vectors. If a, b=F then a+6 represents addition of 
scalars /.e., adaition in the field F. Similarly there should be no 
confusion in multiplication of scalars i.e., multiplication of the. 
elements of F and in scalar multiplication é.e., multiplication of 
an element of V by an element of F. If a,b@F, then ab represents 
multiplication of F and abeF. If a&F, and «eV, then aa repre- 
sents scalar multiplication and azeEV. Since l1@Fand ac, there- 
fore le represents scalar multiplication. Again aceV, aBEV, 


': therefore ax +a represents addition of vectors and thus ax+af is 


an element of V. Further a@F and «+feV, therefore a(a+ 8) 
represents scalar multiplication and we have a(«+,)eV. 


Note I. For V to be an abelian group with respect to addition 
of vectors, we must have the following conditions satisfied : 
(i) o+BeEV for all-a, BEV. 
iii) 2+B=B+e foralle, BEV. | 
(iii) «+(B+y)=(«+8)+y for alla, B, yEV. 
(iv) There exists an element 0€&V such that 
Of+aemavaeV. 


This element 0 & V will be called the zero vector. Itis the 
additive identity in V. 

(v) To every vector «&V there exists a vector —«eV such 
that —a+a=0. Thus each vector should possess additive inverse. 
The vector —« is called the negative of the vector «. 


Note 2. Since (V, +) is an abelian group therefore all the 
properties of an abelian group will hold in V. A few of them are 
as follows . , 

(i) a+B=a+y>fS=y (left cancellation law) 

(ii) Bto=y+ae>f=y (right cancellation law). 

(iii) «+B=0>a——8 and B=—a. 


Vector Spaces 397 


(iv) --(x+8)=—a—B where by «—f we mean «+(—8). 

(v) The additive identity 0 will be unique. 

(vi) The additive inverse of each vector will be unique. 

(vii) Ifa+f=y, then «+p—y=0, 

Note 3. There should also be no confusicn about the use of 
the word vector. Here by vector we do not mean the vector quan- 
tity which we have defined in vector algebra as a directed line seg- 
. ment.’ Here we shall call the elements of the set V as vectors, 


Note 4. In a vector space we shall be dealing with two types 
of zero elements. One.is the zero vector and the other is the zero 
element of the field F i.e., the O scalar. To distinguish between the 
two, we shall use the zero letter in. bold type to represent the zero. 
' vector. However the students may use the same symbol 0 to 
denote the zero vector as well as the zero scalar. There will be no 
confusion in this use. The use of.0 will itself tell whether it stands 
for zero vector or for zero scalar. 


Note 5. We shall use the lower case Greek letters «, B, y ete. 
to denote vectors i.¢., the elements of V and the jower case Latin 
letters a, b, c etc. to denote the scalars i.e., the elements of the 
field F. 


Example 1. A field K can be: ee asa vector space over 
any subfield F of K. {Meerut 1969; Banaras 69; Kumayon 78] 


Here K isthe set of vectors. Addition of vectors is the 
addition composition in the field K. Since K isa field, therefore 
(K, +) is anabelian group. Further the elements of the subfiled F 
constitute the set of scalars. The composition of scalar multipli- 
cation is the multiplication composition in the field K. Kis a 
field, therefore az=&K ¥ a&F and ¥ «EK because both a and a 
are elements of K. Jf 1 is the unity ‘element of K, then 1 is also 
the unity element of the subfield F, We make the following obser- 
vations. 

(i) @ (2-+$)=ax+aB ¥ a © Fand ¥ “ape K. This result 
follows from the left distributive law in X. 

(ii) (a+5) c=ax+bava, beF and ¥ «ek. ‘This result isa 
consequence of the right distributive law in K. 

(iii) (ab) a=a(ba) ¥ a, be Fand ¥ae. K. This result isa 
consequence of associativity of multiplication in K. 


(iv) le=aiv2eEK and 1 is the unity element of the subfield F. 
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Since 1 is also the unity element of the field K, therefore 
la=a¥aeK. Hence K(F) is a vector space. 
Note 1. If F is any field, then F itself is a vector space over 
the field F. x oe : 
ote 2. If C is the field of complex numbers and Ris the 
field ofr numbers, then C is a vector space over R because R 
is a subfield of C. But R is not a vector space over C. Here R is 
not closed with respect to scalar multiplication. For example, 


2ER and 3+-4/EC and (3+4!) 2ER. 


Example 2. The set V of all mxn matrices with their elements 
as real numbers is a vector space over the field F of real numbers 
with respect to addition of matrices as addition of vectors and multi- 
plication of a matrix by a scalar as scalar multiplication, 

As in groups, we can prove that V is an abelian group with 

respect to addition of matrices. The null matrix O of the type 
mxXn is the additive identity of this abelian group. 

If a&F and «eV (i.e., « is a matrix of the type mxn with 
elements as real numbers), then a«e V because az is also a matrix 
of the type mxn with elements as real numbers. Therefore V is 
closed with respect to scalar multiplication. Also from our study 
of matrices we observe that 

(i) a(a+fB)=aa+aB¥aeF and ¥ a, BEY. 

(ii) (a+b) a=ae+bav¥a, be F and ¥ «EV. 

(iii) (ab) a=a(ba) va, beF and ¥ «eV. 

(iv) le=a¥vaeGV where 1 is the unity element of the field F 
of real numbers. 

' lence. V (F) is a vector space. 

Note. If V is the set of all axn matrices with their elements 
as rational numbers and F is the field of real numbers, then V 
will not be closed with respect to scalar multiplication. For 
V7eEF and if «EV, then /7a@V_ because the elements of the 
matrix +/7« will not be rational numbers. Therefore V(F) will not 

_ be avector-space. - | 


x 


Example 3. The vector space of all ordered retuples over @ 

field F. oh 
Let F bea field. An ordered, set a=(ai, Gg, Asy-.05 An) of n 

elements of F is called an n-tuple over F. Let Vibe the totality of 

all ordered n-tuples over F i.e., let 

V={(n, G2yevey Qn) : “A, G2, Q3,.. OnE F}. 
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Now we shall give a. vector space structure-to V over the field 
F. For this we define equality of the n-tuples, addition of two 
n-tuples and multiplication of an n-tuple by a scalar as follows : 


Equality of two n-tuples. Two-elements «=(a,, @y,..., Qn) and 
B=x(bi, bs,...,5n) of V are said to be equal if and only if 
a;=6; for each i= 1, 2,...,n 
Addition composition in V.- We define — 
a+ =(a,+), Q3-+ be,...,0n+Bq) 
¥ a==(a,, G2,..54n)y B=(b,, ds,.. sae V. 
Since a;-+15 ag+-e,...,4n+b, are all elements of F, therefore 
a+f8e€V and thus V is closed with respect to addition of n-tuples. 


Scalar multiplication composition in V over F. We define 

Qa=(@G;, Gd2,...,0Qn) ¥ aeF, a=(01, Ge,...,0nEV. 

Since aa, aaz,...,aa, are all elements of F, therefore awz@V 
and thus V is closed with respect to'scalar multiplication. 


Now Wwe shall see that V is a vector space for.these {wo com. 
positions, 


Associativity of addition in V. We have 
(a, Q2,.. -s4n)+[(0, be,... son) +(e, Co,.. +9€n))- 
=(a, ay,.. “0n)+(Br-ter, be+ C2y...,bat Cn) 
=(4,+(b1+¢], + [Bs-+ C2]y..-,4n+ [bn+ Cn) 
=((4,+5;)J+¢, [@2-+b2)+ C05... ,[@n+ bal + Cn) 
=(a,+5,, Ga+be,...,dn+ bn) +(Cy, C4y---5Cn) 
=[(41, G2y...,0n)-+(b1, be,....Bn) J+ (C1, Cos ---5 fn). 

Commutativity of addition in V. We have - 

(4), Ge,....€n)+(5;, Bo,...,Bn)= (a,+5y, @e+bo,...,€n+ Bn) 
=(b,+4), be+ae,.. ,Bn-+n)=(b;, be,... sbn)+( a, aa,.. +34n)- 
Existence of additive identity in V. We have 

(0, 0,....0)EV. : Also if (a;, as,...,¢n)EV, then 
(a, @,..-s0n) + (0, 0,...,0)= (a,+0, a,+0, ++030n-+0) 
=(a,, Q2,.. a 
(0, 0,... ,0) is the additive identity in V. 
Existence of additive inverse of each element of V. If 
(a, Ga,.. Gn) EV, then (—a, —d2,.. +17 An) : 
Also we have (-a, — Go,.... ty) +(e, Ge,.-.,Gn) 
res we — 43+ Gs,..., — a+ G,)=(0, 0, 0,. +30). 
. (—4a,, —44,... sn) is the additive i inverse of (;, dg,..., Gn). 
Thus V is'an abelian group. with respect to addition. Further 
we observe that 
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"1. If a@eF and a=(as, dpy...5dn)> B= (61, ba,---:bn) E V, then 
a (2-+f)=a (a,;+;, as+be,...,an+5n) 
. == (a [a,+-81], @ [42+-8s), ...,0[@n+ 5a]) 
_ =(aa,+ ab, aag+abs,...,4An+abn) 
53 (a1, Adgy...;Qn)+(aby, abs,...s4bn) . 
== (dy, G2,...5 On) +2 (y,.52,...50n)=an-+ap. 

2. Ifa, beF and a=(a, da,....an)EV, then 
(a+b) a=([a+)] a:, [a+-5] az,...,[a+5] Gn) -: 
==(aa,+ba,, aag+-bas,...,@Qn+ ban) 
=(da;, Ado,...,00n)-+-(ba,, bday...;0@n) 
=@ (0, Ao,..-,An) +b (5, dey.-.5€n)=a%+ ba. 

3. If a, bEF and a=(ay, ao,...,0n)EV, then 

(ab) a=({ab] ay, [ab] ae,....[ab) an)=(a [bay], @ [bas],...sa[ban}) 

=a (ba;, bdg,...,ba,)=a [B (ay, @3,...,@n)] =a (be). 
4. If 1 isthe unity element of F and a=(a;, dz,...:an) & Vs 
then la==(1a;. 1ae,...,1dn)=(a1,.dg5.--) Gn) =a. 

Hence V is a vector space over F. The vector space of all 
ordered n-tuples over F will be denoted by V,(F) Sometimes we 
oon are it by Fa, Here the zero vector /e¢.,0 is the ‘n-tuple 

oe Ve (F)= {(ar, a2) : a1, @g=F} is the vector space of all 
ordered pairs over F. Similarly. Vs (F)={(a, G2, 3) { a), Ag, ase F} 
is the vector space of all ordered triads over F. 

Example 4.. The vector space of all polynomtals over a field F. 

Let F[x] denote the set of all polynomials in indeterminate x 
over a field F. Then F[x] is a vector space over F with respect to 
addition of two polynomials as addition of vectors and the pro- 
duct of a polynomial by a constant polynomial (i.e., by an element 
of F) as scalar multiplication. 


Example 5 The vector space: of all real valued continuous 

(differentiable or integrable) functions defined in some interval (0, 1]. 

(LC.S. 1984) 

Let V detiote the set of all’real valued continuous functions 

of x defined in the interval (0, 1).. Then V is.a vector space over 

the field R of real numbers with vector addition and scalar 
multiplication defined as below : ae 

(f+2) =fe)+e) ¥ f BEV 


‘and ' (af) (x)=af(x) ¥ a&R, fe V. 


As in rings, we should first prove that V is an abelian group 
with respect to addition composition. 
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V is closed with respect to scalar multiplication since af is. 
also a real valued continuous function in (0, 1]. Further we ob- 
serve that 

l. If @&R and f, geV, then | 

lal f+8)] (x)=a [( f-+8) (x)] =a [ f(x) +2(x)]=af(x)-+08(x) 
=(Af ) (x)+(a8) (x) =(af--ag) (x). 
a ( f+2)=af+ag. 
2. Ifa,beRand fev, then 5 | 
((a-+b) f} (x) =(a+) f(x)=af (x)+5f (x)=(af ) (x) +(6f ) (x) - 
=f +f ) (x). 
(a+b) f=af+ bf. 
3. Ifa, bER and SEV, then ; 
((ab) f ] (x)=(ab) f(x)=a [bf (x)]=a [(of ).(x)]=[a (Of )] (*). 
(ab) f=a (6f ). | 
4, If Lis the unity element of R and SEV, then 
(If) (x)= If(x)=f(2). 
oe Ssh 
Hence V is a vector space over R. 
Exercises 

1. Show that a field F may be considered as a vector space 
over F if scalar multiplication is identified with field multiplica- 
tion. . 

2. Show that the complex field C is a vector space over the 
real field R. (Madurai 1985; Kumayun 77) 

3. Let V be the set of all pairs (x, y) of real numbers, and 

let F be the field of real numbers. Define 
(x, y)+(x1, V=(X+%1, Y+Y) 
e (x, y)=(cx, y). 

Show that with these operations V js not a vector space over 
the field of real numbers. 
4. Let V=R?={(a;, a2) : a, a,©R} and F=R. 

Define the addition and scalar multiplication in R? as follows : 
(2s, @2)+-(b1, b2)=(a,-+ bi, a+b) 
@ (a1; a:)=(aa,, aay). 
Show that R* is a vector space over R. , (Garbwal 1976) 
5. Let V be the set of all paits of real numbers and let Fbe.. . 
the field of real numbers. Define — 
(x, Y+(%s 1) =(39 +391, —x— 21) 
e(x, y)=(3ey, —cx), 

Verify that V, with these operations, is not a vector space 

over the field of real numbers. : _— 


and 
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6. Let R be the field of real numbers and let P, be the set 


- of all polynomials (of degree at.most n) over the field R. Prove 
‘that P, is a vector space over the field R. 


7. How many elements are there in the vector space of poly- 
nomials of degree at most n in which the coefficients are the ele- 
ments of the field ede over the field I(p), p being'a prime number ? 

(Meerat 1974, 75) Ans, p**?. 


§ 2. General scceasdts of vector Spaces. 


Theorem 1. Let V (F) be a vector space and 0 be the zero 
vector of V. Then 


(4) ad=0 ¥ aeF. : 
(LA.S. 1974; Patna 86; Kolhapur 79; Meerat 69) 


(fi) On=0 ¥ ceV. (Delhi 1970; 1.A.S. 74; Patna 86) 
(iii) a (—«)=—(ae) Va E F, ¥ «eV. (Patna 1986) 
(iv) (—a) a=—(ae) ¥ aE F, ¥ «EV. (I.A.S. 1984) 
(v) a(a—B)=aa—a8 ¥ a © Fand ¥ 4,B Ee V. 
(vt) aa=0 > u=0 ora=0. (Patna 1986; I.A.S. 74) 
Proof. (i) We have a0=a (0+-0) (°° 0=0+0) 
=a0-+-a0. 
0+a0=a0+a0 - [°° a0EV and 0+a0=a0) 


Now V isan abelian group with respect to addition. 
. Therefore by right cancellation law in V, we get 0=a0. 
(ii) We have 0x=(0+40) « ( 0=0+0] 
=0a-+0c. a 
3 04002=02+0«. _ [°° OxeV and 0+0«=02) 
' Now V is an abelian group with respect to addition of yec- 
tors. Therefore by right cancellation law in V, we get 0=0z. 
(iii) 'We have a [a+(—«)]=aa +a (—«) 
> a@0=ae-+a(—a) ~ 2 
> O=aata(—«) - ( @0=0)} 
=> a(—a«) is the additive inverse of ax 
>a (—a)==—(az). 
(iv). We-have (a+(—a)] elparh(m) ot 
: => On=ax+(—a) « 
=> O=a«+(—a)« 
=> (—a) «is the additive inverse of ax 
=> (—@) a= —(2). 
(v) We have a (x—f)<a (a+(—f)) ~ax+a (—8) 
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=aa+[—(a8)) — ("a (—B)=—(a8)) 
=aae—ap. 
(vi) Let ax=0 and a+0. Thena™ exists because a is a non- 
zero element of the field F. . 
*, da=0 > aq! (az)=a7! 0 => (a7! a) a=0 > la=0 > a=0. 
Again let az=0 and «0.-Then to prove that a=0. Suppose 
a0. Then a~ exists. 
“. aa=0 > a-' (az)=a7' 0 > (a7? a) c=0 > la > «=0. 
Thus we get a contradiction .that « must be a zero vector. There- 
fore a must be equal to0. Hence «+0 and ac=0 > a=0. 


Theorem 2, Let V (F) be a vector space. Then 

(t) Ifa,b & F and « is a non-zero element of V, we have 
aa=be => a=b, 

(ti) Ifa, & Vand ats a non-zero element of F, we have 
‘aa=aB > o=B, (Meerut 1974) 

Proof. (i) We have ax=b« = ax—be=0 = (a—b) «=0. 

- But «0. Therefore (a—5) a=0 > a—db=0 => G=b. 

~. (ii) We have an==aB > ax—aB=0 => a («—f)=0. 
‘But a0. Therefore a (2—f)=0 > a—B=0 > a=. 


§ 3, ‘Vector Subspaces. Definition. 


Let V be a vector space over the fleld FandW GV. ThenW 
fs called a subspace of V if W itself isa vector space over F with 
respect to the operations of vector addition and scalar multiplication 
in V. (Delhi 1970; Madurai 78; Banaras 70; Meerut 69) 

Theorem 1. The necessary and sufficient condition for a non- 
empty subset W of a vector space V (F) to be a subspace of V is that 
W ts closed under vector addition and scalar multiplication in V. 

(Kumayun 1978) 

Proof. If W itself i is a vector space over F with respect to 
vector addition and scalar multiplication in V, then W must be 
closed with r _.. these two compositions. Hence the condi- 
tion is necessary. . 

_ The condition is sufficient. Now suppose that W is a non- 
empty subset of V and. W is closed under vector addition and 
scalar multiplication in V. . | 

Leta.e W. If lis the unity element of F, then —1 & F. 
Now W is closed under scalar multiplication. Therefore. 

-lEF«cew=(-lHlteW> —(lec) EW 
> —c2e W. [ «GW « & Vand lowe in VY) 
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Thus the additive inverse of each element of W is also in W. 

Now W is closed under vector addition. 

Thereforenc €C W, -c CE W > “e+(—a) Ee W 

=> 0 & W where 0 is the zero vector of V. 

Hence the zero vector of V is also the zero vector of W. Since 
the elements of W are also the elements of V, therefore vector 
addition will be commutative as well as associative in W. Hence 
W is an abelian group with respect to vector addition. Also it is 
given that W is closed under scalar multiplication, The remaining | 
postulates of a vector space will hold in W since they hold in V of 
which W is a subset. | 

Hence W itself is a vector space for the two compositions. 

*. Wis a subspace of V. 


Theorem 2, The necessary and sufficient conditions for a non- 
empty subset W of a vector space V (F) to be a subspace of V are 

(i) c<EW,PpeEW>e-BeEW. 

(i) aE F,ceEW > ax © W. 


Proof. The conditions are necessary. If Wisa subspace of 
V, then W is an abelian group with respect to vector addition. 
Therefore « G W,B © W>a—B € W. Also W must be closed 
under scalar multiplication. Therefore the condition (ii) is also 
necessary. 
The conditions are sufficient. Now suppose W is a non-empty 
subset of V satisfying the two given conditions. From condition 
(i), we have 
cEGwWwecewWrae-r+EWrd0ew. 
Thus the zero vector of V belongs to W and it will also be 
the zero vector of W, 
Now0OG WineWr0-c-eEWs-—c|E WwW, 
_ Thus the additive inverse of each element of W is also in W. 
Againn EW, PEWse2eEW,-BpeEW - 
: . >a-(—P)EW > ate W. 
Thus W is closed with respect to vector addition. 
Since the elements of W are also the elements of -V, therefore 
- vector addition will be commutative as well as associative in W. 
Hence W is an abelian group under vector addition. Also fram 
condition (ii), W is closed under scalar multiplication. The rem- 
airing postulates of a vector space will hold in W since they hold 
in V which is'a superset of W. Hence W is a subspace of V. 
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Theorem 3. The necessary and sufficient condition for a non- 
empty subset W of a vector space V (F) to be a subspace of V is 

a,b & Fanda, pe W> ae+bB & W. . _ 

. (Meerut 1981; Garhwal 76) 

Proof. The condition is mecessary. If Wis a.subspace of V, 
then W must be closed under Scalar multiplication and vector 
addition. ; : 

_ Therefore @eFecewsaac w 
and bEF PEW> BE W. 

Now az © W, bB EW = ax +bB & W. Hence the condition 
is necessary, ; 

The condition is sufficient. Now Suppose W is -a ‘non-empty 
subset of V satisfying the given condition i.e., a; b & Fand 

pews an+bpB Ee W. 
Taking a=1, b=1, we see that if a, 8B &G W then 
Ix<+1B © W _ ae 
-¢+BEW.[2ceWroae V and la=e in V] 
Thus W is closed under vector addition. - | 
Now taking a= —}, b=0, we see that if« © W, then 
(—I) at. ew [ia place of 8 we have taken a] 
>—(Ie)t+0E Wo—c. Ee W, 
Thus the additive inverse of each element of V’ is also in W, 
Taking a=0, b=0, we see that if « © W then : 
Oct, Ee Wsr040E Wa 0E W. 

Thus the zero vector of V belongs to W. It will also be the 
zero vector of W.  - 

Since the elements of W are also the elements of V, therefore 
vector addition will be associative as well as commutative in WV. 
Thus W is an abelian group with respect to vector addition. 

Now taking 8=0, we see that ifa, be F anda © W, theo 

— ax+50 S Wie., axzt+0 © Wie., ax & W, . 

Thus W is closed under scalar multiplication. 

The remaining postulates of a vector Space will hold in W 
since they hold in V of which W is a subset. Hence W(F) isa 
subspace of V (F). _ . , 

Theorem 4. A non-empty subset W of a vector space V (F) is 
a subspace of V if and only if for each pair of vectors\a, B in W-and 
each scalar a in F the vector ax+-B is again-in W. | 

Proof. The condition is necessary. If W is & subspace of V, 
then W must be cloged with respect to scalar multiplication and 
as well as with respect to vector addition. Therefore 
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acEFku2wewWruaew. 

Further ac € W,B © W => aut+B EW. 

Hence the condition is necessary. 

The condition is suffictent. It is given that W is a non-empty 
subset of Vand a & F, «a, BREW > axt+p © W..We are to prove 
that W is a-subspace of V. © 

(i) Since W is non-empty, therefore there is at least, one 
vectorin W,sayy. Nowle F> -1 EF. Therefore taking 
a=—l, aay, B=y, we get from the given condition that 

(—1) yt+-y=—C(y) += —y+7=0 is in W. 

(ii), Now leta & F,« & W. Since 0 is in W, therefore tak- 
ing B=0 in the given condition, we get ax, +0=ax is in W. 

Thus W is closed with respect to scalar multiplication. 

(iil) Leta EW. Since —1 © Fand W is closed with respect 
to scalar multiplication, therefore (—1) «= —(la)=—« is in W. 

(iv) We have | © F. If a, B EW, then la+p=a-+-8 is in W. 
Thus W is closed with respect to vector addition. 

The remaining postulates of a vector space will hold in W, 
since they hold in V of which W is a subset. Hence W is a sub- 
space of V. | . . 

"Note. If we are to prove that a subset W of a vector space 
V isa subspace of V, then either it is sufficient to prove that 
a,b & Fanda, 8 © W = ax+b8 © W 
or it is sufficient to prove that 
ace F,ande,f GE W > axt+fpe W. 
Examples 

Example 1. Let V (F) be any vector space. Then V itself and 
the subset of V consisting of zero vector only are always subspaces 
of V. These two are called improper subspaces. If V has any 
ether subspace, then it is called a proper subspace. The subspace 
of V consisting of zero vector only is called the zero subspace. 

Example 2. The set W of ordered triads (4a, as, 0) where a,, 
a, & F ts a subspace of Va (F).. (Meerut 1973) 

Solution. Let «=—(a:, az, 0) and B=(b,, b:,0) be any two 
elements of W. Then 4, da, bi, bs & F. If a, b be any two ele- 
ments of F, we have 

ax+-bB=a (ds, ds, 0)-+5 (61, bs, 0)=(aa1, as, 0)-+(bbi, 5bs, 0) 
=(aa,+bb;, aa,+ bbs, 0) & W since aa; + bb, aas+bb, & F 
and the last co-ordinate of this triad is zero. 

Hence W is a subspace of Vz (F). 
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Example 3. Let V be the vector space of all polynomtals in.an 
indeterminate x over a field F. Let W be a subset of V consisting of 
all polynomials of degree <n. Then W is a subspace of V. 

Solution. Let « and B be any two elements of W. Then a, B 
are polynomials over F of degree <n. If a, 6 are any two ele- 
ments of F, then ax+58 will also be a polynomial of degree < n. 
Therefore ax-+-58 G W. Hence W is a subspace of V. 

Example 4. [f a, @s, as are fixed elements of a field F, then 
the set W of all ordered triads (x,, x2, x2) of elements of F, such that 

~ Qe, +as%s+as%=0, 
is a subspace of V, (F). 


Solution. Let «=(x1, xs, x3) and B=(y,, ya, i be any two 


elements of W. Then x, Xz, Xs, Yi» Ya, Ye are elements of: F and 
are such that 


1X1 + 3X3 +43%3=0 wh) 
. Yr + Aays+Asys=0. oo0(2) - 
If a, b be any two elements of F, we have 
ac. +bB=a (x1, Xa, Xs) +5 (Yas Yo, Yo) 
== (4X1, OX2, 2Xs)-+-(by1, bys, bys)=(ax%i+by1, aXa-+bys, aXs+bys). 
Now 4; (4%:+5y:)-+@s (aX9-+bys)+-as (axs-+ bys) 
== (41:%1+Ge%q H4sXs)+5 (4iy1+Gaya+asys) 
yah (by (1) and (2)] 
“. Ga-+-bB=(ax,+5y,, ax,-+bys, axy-+bys) e W. 
Hence W is.a subspace of Vs (F). 


Example 5. Let R be the field of real numbers. Which of the 
following are subspaces of V,(R) 2 

(i) {(x; 2y, 3z) : x, y, ZER}. (Meerut 1972, 81). 

(ii) {(x, ¥, x) | ¥ER}. 

(iii) {(x, y, 2) 3X, y, z are rational numbers} 2 


Solution. (i) Let W={(x, 2y, 3z) : x, y, zER}. 

Let a=(x1, 21, 3z;) and B=(xs, 2ys, 323) be any two elements 
of W. Then x1, Yay Z1, Xa, Ya, Ze ate real numbers. If a, 5 are any 
two real numbers, then 

ax+-bB =a (x1, 2y15 32,)+5 (xa; ya, 32) 
=(ax, +x, 2ayi+2bya, 3az, +3623) 
=(a%,+bx9, 2 [ayi+bys], 3 [az1+52z9)) 

& W since ax,+6xs, ay1+-bys, @2,-+-bz, are real numbers. 

Thus a, bER and «, BREW > a«z+bBeEWw. 

a Wis a subspace of V;(R). 
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(ii) Let w={(x, x, x) : xR}. 
— Let a=(x1, 1, X41) and B=(xs, X2, X2) be any two elements of 
_W. Then x, x3 are real numbers. If a, 6 are any real numbers, 
then — Ga+bB=a (x, X1, X1)+5 (Xs. X2, Xa) 
(4X1 +bX9, 0%, +bX2, 0X1 +5x%1)E W, since ax,+bxsER. 
Thus W is a subspace of Vs (R). 
(iii) Let W={(x, y, Z) 3.x, y, Z are rational numbers}. 
Now «=(3, 4, 5) is ah, element of W. Also a=4/7 i is an 
element of R. But ac=v/7 (3, 4, 5)=(3+/7, 40/7, 5/7) EW 
since 34/7, 44/7, 54/7 are not rational numbers. 
Therefore W is not closed under scalar multiplication. Hence 


W is not a subspace of V3; (R). 
" g 4, Algebra of subspaces. 


Theorem 1. The intersection of any two subspaces W, and W, 

of a vector space V(F) is also a subspace of VF). 
(Patna 1987; Kamayun 77; Madras 77; 
Madarai 78; Banaras 70; Meerut 81) 


Proof. Since 0 & W, and W, both, therefore W, 1 W, is not 
empty. 
Let «, pe WwW, Ws and a, beF. 
Now «EWN Ws => «GW, and cEw, 
and BEW,N Wa > BEW, and BE W,. 
Since W, is a subspace, therefore 
a, bEF and «, BEW, > axc+bBeEW,. 
Similarly a, b&F and «, BEW, > 22+bBEW,. 
Now az.-+-5BEW,, aa-+-bBE Ws > ax+bBEWiN Wa. 
Thus a, b&F and «, BE WN We > ant+bBEW,N Ws. 
Hence W, 1 W, is a subspace of V(F). 


Note. The union of two subspaces of V(F) may not be a 
subspace of V(F). For example if R be the field of real numbers, 
then W,={(0, 0, z):; z & R} and W,={(0, y, 0) : y & R} are two 
subspaces of V,(R). We have (0, 0, 3)é W, and (0, 5, O)\EWs. 

*. (0, 0, 3) and (0, 5, 0) are both elements of WU Ws. 

But : (0, 0, 3)+-(0, 5, 0)=(0, 5,3) € WiUWs since neither 
(0, 5, 3) & W, nor (0, 5, 3) E Ws. Thus W, U Ws is not closed 
under vector addition. Hence W; U W, is not a subspace of — 
Vs (R). 


- 


Vector Spaces 409 


- Theorem 2. The unton of two subspaces ts a subspace tf and 


only if one is contained in the other. (Delhi 1969) 
Proof. Suppose W, and W, are (wo subspaces of a vector 
space V. 


Let Wc We or W3C W,. Then W, U W.=W, or W;. But 
Wi, W, are subspaces and therefore, W; U W, is also a subspace. 

_ Conversely, suppose W,U W, is a subspace. 

*To prove that W, C W, or Ws CW. 

Let us assume that W, is not a subset offW, and W, is also 
not a subset of W,. 

Now W, is not a subset of W. > de G W, and« € W, (1) 
and W, is not a subset of W, > 38 © W.and B € Wy. ...(2) 

From (1) and (2), we have 

2eWw,uU Waandpe W, U W,. 
Since W, U W, is a subspace, therefore 
a+f is alsoin W, U W2. 
But a+p Ee W, U Wz>a+8 © W, or W,: 
Suppose «+8 © W,. Since«n G W, and Wis a subspace, 
therefore («+8)—a=8 is in Wj. 

But from (2), we have 8 @ W,. Thus we get a contradiction. 
Again suppose thata+8 © W;. Since B G W, and W, is a sub- 
Space, therefore (a+-8)—B=« isin W.. But from (1), we have 
a ¢ W,. Thus here also we get a contradiction. -Hence either 
W, Cc Ws, or Ws, Cc W;. 


Theorem 3. Arbitrary intersection of subspaces i.e., the inter- 
section of any family of subspaces of a vector space is a subspace. 
(Banaras 1968; Kanpur 69; Meerut 68) 


Proof. Let V (F) be a vector space and let {W,: 1 & T} be. 
any family of subspaces of V. Here T is an index set and is such 
that ¥ ¢ © 7, W, is a subspace of V. 

Let U= i Wa{xev:xeEw, ¥ te T} 

te 
be the intersection at this family of aipepeces of V. Then to prove 
that U is also a subspace of V 


Obviously U+@, since at least the zero vector Oof V is in 
Ww teT. 


Now let a, 6 & F and «, 8 be any two- elements of 1 W,. 
(eT 
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Then «, B © W, ¥ t&T. Since each W, isa subspace of V, there- 
foreax+bB EW, ¥teET. Thus a+bBe A WM. 
teT 


Thus a,b Fanda,pE N W,>axt-bBe N W,. 
teT teT 
Hence f)_ W, is a subspace of V (F). 
teT 


Smallest subspace containing any subset of V (F). Let V (F) 
be a vector space and S be any subset of V. If U is a subspace of 
V containing S and is itself contained,in every subspace of V con- 
taining S, then U is called the smallest subspace of V containing S. 
The smallest subspace of V containing S is also called the sub- 
_ space of V generated or spanned by S and we shall denote it by 
_ the symbol {5S} or by (S).. It can be easily seen that the inter- 
section of all the subspaces of V (F) containing S is the subspace 
of V (F) generated by S If {S}=V, then we say that V is spanned 
by S. 


Exercises. 


1. Show that the set W of the elements of the vector space V;(R) 
of the form (X+2y, Y—-x+3y) . 

where x, y ER is a subspace of V,(R). (Meerut 1974) 
2. Let V=R® and W be the set ofall ordered triads (x, y, z) 

puch that x—3y-+4z=0. Prove that W is a subspace of R°. 
3. Which of the following sets of vectors «=(@;, de,.... dn) in R* 

are subspaces of R* (n > 3)? . 

_ (i) allo such that a4, <0; 

(ii) all « such that a; is an integer ; © 

(iii) all w such that .as+4a,;=0. 

Ans. (i) not a subspace ; (ii) not a subspace ; (iii) subspace. 

§ 5. Linear combination of vectors. Linear span of a set. 

Linear combination. Definition, Let V (F) be a vector space. 
Uf a3, %2,..., &n & V, then any vector 

B= Aye, + asts+...+An&q where G1, Agy..., An & F 
is called a linear combination of the vectorS a3, a ,...5 &n. 

Linear span. Definition. Let V (F) be a vector space and S 
be any non-empty subset of V. Then the linear span of Sis the set 
of all linear combinations of finite sets of elements of S and is 
denoted by L (S). Thus we have 


L (S)= {4101+ Gota+... + Aner > Oy, Agrees Ly 
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is any arbitrary finite subset of S and a), ds;..., Gn is any arbitrary 
finite. subset of F}. — 

Theorem 1.° The linear span L(S) of any subset S of a vector 
space V (F) is a subspace of V generated by Si.e., L (S)={S}. 

Proof. Let «, 8 be any two elements of L (S). 

Then Ayo + Agta... + Omen 
and B=b,81:+5283+ ...+-5nBs 
where the a’s and b’s are elements of F and the «’s and A's are 
elements of S. . 

If a, b be any two elements of F, then 
Ga+-bB=a (ay%1+de%g+... +ameém)+b (6:81 + ba8a+.-. + OnBn) 
== 4 (a0:)+4 (Ge02)+...-+A(Amem)+5 (6181) +5(bs82)+...-+5 (b2Bn) 
c=(@a1) 01-+(a0s) ag+... + (adm) %&m+ (bb:) Bi-+(bb3)Ba+ -oe+ (bn) Bn. 

Thus ax+58 has been expressed as 2 linear combination of a 
finite set «1, %2,..., &m, Bis Bar... Ba Of the elements of S. Conse- 
quently a«+5BEL(S). 

Thus a, b & F and «, BEL(S)>aa+bpEL(S). 

Hence L(S) is a subspace of V(F). 

Also each element of S belongs to L(S) because if «-€S, then 
op=2 le, and this implies that «,G@L(S). Thus L(S) is. a subspace 
of V and S is contained in L(S). 

Now if Wis any subspace of V containing S, then each 
element of Z(S) must be in W because W is to be closed under 
vector addition and scalar multiplication. Therefore L(S) will be 
contained in W. 

Hence L(S)={S} iie., L(S) is the smallest subspace of V 
containing S. | 

Note. If in any case we are to prove that L(S)=V, then we 
should prove that VG L(S) because L(S)CV since L(S) is a sub- 
space of V. In order to prove that VCL(S), we should prove that 
each element of V can be expressed as a linear combination of a 
finite number of elements of S. Then each element of V will also 
be an element of Z(S) and we shall have V GL(S). 

Finally VGL(S).and L(S)GV>L(S)=V. 

Examples 

Example 1. The subset containing a single element (1, 0, 0) 

of the vector space V,(F) generates the subspace which is the 


totality of elements of the form (a, 0, 0). . 
Example 2. The subset {(1, 0, 0), (0, 1, 0)} of Va(F) generates 
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_ the subspace which is the totality of the elements of the form 
(a, 5, 0). 
Example .s. The subset S={(1, 0, 0), (0, 1, 0), (0,.0, 1)} of 
V3(F) generates or spans the entire vector space V(F) i.e., L(S)=V. 
If (a, b, c) be any element of V, then . 
(a, b, c)=a (1, 0, 0)+6 (0,1, 0)+<¢ (0, 0, 1). 

Thus (a, 6, c)EL(S). Hence VEL(S). Also L(S)GV. 

Hence L(S)=V. 

§ 6. Linear sum of two subspaces. Definition. Let W, and W, 
be two subspaces of the vector space V(F). Then the linear sum of 
the subspaces W, and W. denoted by Wit+We is the set: of sums 
%1+a2 such that n1EeW, we Ws. : 

Thus W,+We={a,t+a - Wye W,, a2 W3}. 
Theorem. If WV, and W, are. subspaces of the vector space V(F), 
then 

(i) MW+W, is a subspace of V(F). (Patna 1987: Kanpur 70) 

(i) W4W,={MU Ws ie, L(W,U Wa)=W, + W2, 

. | (G.N.D.U. 1986) 

Proof. (i) Let «, 8 be any two elements of W,+ W.. 

| Then a=a,+0, and B=6i+B2 where a, 8;EW, and 
4a, BxeGW,. If a, bEF, we have 

@0,+ bB= a la, +%3)+6 (81+ B2)= (aa1+bB1)-+(axs+ bBo). 

Since W, is a subspace of V, therefore a, b&F 
and x1, Bi: EW, =>@x,+68,EW,. 

Similarly ax9+- bBse W 2, 

Consequently ax+ bB=(aa,-+bB,)+ (ax. + 582) EW’, + We. 

Thus a, bEF and a, BEW,+W, => aa+bBEW, + W,, 

Hence W,+W, is a subspace of V(F). 

(ii) Since W, contains the zero vector, therefore if «EW, 
then we can write H=1+0EW,+W,. Thus WiCW,+ We. 
Similarly #40 W,+W,. Hence WW, UW.CW,+W.. Therefore 
,+W, is a subspace of V(F) containing W,U We. 

Now to prove that + W2.={W, U Wa} we should prove that 
Wy + WC L(W,U 2) and L(W,Y Wa) CW, + We. 

Let x=2;-+-a9 be any element of Wi+W,. Then GW, and 
42 W,. Therefore x1, 2.€W,U W.. Wecanwrite - 

yb Zo Dy + De. a , 

Thus x, +4, is a linear combination of a finite nuinber of ele- 

ments 2, 2.6 W, UW. : 
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Therefore =a, +a,.EL(W,U MW). 
Wi+W2CL(W,U W,). 


Also L(W, UW.) is the smallest subspace containing W,UWs 
and Wi+W, is a subspace containing W,UW2. Therefore 
L(W,U W2) must be contained in Wi+W:. Consequently 
) Oo L(WU Wh) GW 4+ We. 

Hence Wi+W,=L(WiUW2)={(WiU Wi}. 

Theorem. /f S, T are subsets of V(F), then 

(i) SCT=L(S)CL(T). (i) L(SUT)=L(S)+L(T). 

(iii) L(L(S))=L(S). 

Proof. (i) Let a=a,0;+ao%e+...+ 4,0, & L (S), where 
{41 Goy--) Ga} isa finite subset fof S. Since SGT, therefore 
{a1, dg,..., an} is a finite subset of T. So aE L(T). 

Thus «EGL(S)>2EL(T). 

‘s L(S)GL(T). 

(ii) Let-« be any element of L(SUT). Then 

&% = Ay + Boe +... + Am&m+5iB; + beBs+...+bpBp 

where {a1, a2,..., &m, B,, Bay..., Bp} is a finite subset of SUT such 
that {o1, a2,..., am}CS and {B;, Boy... Bo}CT. 

Now — a0, +-Aga9+ ...-+- amame L(S) 
and bi B, +-bs82+ a +5,p,EL(T). 

Therefore c= L(S)+L(T) Consequently L(SUT)CL(S)+L(7). 
Now let y be any element of L(S)+L(7) Then y=B+65 where 

BEL(S) and 8EL(T). Now B will be a linear combination of a 
finite number of elements of S and 8 will be a linear combination 
of a finite number of elements of 7. Therefore 8+-5 will be a lin- 
ear combination of a finite number of elements of SUT. Thus 
B+8EL(SUT). Consequently L(S)+L(T)GL (SUT). 

_ Hence L(SUT)=L(S)+L(T). 

(iii) L(Z(S)) is the smallest subspace of V containing Z(S). 
' But L(S) is a subspace of V. Therefore the smallest subspace of 
V containing L(S) is L(S) itself. “Hence L(L(S))=L(S). 

§ 7. Linear dependence and linear independence of vectors, 

_ Linear dependence. Definition. Ler V (F) be a vector space. 
A finite set {a1, a2,..., %n} of vectors of Vis said to be linearly . 
dependent if there exist scalars @;, Qo,..., Qa F not all of them 0 
(some of them may be zero) such that’ : 

By + Agha+Agag+... + ane, =0. 2 
(Banaras 1970; Meerut 75; Punjab 66) 
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Linear independence. Definition. Let V(F) be a vector space. 
A finite set {a1, &,..-, &n} of vectors of Vis said to be linearly in- 
dependent if every relation of the form 
G10; +Agts+...+Gnan=0, EF, 1<i<n 
:>a,=0 for each 1<ign., 
Any infinite set of vectors of V ts sald to be linearly Indepen- 
dent if its every fintte subset ts Itnearly independent, otherwise it is 
linearly dependent. (Banaras 1970, Punjab 69) 


Examples 


Example 1. Prove that if two vectors are linearly dependent, 
one of them ts a scalar multiple of the other. 

Solution Let a, B be two linearly dependent vectors of the 
vector space V. Then 3 scalars a, b not both zero, such that 

. aa-+bp=0. 
If a0, then we get 
aa=—bB=> a-'(ax)=a-}(— bp) 

=> (a-!a) a=[a-1(—b)]B> 1 a==(—a~1b)B 

> a=? B=>« is a scalar multiple of £. 

If b0, then we get 

bB=—an > p=(-§) « => £ is a scalar multiple of «. 

Thus one of the vectors « and f isa scalar multiple of the 
other. 

Example 2. In the vector space V, (F), the systent of n vectors 

e,=(1, 0, 0,..., 0), es=(0, 1, 0,..., 0, 0), -.-» en=(0, 0,..., 0, 1) 
ts linearly independent where 1 denotes the untty of the field F. 

Solution. If a), 42, as,..., dn be any scalars, then 

Q€, + Gsee+... + anen=0 

=>a,(1, 0, 0,..., 0)-+aa(0, 1, 0, ..., 0)+...+4,(0, 0,...,0, Ih=O 

>(a;, Ag, oy a,)=(0, Q,..., 0) > a,=0, a,=0, oocy an,=0. : 

Therefore the given set of n vectors is linearly independent. 

In particular {(1, 0, 0), (0,1, 0), (0, 0, 1)} fs @ linearly indepen- 
dent subset of V;(F). 

Example 3. Uf the set  S={a1, a, ..., an} 
of vectors of V(F) ts linearly independent, then none of the vectors 


1, Xg, ..., &y Cam be zero vector. , (Meerut 1974) 
Solution. Let «, be equal to zero vector where 1 <r<a. 
Then Oxi t+Oar+... + aa, + Oa,414-..-+00,=90 


for any a:40 in F. 


Vector Spaces | ANS 


Since a0, therefore from this relation we conclude that S is 
linearly dependent. Thus we get a contradiction because it-is 
given that S is linearly independent. Hence none of the vectors 
G1, Mg, ..., @ can be zero vector. We also conclude that a set of 
vectors which contains the zero vector is necessarily linearly depen- 
dent. 

Example 4. Every superset of a linearly dependent set of vec- 
tors ts linearly dependent. (Agra 1986) 

Solution. Let S={a;, «s,..., an} be a linearly dependent set of 
vectors. Then there exist scalars a;, dg,..., @n not all zero such that 

Qy%1 + Oghe+... + Antn=0. 1) 

Now let S’={a, ag, ..., &n: B1. Ba, .--, Bm} be a superset of S. 
Then we have from (1) 

G40 +209... + Antin+ 08; + 083+... +02m=O. vo (2) 

Since in the relation (2) the scalar coefficients are not all 0,°: 
therefore S’ is linearly dependent. 

From this we also conclude that any subset of.a linearly inde- 
pendent set of vectors ts also linearly independent. 

Example 5. A system consisting of a single aon-zero vector is 
- always linearly independent. 

_ Solution. Let S={«} be a subset of a vector space V and let 
a be not equal to zero vector. If ais any scalar, then 
axe ; 
>a=:0 {Since « is not zero vector] 
the set S is linearly independent. 
Example 6. Show that : 
S={(1, 2, 4), (1, 0, 0), (0, 1, 0), (0, 0, 1)} 
fs a linearly dependent subset of the vector space V3(R) where R is” 
the field of real numbers. 

Solution. We have 

1(1, 2, 4)+(—1) (1, 0, 0)+(—2) (0, 1, LO+(- 4) (0, 0, 1) 
=(1, 2, 4)+(—1,.0, 0)+(0, —2, 0)+(0,0,-—4) 
=(0, 0, 0) i.e., zero vector. 

Since in this relation the scalar coefficients 1, —1, —2, —4 are 
not all zero, therefore the giyen system S is linearly dependent. 

Example 7. In V3(R), where R is the field of real numbers, 
examine each of the following sets of vectors for linear dependence : 

(##) {(1, 2, 0), (0, 3, 1), (--1, 0, 1)} 

(til) {(—I, 2 ~) 1), (3, 0, ae 1), (— -5, 4, 3)} 
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(iv) {(2, 3, 5), (4,9, 25)}. 

(») {1 2, 1), (3, 1, 5), 3, —4, 1}. (Meerat 1979) 

Solution. (i) We have 

4 (2, 1, 2)+(—1) (8, 4, 8)=(8, 4, 8)+(—8, —4, —8) 
==(0, 0, 0) .e., the zero vector. 

Since in-this relation the scalar coefficients 4, —1 are not 
both zero, therefore the given set is linearly dependent. . 
(ii) Let a, 5, c be scalars i.e., real numbers such that 2 

a (1, 2, 0)+5 (0, 3, 1)+¢ (—1, 0. 1)=(0, 0, 0) 

Le, (a—c¢, 2a+3b, b+c)=(0, 0, 0) 
Le., a+0b—c=0, 2a+36+0c=0, 02+b+c=0. 

These equations will have a non-zero solution i.e. a solution 
in which a, b, c are not all zero iffthe rank of the coefficient mat- 
rix is less than three 7.e., the number of unknowns a, b,c. If the 
rank is 3, then the zero solution a=0, b=0, c=0 will be the only 
solution. 

! 0 zm) 


Coefficient matrix a-(3 ; P 


We have | A |=1 (3—0)—2 (0+1)=1540. 

.. Rank A=3. Hence a=0, b=0, c=0 is the only solution. 
Therefore the given system is linearly independent. 

(iti) Let a, b, ¢ be scalars such that 

a (—1, 2, 1)+5 (3, 0, —1)+¢(—5, 4, 3)=(0, 0, 0) 

i.e., (—a+36—Se, 2a+0b+ 4c, a—b+3c)=(0, 0, 0) 
ie, —a+3b—Se=0, 2a+ 0b+4c=0, a—b+3c=0, 

The coefficient matrix A of these equations is 

—1 3 —5 
4-| 2 O 4]. 
ay 1 —1 3 

We have | 4 |=—1! (0+4)—2 (9—5)+1 (12—0)=0. 

“. Rank A is <3i¢., the number of unknowns a, b, c. 
Therefore the given system of equations Will possess a non-zero 
solution. For example a= —2, b=1, c=], is a non-zero solution. 
Hence the given system of vectors is linearly dependent. . 

(iv) Let a, 5 be scalars 7.e., real numbers such that 

a (2, 3, 5)+5 (4, 9, 25)=(0, 0, 0) 
fe., (2a+46, 3a+-96, 5Sa+-25b)=(0, 0, 0) 
i.e., 2a4-4b=0, 3a+9§=0, 5a+25b=0. 
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The coefficient matrix A of these equations is 


2 4 
[s AF 
5 25 


Obviously rank A=2 i.e., equal to the number of unknowns a and 
b. Therefore these equations have the only solution a=0, b=0. 
Hence the given set of vectors is linearly independent. 
(v) Let a, b, c be scalars i.e., real numbers such that 
a (I, 2, 1)+8 (3, 1, 5)+¢ (3, —4, 7)=(0, 0, 0) 
i.e., (a+-36+3c, 2a+b—4c, a+-5b+-7c)=(0, 0, 0) 


be., a+3b+3c=0, -(L) 
2a+b—4c=0, .».(2) 
a+56+-7e=0. ...(3) 
Multiplying (1) by 2, we get 
2a +66+6c=0. .-(4) 
Subtracting (4) from (2), we get 
—5b—10c=0, e 
or b+2c=0. .-(5) 
Again subtracting (3) from (1), we get 
—2b—4c=0, or 6+2c=0. .--(6) 


The equations (5) and (6) are the same and give b=—2c. 
Putting b=—2c in (1), we get a=3c. If we take c=1, we get 
b=—2 and a=3. Thus a=3, b=—2, c=] is a non-zero solution 
of the equations (1), (2) and (3). Hence the given set of vectors is 
linearly dependent. 


Example 8. If F is the field of complex numbers, prove that the 
vectors (a, 43) and (b,, 63) in Vs (F) are linearly dependent iff 
a,b, _ aod; =0, 


Solution. Let x, yeF. Then 
% (41, @3)+y (B1, 53)=(0, 0) 
=> (xa, +yb,, Xae +ybs)=(0, 0). 
_ Therefore 4x+hy=0) 
and soca, 
The necessary and sufficient condition for these equations to 
possess a non-zero oa is that 
[20 i.e., Q,bg—a2h, =. 
as 
Hence the given coe is linearly dependent iff a,b,—a,5,= 
Example 9. If a, anda: are vectors of V (F), anda,be& ; 
show that the set {a, 2, a%,-+bas} is nearly dependent. 
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Solution. We: have 
(—@) 1+(—b) ast (aa, +524) 
=(~—a+a) «.+(—b+5) «s=02; +0236 f.e., zero vector. 


In the above linear combination the scalar coefficient 140. 
Therefore whatever may be the scalars —a and —b, the given set 
of vectors is linearly dependent. 


Example 10. Let a1, a, xs be vectors of V (F), a, bE F. Show 
that the set {a,, a2, as} is linearly dependent if the set {a1 + aa—+ bag, 
_ &gy &9} bs linearly dependent. (Meerut 1969) 


_ Solation. Since the set {a1-+-aag-+bas, as, &s} is linearly depen- 
dent, therefore there exist scalars x, y, z not all zero such that 
X (41 -+aa2+ 5x3) + yas+-z03=0 | 
Le., Xe +(xa+y) a+ (xb+-z) as=0. .(1) 
If in the relation (1), the coefficients x, xa+y, xb+z are not 
all zero, then the set {a1, %2,°a5} will also be linearly dependent. 


__ If ¥340; then the problem is at once solved whatever y and z 
may be. However if x=0, then at least one of y'and z is not zero. 
Therefore at least one of xa+ y and xb+2z will not be zero since 
when x=0 then xa+y and xb+z reduce to y and z respectively. 


Hence in the relation. ( ]) the ‘scalar coefficients of a1, és, a 
are not all zero. Therefore the set {1, %g, %} is also linearly de- 


Example 11.. Jf «, 8, y are linearly independent vectors of V(F) 
where F is the field of complex numbers, then so also are “+B, B+y, 
Y+a, _ (Patna 1986) 


Solution, Let a, b, c be scalars such that 
' A(¢+B)+5 (B+y)-+e (y-+a)=0 
he.,.- (2+c) a-+-(a+5) B+(b+c) y=0. -(1) 
But «, B,-y are linearly independent. Therefore (1) implies 
4406 +020, 0+5+40c=0, 0a+b+c=0, 
The’ coefficient matrix A of these equations is 
, 1 0 I 
A= [: 1 | < 
a 0 1 1 
‘We have rank A=3 ie, the number of unknowns a, by ¢. 
Therefore‘a=0, b=0, c=0 is the only solution of the given equa- 
tions. Hence «+8, B+y, y+-« are also linearly independent. + 


» 2 


- from (1) a,=0, a3=0,...,4,=0. 
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Example 12. Ifa, B, y are linearly independent vectors of V(F) 

where F ts the field of complex numbers, then so also. are 
. A+B, a—B, a—2B+y, 
Solution. Let a, 6, c be scalars such that ; 
a (a +8)+5 (1—8)+¢ («—28-+-y)=0 (1) 

he., (a+b+c) a+(a+b—2c) B-+-cy=0. 1:Q) 

But «, 8, y are linearly independent. Therefore (2) implies. 

a+b+c=0, d—b—2c=0, c=0. 

The only solution of these ‘equations is c=0, a=0, b=0.. 

Thus (1) implies a=0, b=0, c=0. Therefore the vectors «-+-£,. 
a—B, a—28+-y are linearly independent. 


Example 13. Show that the set {1, x, 1+x+x}.4s a linearly 
independent set of vectors in the vector space of all polynomlals.over 
the’real number field. (Meerat"1976) 


Solution. Let a, b,c be scalars (real numbers) such that 
a (1)+bx-+e (14+-x+2!)=0. 
We have @(1)+bx+e (1+x+x5)=0 
=> (a+c)+(b+c) x+cx*=0 | 
> a+c=0,b+c=0, c=0 > c=0, o=2U, a=0. 
- the vectors I, x, 1-+x-+-x*.are linearly independent over 
the field of real numbers. | 


Example 14. I the vector space F[x] of all polynomials over 
the field F the infintte set S={1, x, x*, x3,...} is linearly independent. 


Solution. Let S’={x, xMms,..,, xn} be any finite subset of 
S having n vectors, Here mM, Mq,...,M_ are some non-negative 
integers. Let a;, @s,...,d, be scalars such that 


A, X!M1 +-ayxM2 +... axa =0 
(i.e., zero polynomial) ....(1) 

By the definition of equality of two polynomials we have 

Thus every finite subset of S is linearly independent. 

Therefore S is linearly independent.: - 
' Example 15. ° Is the vector (2, —5,3) in- the subspace of R*® 
spanned by the vectors (1, —3, 2), (2, —4, —1), (1, —5, 7)? 

Solution Let «=(2, —5, 3), o:=(1, —3, 2), ag=(2, —4, ~1), 
—es==(1,.—5, 7). If ¢ can be expressed as.a linear combination of 
‘the vectors a}, xs, a3 then it will be in the subspace of R® spanned 

by these vectors otherwise it will not de. 
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Let a=a,0;-+-da%a+Gsx5 Where 41, 4, a,ER. | 
Then (2, —5, 3)=a,(1, —3, 2)+42(2, =4, —1)+-as(1, —5, 7) 
or (2, —5, 3)=(a1+2a3+43, —30, —4a, —Sas, 
2d; —43+74s). 


4, +24,+4,=2 »(1) 
—3a, —4a,—5as=>—5 ..(2) 
24, —a3+-7a,=3 wee (3) 


Multiplying the equation (1) by 3 and adding to (2), we get 
24,—243=]) OF Ag—as=}. TT G)) 
Again multiplying the equation (1) by 2 and subtracting from 

- (3), we get 
—Sde+5d3=2--1 Or ag—ag=1/5. .s(5) 

The relations (4) and (5) show that the above equations are 
inconsistent. ‘Hence the vector « cannot be expressed as a linear 
combination of the vectors «,, as, «3. Therefore « is not in the 
subspace of R? generated by the vectors «1, %2, 3. 

Example 16. In the vector space R®, let «==(1, 2, 1), p=(3,1, 5), 
y=(3, —4, 7). Show that the subspaces spanned ‘by S={a, B} and 
T={a, B, y} are the same. (Meerut 1977) 

Solution. First we shall show that the vector y can be expre- 
ssed as a lincur combination of the vectors « and f. Let 

(3, —4, 7)=a (1, 2, 1) +65 (3, 1, 5). 

Then a+3b=3, 20+b=—4, a+5b=7. Solving the first two 
equations we get a= —3, b=2 and these satisfy the third equation 
also. Therefore we can write y= —3a-+-28. 

Now SCT=>L(S)GCLT). 

Further let 5€L(T). Then 5 can be expressed as a linear 
combination of the vectors «, B and y. In this linear combination 
the vector y can be replaced by —32-+4-28. Thus & can be expressed 
ds a linear combination of the vectors « and 8. Therefore seL(S). 
Thus 8EL(T)>SEL(S). Therefore L(T)GLS). 

Hence ‘ ULUrT)=L(S). 

_ Exercises 
. 1. Show that the three vectors (1,1, —1), (2, —3, 5) and 
(—2, 1, 4) of R® are linearly independent. 

2. Show that the vectors (1,1, 2, 4), (2, —1, —5, 2), (1, —1, 
—4, 0) and (2, 1, 1, 6) are linearly dependent in R‘. (Meerut 1971) 

3. Show that the vectors (1, 1, 0, 0), (0, 1, —1, 0), (0, 0, 0, 3) 
in R¢ are linearly independent. = | 
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_ 4, Is the vector (3, —1, 0, —1) in the subspace of R‘ spanned 
by the vectors (2, —1, 3, 2), (—1, 1, 1, —3) and (1, 1, 9, —5)? 

Ans. No. 

5. Show that the set {1, x, x (1 —x)} is a.linearly independent 
set of vectors in the space of all polynomials over the real num- 
ber field. (Meerat 1971) 

6. Find whether the vectors 2x°4+-x?+-x-+1, x8+3x?-+-x—2 
and x®-+-2x*—x-+-3 of R[x], the vector space of all polynomials 
over the real number field, are linearly independent or not ? 

(Meerut 1975) Ans. Linearly independent. 


7. Prove that a set of vectors which contains the zero vector 
is linearly. dependent. (Meerut 1974) | 


8. Show that the system of three vectors (I, 3, 2), (1, —7, —8), 
(2, 1, —1) of Vs (R) is linearly dependent. 
(Meerut 1975; Madras 77) 
9. Determine whether the following set-of vectors in Vs (Q) 
is linearly dependent or independent, Q being the field of rational 
numbers : {(—1, 2, 1), (3, 1, —2)}. (Meerut 1974) 
Ans. Linearly independent. 
10. Prove that any finite set S of vectors, not all the zero 
vectors, contains a linearly independent subset 7 which spans the 
same space as S. | 
11, Find a linearly independent subset T of the set 
S={a, Og, Lg, Xe}, 
where , a%=(I, 2, — 1), a&=(—3, —6, 3), 
a%g==(2, 1, 3), ag=(8, 7, 7) & R* 
which spans the same space as S. Ans. 7'={a;, as}. 


§ 8. Some Theorems on Linear Dependence and Linear Inde- 
pendence. 


Theorem 1. Let V (F) be a vector space. If a1, a, ..., &» are 
non-zero vectors & V then elther they are linearly independent or 
some a, 2< k <n, ts a linear combination of the preceding ones, 
Oi, gy -00y Chaps (Banaras 1969; Kanpur 70) 


Proof. If a1, ag, ds, ..., &, are linearly independent we are 
nothing to prove. So let a, ag, ..., &, be a dependent. Then 
there exists a relation of the form 

Qy% + Agts+ ...-- Ant a=0 «(1) 
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where, not all the scalar coefficients a, @s, ..., dn are 0. Let k be 

the largest integer for which a¢<0 i.e., 4410, ax43=0, ...) Qn=0 

and a.30. There is. no harm in tbis assumption because at the 
most if an740 then k=n. 

Also 2 < k. Because if ag=0, as=0,..., da=0, then’ a,0,;=0 
and «0 =>.a:=0. This contradicts the fact that not all the a’s 
areQ. 

.. Now the relation (1) reduces to 
A103 -+- ages +...-410,=20, where 4.40 

or. Bj}. — B01 — Apeg— 0. — Aka O K-21 

or. as (Axe) =44-* (—ay03— agegs—...— Ag -1 koa) 

OF 0453(—aK-* Gy) 0 +-(—ag-* Os) gt... + (—GK7* Gk-1) th-1- 
Thus «, is.a linear combination of its preceding vectors. 
Theorem 2. The set of non-zero vectors %3, %, ..., &n of V (F) 

fs linearly dependent if some ax, 2.< k <.n, ts a linear combination 

of the preceding ones: (Banaras 1969; Kanpur 70) 
Proof. If some «2 < k < 4, is a linear combination of the 

preceding ones a, ag,.:.5 %x-1, then 3 scalars aj, ag,..., dx-1 such 

that Cp A,X + Agkg... + Anny Kk—1 
> lop—ay0,— Gaeg—... —Gz-1 &e-1=0 (1) 
=> the set {c;, ag,..., a} is linearly dependent because 

in the linear combination (1) the-scalar coefficient 1540. 

Hence the set {a,, %s, , &n} Of which {«;, ag, .., ax} is a subset 

- must be linearly dependent. 

Theorem 3. [fin a vector space Vi\F), avector B ts a linear 
combination of the set of vectors a1, a2, %3,..., %n, then the set of 
vectors B, a1, &25.-.) &n és linearly dependent. 

Proof. Since f is a linear combination of a, a¢,..., an there- 
fore there exist scalars a;, ds,..., @, such that 

Bmeayt + Gs%e+... + Gitn 
=> 1B—€,01—Ga%_—...—An%n=0. (1) 

In the relation (1) the scalar coefficient of 8 is 1 which is 0. 
Hence in the relation (1) not all the scalar coefficients are 0. 
Therefore the set of vectors B, a1, &,..., % is linearly dependent. 

Theorem 4. The set of non-zero vectors «1, %9,..., &n of VF) ts 
linearly dependent iff one of these vectors ts a linear combination of 
the remaining (n—1) vectors. (Kolhapur 1973; Meerut 69) 

Proof. This theorem can be easily proved. 
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§ 9. Basis of a Vector Space. Definition. 
| | (LA.S. 1974; Poona 73; Madras 78; Meerut 66;. 
. Kanpur 86; Pataa 86; Punjab 69) 

A subset S of a vector space V(F) is said tobe a basis of 
VF), if . 

(4) S consists of linearly independent vectors, : 

(ti) -S generates V(F) t.e., L(S)=V l.e., each vectorin Visa 
linear combination of a fintte number of elements of S. 


Examplel. A system S consisting of'n vectors | 
4:=(I, 0, 0,..., 0), eg=(0, I, 0,..., 0),...5 €n=(0, 0,..., 0, 1) is. 
@ basis of V,(F). . 


Solution. First we should show that S is a linearly indepen- 
dent set of vectors. We have Proved itin one of the previous: 
examples. 

Now we should prove that L(S)=V,(F). We have always 
L(S) & V,(F). So we should prove that V,(F) ©\L(S) i.e., each 
vector in V,(F) is a linear combination of elements of S. | 

Let a=(41, ds,...; Gq) be any vector in V,(F). Wecan. write 

(41, a9,..., Gq) =a; (1, 0,.... 0)+ag (0, 1, 0,..., 0)+... 

+4n (0, 0,..., 0, 1) 
Le., e=@,e, +Ggegt... +anen. . 

Hence Sis a basis of V,(F)..We shall call this particular basis 
the standard basis of V AF). 

Note. The set {(1, 0), (0, 1)} is a basis of V(F). The set 
{(1, 0, 0), (0, 1, 0), (0, 0, 1 )} is a basis of V(F). Asa particular 
case a basis of F(F) is the set consisting of only the unit’ element 
of F. 


Example 2. Show that the infinite set 
S={I1, x, x3,..., x,...} 
is @ basis of the vector space F[x] of polynomials of the field F. — 
Solation. First we should prove that S is a linearly indepen- 
dent set of vectors. For proof refer some previous example. 
Now we should show that S Spans F[x] i.e., each polynomial 
in F(x] can be expressed as a linear combination of a finite num- 
ber of elements of S. 
Let f(x)=4)+a1:x-+-a9x*+...+4,x! be a polynomial of degree 7. 
Then /(x)=(a)) 1+-a,x-+ dx? +... 4,28. 
Hence S is a basis of F[x). 
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Note. The vector space F[x] has no finite basis:. If we take 
any finite set W of polynomials, we can find a polynomial of degree 
greater than that of each of them. Such a polynomial! cannot at 
any cost be expressed asa linear combination of the elements. 
of W. | 


§ 10. Finite Dimensional Vector Spaces. Definition. The 
vector space V(F) is said to be finite dimensional or finitely gene- 
rated if there exists a finite subset Sof V such that V= L(S). 

The vector space V,(F) of n-tuples is a finite dimensional 
vector space. 

' The vector space F(x] of all polynomials over a field F is not 
finite dimensional. There exists no finite subset S of F[x] which 
spans F[x]. A vector space which is not finitely generated may be 
referred to as an infinite dimensional space. Thus the vector space 
F[x] of all polynomials over a field F is infinite dimensional. 

Existence of basis of a finite dimensional vector space. 

Theorem. There exists a basis for each finite dimensional vector 
space. (Meerut 1980; Patna 87; Kanpur 86) 

Proof. Let V(F) bea finitely generated vector space. Let 
S={a;, &g,..-) tm} be a finite subset of Vsuch that L(S)= V. With- 
out loss of generality we may suppose that no member of S is 0. 

If S is linearly independent, then S itself is a basis of V. 

If S is linearly dependent, then there exists, a vector «; © S 
which can be expressed as a linear combination of the preceding 
VECTOFS Gay Lage.ey Ki-2- 

If we omit this vector «; from S, then the remaining set S’ of 
ni—1 vectors 

Ary Kayerey Kids Kippgeres Lem 
also generates V i.e., V=L(S’). For ifa is any element of V, then 
L{S)=¥V implies that « can be written as a linear combination of 
Gz, Og.-.5 &m-> Im this linear combination we can replace «, by a 
linear combination of a, %,..-, 1. Then « will be a linear 
combination Of a, a3,...) 1-1) &/42)-++) &m. Thus V will be equal to 
L(S’). ' ; 
If S’ is linearly independent, then S’ will be a basis of V. If 
S’ is linearly dependent, then proceeding as above we shall get a 
new set of m—2 vectors which generates V. Continuing this 
process we shall, after a finite number of steps, obtain a linearly 
independent subset of S which generates V and which is therefore 
basis of V. 
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At the most it may happen that we shall be left with a subset 
of S which contains only one non-zero vector and which spans V. 
We know that a set containing a single non-zero vector is defini- 
tely linearly independent and so it will form a basis of V. 


Note. The above theorem may also be stated as below : 
If a finite set S of vectors spans a finite dimensional vector space 
V(F), there exists a subset of S which forms a basis of V. 


(Madras 1974) 
Invariance of number of elements in the basis of a finite dimen- 
sional vector space. 


Dimension Theorem for Vector Spaces. if V (F) is a finite 
dimensional vector space, then any two bases of V have the same | 
number of elements. 


(Patna 1986; 1.A.S. 75; Kanpur 88; Indore 70; Vikram 76; 

Madras 78; Meerut 80; Guru Nanak 88) 

Proof. Suppose V(F) is a finite dimensional vector space. 
Then V definitely possesses a basis. Let Si={a1, %2..-.s Om} and 
S={B1, Bes---» Ba} be two bases of V. We shall. prove that m=n. 


Since V=L(S,) and fie V, therefore B; can be expressed as 
alinear combination of «3, @z,.--,@m- Consequently the set 
Ss={B1, a1, %2,.... %m} Which also obviously generates V(F) is 
linearly dependent. Therefore there exists a member «4A; of this 
set S such that a; is a linear combination of the preceding vectors 
Bas %. %2, --» ts. If we omit the vector o, from S; then V is also 
generated by the remaining set . 

S.={Bi, Ary Kgyrvey Linty Littseoes Orn} ’ 
Since V=L(S,) and BsEV, therefore £2 can be expressed as a 


linear combination of the vectors belonging to S,. Consequently 
the set 


S3={B2, Ba, Ay, Aayeney Lpants Ait 1ysees tm} 

is linearly dependent. Therefore there exists a member «, of this 
set S; such that a, is a linear combinationiof the preceding vectors. 
Obviously «, will be different from B, and f, since {Bi, Be} is a 
linearly independent set. If we exclude the vector a, from Ss, then 
the remaining set will generate V(F). 

We may continue to proceed in this manner. Here each step 
consists in the exclusion of an and the inclusion of a £ in the 
set S). 
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Obviously the set S, of «’s cannot be exhausted before the set 
Ss of A's, otherwise V(F) will be a linear span of a proper subset 
of Ss; and thus S, will become linearly dependent. Therefore we 
must have m <n. . 
Interchanging the roles of S, and Sy we shall get that n « m. 
Hence m=n, 


Example. For the vector space V(F), both the sets 
SPH Si={(1, 0,0), (0, J, 0), (0, 0, 1)} 
attd Sg=={(1, 0, 0), (1, 1, 0), (1, 1, 1)} 
are bases as can be easily seen. Both these bases contain the same 
‘number of elements le., 3. 
Dimension of a finitely generated vector space. Definition. The 
number of elements in any basis of a finite dimensional vector space 
V(F) is called the dimension of the vector space V(F) and will be 
denoted by dim V. . (1.A.S. 1974; Madras 78; Poona 73) 
‘The vector space V,(F) is of dimension n. The vector space 
V;(F) is of dimension 3. If a field F is regarded as a vector space 
over F, then F will be of dimension ! and the set S={1} consisting 
of unity element of F alone is a basis of F. In fact every non-zero 
element of F will form a basis of F. 
.§ Ll. Some properties of finite dimensional yector spaces. 


. Theorem 1. (Extension Theorem). Every linearly independent 
subset of a finttely generated vector space V(F) forms a part of a 
basis of V. 
Or 


Every linearly independent subset of a finitely generated vector 
space V(F) is either a basis of V or can be extended to form a basis 
of V. (Nagpur 1970; Madras 78; Delhi Hons. 68; Kanpur 88; 

_ Banaras 67; Guru Nanak 87) 

Proof. Let S={a,, aj,..., %m} be a linearly independent subset 
of a finite dimensional vector space V(F). If dim V=n, then V 
has a finite basis say, {81, Bo,..., Bn}. Consider the set 

S,={a, Agyecey Sm, Bi, Bg,..-5 Bn}. 


Obviously Z(S,)=V. Since the «’s can be expressed. as linear 
combinations of the 6’s therefore the set S, is linearly dependent. 
Therefore there is some vector of S; which is a linear combi- 
nation of its preceding vectors. This vector cannot be any of the 
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o's since the a’s are linearly independent. Therefore this vector 
must be some f, say, 8;. Now omit the vector f; from S; and 
consider the set 

Ss={a, Xayseey Om, Bi, Bay..ey Bi-as Brsrsces Bn}. 


Obviously L(S,)=V. If Ss is linearly independent, then S, 
will be a basis of V and it is the required extended set which is a 
basis of V. If Ss is not linearly independent, then repeating the 
above process a finjte number of times, we shall get a linearly in- 
dependent set containing «4, «s,....¢m and spanning V. This set 
will be a basis of Vand it will contain S. Since each basis of V 
contains the same number of elements, therefore exactly n—m 
elements of the set of ’s will be adjoined to Sso as to form a 
basis of V. 


Theorem 2. Each set of (n+-1). or more, vectors of a finite 
dimensional vector space V(F) of dimension n is linearly dependent. 
- (Meerut 1970) 


Proof. Let V(F) be a finite dimensional vector space of di- 
mension an. Let S be a linearly independent subset of V containing 
(n+1) or more vectors. Then S can be extended to form a basis — 
of V. Thus we shall get a basis/of V containing more than x 
vectors. But every basis of V will contain exactly n vectors. Hence 
our assumption is wrong. Thérefore if S contains (2+ 1) or more 
vectors, then S must be lingarly dependeat. From this theorem 
we conclude that if S contains m vectors and S is linearly indepen- 
dent then m<n. 


Theorem 3. If V(F) is a finite dimenstonal vector space of 
dimension n, then any set of n linearly independent vectors in V 
forms a basts of V. (Banaras 1969) 


Proof. Let S={a;, as,...,%,} be a linearly independent subset — 
of.a finite dimensional vector space V(F) of dimension zn. If S is 
not a basis of V, then it can bejextended to form a basis of V. 
Thus we shall get a basis of V containing more than ” vectors 
But every basis of V must contain exactly n vectors. Therefore 
our assumption is wrong and S must be a basis of V. 


Theorem 4. [fa set S of n vectors of a finite dimensional vector 
Space ae) of dimension n generates V(F), then S is a basis. of V. 
(Banaras 1968) 
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Proof. Let V(F) be a finite dimensional vector space of 
dimension n. Let S={a;, ae, .., %n} be a subset of V such that 
L(S)=V. 

If Sis linearly independent, then S will form a basis of V. If 
S is not linearly independent, then there will exist a proper subset 
of S which will form a basis of V. Thus, we shall get a basis of V 
containing less than m elements. But every basis of V must contain 
exactly 7 elements. Hence S cannot be linearly dependent and so 
S must be a basis of V. 

Note. If V is a finite dimensional vector space of dimension n, 
then V cannot be generated by fewer than n vectors. 

Theorem 5. Dimension of a subspace. 

Each subspace W of a finite dimensional vector space V(F) of 
dimension njis a finite dimensional space with dim m < n. 

Also V=W iff dim V=dim W. 

(Delhi Hons. 1970; Banaras 67; Meerut 69, 71) 

Proof. Let V(F) be a finite dimensjonal vector space of dim 7. 
Let W be a subspace of V. Any subset of W containing (m+1) or 
more vectors is also a subset of V and any (n+1) vectors in V are 
linearly dependent. Therefore any linearly independent set of 
vectors in W can contain, at the most vectors. Let 

. S= {a1, Ogy... s%m} 
be a linearly independent subset of W with a maximal number of 
elements. We claim that S is a basis of W. The proof is as follows : 

(i) By assumption S is a linearly independent subset of W. 

(ii) L(S)=W as we shall just show. 

Let « be any element of W. Then the (m+1) veciors 
Z, &1, Oa» --y%m. belonging to W are linearly dependent because we 
have supposed that the largest independent subset of W contains 
ye vectors. 

Now {a:, %2,...,%m, %} is a linearly dependent set. Therefore 
there exists a vector belonging to it which can be expressed as a 
linear combination of the preceding vectors. Since «1, &,..., %m 
are linearly independent, therefore this vector cannot be any of 
these m vectors. So it must be ~ itself. Thus «can be expressed 
as a linear combination of %), %2,..., %m. Hence L(S)=W. 

S is a basis of W. 
dim W=m and man. 
Now if V=W, then every basis of V is also a basis of W. 
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Hence dim /=dim W=n. 

Conversely let dim W=dim Vn. Then to prove that Wev. 

Let S be a basis of W. Then L(S)=W and S contains n vec- 
tors. Since S is also a subset of V and S contains linearly inde- 
pendent vectors, therefore S will also be a basis of V. Therefore 
L(S)=V. Hence W=V. 

Theorem 6. Let S={a, a2;..., én} be a basis of a finite dimen- 
sional vector space V(F) of dimension n. Then every element « of V 
can be uniquely expressed as 
= 4401 + Aohy+... + Ontn Where Ay, d2,..., nGF. (Meerut 1971) 

Proof. Since S is a basis of V, therefore L(S)=V. Therefore 
any vector «© V can be expressed aS a—@,41-+ Ge%e+ ... +@n&n- 

To show uniqueness, let us suppose that 

= 5,0; +bete+ eos + Baer. 
Then we must show that a,=5,, a.=)s, ..., @n=Op. 
We have Ay; + Agto+... + Ann 5 0, + bate + xs + brtn 
> (a,—5,) 1+ (a@2— bz) &g+... + (an—bn) &,=0 
=> 4,—),;=0, d2a—be=0,..., An—ba=0 since a, X,....%n 
are linearly independent 
> a,= by, a,=ba,..., On= bn. 

Hence the theorem. 

Theorem 7. If W,, Ws are two subspaces of a finite dimenstonal 
vector space V(F), then 

dim (W+ W.)=dim W,+dim W.—dim (W, N W,). 

(Rajasthan 1977; Kanpur 87; Patoa 86; Vikram 76; 
CS. 84, 85, 86, 88; Guru Nanak 90) 
Proof. Let dim (W,0.W.)=k and let the set 
S={"1, Vas V8r--es yeh 
be a basis of Wi W2. Then SCW, and SC W3. 
Since S is linearly independent and SCW,, therefore S can 
‘be extended to form a basis of W;. Let 
{Vis Varrees Vhs Gy Lay--09 Sm} 
be a basis of W. Then dim W,=k-+m. Similarly let 
{v1, V2reees Vis Bx, Bay.-+y Be} 
be a basis of W.. Then dim W.=k+t. 
dim W;+dim i= dim (Wi Ws)=(m-+k)+(k+0)—k 
=k-+-m+t. 
to prove the theorem we must show that 
dim (Wi+W2)=k+m+t. 
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We. claim that S\2{y;, YVAreeey Vix hty Kayerey Orns Ba, Bayes Bu} 
is a basis of W,-+ Ws. 

First we show that S; is linearly independent. Let 

CV Cay at ot CKY RA Ae + O:%9+... + Omitin-+5iB1+-DeBs 

- . ‘+...+5, B30 (2) 

=> bsBi+-boBe+ 3. +b Bi —(Cryi +... tony, tier. t+ mart 

Now —(eyy7i+... + ¢Kye-+ a0... +ame%m) E W, since it isa 
linear combination of a basis of W,. Again 

5,81 +5eBs+...+5,8; & We 

Since it is a linear combination of elements belongin g [to a basis 
of W.. | 

Also by virtue of the equality (2), 5B, +...+6,8,EW;. There- 
fore b,B,+5282-+...+5,8,EWi1\ We. Therefore it can be expressed 
as a linear combination of the basis S of W,(\ W.. Thns we have 
a relation of the form 

5:8, + bBst+...+5,8:=diy; +dayet... +devn 

> 5,81 + b2Bs+...+6:8:—diy1 —doys— ...—dkyn=0. 

But B1, Ba,..., Bry Y1y++-) Ye are linearly independent vectors. 
Therefore we must have b,=0, 5,=0,..., 5,==0. 

Putting these values of 5’s in (1), it reduces to 

CV + Coyab ... + Ceyk +101 + Agta+ ...-Amatm=0 

> 4=0, Co=0,..., Ch=0, a,=0, a2=0,..., Qm=0 
Since the vectors 71, Y2,.. .Yks 01, %2,-.-,0m are linearly independent. 

Thus the relation (1) implies that 

¢1=0, co=0,..., %=0, a:=0,..., dm=0, 0;=0,..., b,=0. 

Therefore the set S; of vectors y1,..., Yk» 015+.» Omy Biye-y Be 8 
linearly independent. 

Now to show that L(S,;)=W,+W.. 

Since W,+W, is a subspace of V and each element of S; 
belongs to W,+W2, therefore L(S;) GC Wi+We. 

Again let « be any element of W,+W.. Then 

a=some element of W,+ some €lement of W, | 

=a linear combination of a basis of W,-+a linear combination 

Of a basis of W, : 
=a linear combination of 5}. 
« © L(S;). Hence Wi+Ws & L(Si). 
L(S;)= Wi+ Ws. 
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. S, is a basis of W;+ W. and consequently 
dim (Wi+ Wa)=k-+m+t, 
Hence the theorem. _ 


Solved Examples 


Ex. 1. Show that the vectors (1, 2, 1), (2, !, 0), (1, —1, 2) form 
@ basis of R®. (Kanptr 1980) 

Solution. We know that the set {(1, 0, 0), (0, 1, 0), (0, 0, 1)} 
forms a basis for R®. Therefore dim R°=3. If we show that the 
set S={(1, 2, 1), (2, 1,0), (1, —J, 2)} is linearly independent, 
then this set will also form a basis for R®. - . 3 

| [See theorem 3, page 427] 

We have 

@ (1, 2, 1)+ap (2,1, 0)+as (1, —1, 2)=(0, 0, 0) 

> (a, +2a3+ 43, 2a; +a2,—4s, 4+ 2a3)=(0, 0, 0). 


‘A, +2a,+a3=0 , (1) 
24; +a2—a,=0 .--(2) 
a; +2a3=0, | »+«(3) 


Now we shall solve these equations to get the values of 
1, 43, a3. Multiplying the equation (2) by 2, ve get 


4a, +-2a,~ 2a3=0. (4) 
Subtracting (4) from.(1), we get 
= 3a,+3as=0 
or —a,+a3=0. ; wee(5) 


Adding (3) and (5), we get 3a3=0 or as=0. Putting a,=0 
in (3), we get a,=0. Now putting a;=0 and a,=0 in (1), we get 
a,=0. 

Thus solving the equations (1), (2) and (3), we get.ai=0, 
42=0, d3=0. Therefore the set S is linearly independent. Hence 
it forms a basis for R°. 

Ex. 2. Determine whether or not the following vectors form a 
. basis of R® : | . 

(1, 1, 2), (1, 2, 5), (5, 3, 4). (Meerut 1980) 

Solution. We know that dim R°=3, If the given set of vec- 
tors is liaearly independent, it will form a basis of R® otherwise 
“not. We have | . 
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a, (1, 1, 2340s (1, 2, 5)-+a9 (5, 3, 4)=(0, 0, 0) 
=> (a,+43+5as, 4:-+242+3as, 2a; -+5a2+4as)=(0, 0, 0). 


@,-+-43-+ 5a3s=0 .(h) 
Q;+2a3+3a3;=0 ...(2) 
2a; + 5aq-+ 4a3=0 .. (3) 


Now we shall solve these equations to get the values of a, 
Gz, a3. Subtracting (2) from (1), we get 


—@,+2a3=0. “ .(4) 
Multiplying (1) by 2, we get . 
2a1-+- 2ae+ 10a,=0. | .--(5) 
Subtracting (5) from (3), we get 
3a,—6a3=0 
or a3—2as=0. (6) 


We see that the equations (4) and (6) are the same and give 
=2a3. Putting a3=2a, in (1), we get a3=—7as. If we put a3==1, 
We get d2=2 and a,=—7. Thus a=—7, a,=2, ag=1 is a non- 
zero solution of the equations (1), (2) and (3). Hence the given 
set is linearly dependent and so it does not form a basis of R°. 


Exercises 


1. For the 3-dimensional vector space R® over the field of real 
numbers R, determine if the set {(2,—1, 0), (3, 5, 1), (1, 1, 2)} 
is a basis. (Nagpar 1970) 
Ans, Yes. 


2. (i) Show that the vectors (2, 1, 4), (1, —1, 2), (3,1, —2) 
form a basis for R°. 

(ii) Show that the set {(J, #, 0), (22, 1, 1), (0, 1+4, 1—i)} is a 

basis for V3 (C). (Meerut 1981) 


3. Show that a system X consisting of the vectors a,:=(1,0, 0, 0), 
ao=(0, 1, 0, 0), xs=(0, 0, 1, 0) and «,.=(0, 0, 0, 1) is a basis 
set of R‘ (R). (Kolhapur 1973) 


4. Let V be a vector space. Let W be a subspace of V generated: 
by the vectors «,...,¢;. Prove that W is.spanned by a linearly 
independent subset of @,..., &s. (Dibrugarh 1967) 


5. If Wis a subspace of a finite dimensional vector space V, 
prove that any basis of W can be extended to form a basis of 
V. (Nagpur 1970) 
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6. If vectors span a vector space V containing r linearly inde- 
pendent vectors, then show that n2r. (Indore 1970) 

7. Show that a finite subset W of a vector space V(F) is linearly. 
dependent if and only if some element of W can be expressed 
as a linear combination of the others. (Kolhapur 1973) 


8. Select a basis, if any, of R®(R) from the set {c1, “2, %s, 4a}. 
where «,==(1, —3, 2), #2=(2, 4, 1), «s=(3, 1, 3), #=(L, 1, 1). 
Ans. {a1, @2, a4}. 

9. Let V be a finite dimensional’vector space over a field F, and © 
let v1, Vo;...,¥n be a basis of V. If wi, Wa,....Wmin V are linearly 
independent over F, then prove that m<n. (1.A.S. 1973) 


10. Show that the set S={1, x, x*,..., x*} of n+1 polynomials in 

= x is a basis of the vector space P,(R), of all polynomials in x 
(of degree at most 7) over the field of real numbers. 

| (I.A.S, 1977; Meerut 74) 


11. Prove that the set of all mxn matrices with entries from a 
field F forms a finite dimensional vector space over F, under 
the usual operations of matrix addition and scalar multiplica- 
tion. Obtain a basis for this vector space. (Madras 1974) 


| §1Z. Homomorphism of vector spaces or linear-transforma- 
tions. 


Definition. Let U(F) and V(F) be two vector. spaces. Thena 
mapping f : U->V is called a homomorphism or a linear transforma- 
tion of U into V if: 

(i) S(a+B)=f(«)+/(B), va, B EU. 
and (ii) flax)=af(a) ¥a eG Fy ¥a GU. 

P (Delhi 1970; Poona 73; Aligarh 65) 
The conditions (i) and (ii) can be combined into a single con- 
dition f(a«-+b8)=af(«)+bf(f) + a, beF and ¥ «a, BEU. 

If f is a homomorphism of U onto V, then V is called a homo- 
morphic image of U. , 

Theorem 1. If fis a homomorphism of U (F) into V (F), then 


(i) f(0)=0' where 0 and 0’ are the zero vectors of U and V 
respectively. 


(li) f(—a)=—fla) ¥ we. 
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_ Proof. (i) Let c¢.U Then S(z)EV. Since 0' is the zero vector 
of V, therefore f(a} + 0’ =/(a)=f(a +0) =f(a)+(0). 


Now Vis an abelian group with respect to addition of vec- 
tors. Therefore f(«)+0’ =f(x)+/(0) > 0’=/(0), by left cancellation 
law. |; Bs . 
(ii) IfaeU, then —ceU. Also we have 2 
| OHO) =f [«-+-(—«) f(a) +f(—«). 
Now f(«)+/(—«)=0' > f(—x)=additive inverse of f(a) 
> f(—a)>—7(a). 


Note. The students may use without any confusion the same 
symbol 0 to denote both the zero vectors of U and V. In the 
relation f(0)=0, the zero in the left hand side is the zero vector 
of U and its f-image i.e., the zero on the right hand side is the 
zero vector of V. : | 


Kernel of a homomorphism. Definition. Let f be a homomor- 
Phism of a vector space U (F) into a vector space V(F). The kernel 
W of f is defined as . | 

W={2eU: f(a)=0' where 0’ is the zero vector of V}. 

Thus the kernel W of fis a subset of U consisting of those 
elements of U which are mapped under f onto the zero vector of 
V. Since f(0)=0', therefore at leastO @ W. Thus W is not 
empty. 

Theorem 2, The kernel of a homomorphism is a subspace. 

. (Agra 1986) 

Proof. Let U(F) and V(F) be two vector Spaces and let f be 
a homomorphism of U into V. . ; 

Let 0° be the zero vector cf V and 0 be the zero vector of U. 
Let W be the kernel of fie. W={aeU: f(x)=0'}. 

To prove that W is.a subspace of U. 

Let «,8 be any two elements of W. Then J(«)=0' and 
S(p)=0'. If a, b are any two elements of F, then we have _ 
S(ax+-bB) =af(«)+bf(B) [ ’ fisa homomorphism of U into V7 

_=a0’+50'=0'+0'=0'. - 
aa+bBEWw. | 

Thus a, b&F and «, BEW => an+bpew. 

. Wis a subspace of U, | 
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§ 13. Isomorphism of Vector spaces. — 

Definition. Let U (F) and V(F) be two vector spaces. ‘Then 
a mapping f : U->V is called an isomorphism of U onto V if 

(i) fis one-one, 

(ii) Sis onto, — 

(ili) f (aa-+-b8)=af («)+df (g) ¥ a, bEF, «, BEU. 

Also then the two vector spaces U and‘V are said to be isomor- 
Phic and symbolically we write U (F)seV (F).. 

The vector space V (F) is also called the isomorphic imuge of 
the vector space U (F). 

Iffisa homomorphism of U(F)into V(F), then-f will become 
an isomorphism of U into V if f is one-one. Also in addition if 
fis onto V, then f will become an isomorphism of UontoV. | 

Isomorphism of finite dimensional vector spaces. _ . 

Theorem 1. (Isomorphism theorem for vector spaces). Two 
finite dimensional vector spaces over the same field are isomorphic 
if and only if they are of the same dimension. 

(Banaras 1972; Kanpur 69; Meerut 77; 1.C.S. 87) 

Proof. First suppose that U(F) and V(F) are two finite 
dimensional vector spaces each of dimension n. Then to prove 
that U(F)&V(F). 

_ Let the sets of vectors (a1, a2)... ea} and {f1, Begs “ , Bo} be the 
bases of U and V respectively. . 
Any vector «=U can be uniquely expressed as 
yy + Agee +... + Anka. 
Let J: UV be defined by 
f («)=asBi+asBs+-.. sHanBn. - 
Since in the expression for « as a linear. combination of a, %,..., %a 
the scalars a), as,..., d, are unique, therefore the mapping/ is well- 
defined f.e., f (a) is a unique element of V. 
fis one-one. We have 
S (Gre, + ae%e+.. »+4nt,) =f re ra +b) 
'> GBi+42Bs+..--+4oBn=0:8:+bsBs+...+0.Bn 
> (4:—b:) Bi +...+(@a—bn) Ba=0' (zero vector of V) 
> a—by =0, @2—bs=0,..., dn —bg=0 because 
Bi, Bs,.-., Bn ate linearly independent 
> - a=, a3=b,,... » &n=b, 
> Ayes +areist.. Oia byes + Byteg +... bain 
.. J is one-one. 
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fis onto V. If a:81+-ae8a+...+4nB8n is any element of V, then 
J an element @,0;-+-ao%3+...+-an%n@U such that 
S (Qr01+ Ggeg+ :..+On%n)= 0181 +4efot ... +-GnBa- 
’. fisontovV. | 
Sis a linear transformation. We have 
Sf (a (Gyo, + asta +... +@ntn) +b (Ere + Baeet ... + nen) 
=f [(aar+bb,) &1+-(aa,+5bs) w+ ...-+(aan+ bn) Xa) 
=3(aa,+bb,) B:-+-(aae+ bbs) Bat... +(Gan-+bbn) Bn 
== (4:B1-+-@283+...-+-@nBn) +5 (6181+ 508s... +5nBn) 
af (ay, + aa%e+...+Gnen) +f (bre +bs%e+ ... +bntn). 
’. fis a linear transformation. 
Hence fis an isomorphism of UontoV. .. Us#V. 


Conversely, let U(F) and V(F) be two isomorphic finite 
dimensional vector spaces. Then to prove that dim U=dim V. Let 
dim U=n, Let S={o, %,..., &n} be a basis of U. If f is an isomor- 
phism of U onto V, we shall show that S’= { fcr), f(cta)s-++» S(an)} 
is a basis of V. Then V will also be of dimension 7. 

First we show that S’ is linearly independent. 

Let a; f («:)-+as f (a2)+...+@n Sf (%n)=0' (zero vector of V) 
> f (Git, +Ge%e+...+Gntn)=0' [°° fis a linear transformation) 
> Ay 04 Aetig t+... + Anta = (°.. fis one-one and f (0)=0' 

where 0 is zero vector of U] 
=> a,=0, a=0,..., dn=0 since a), %,..., %& are linearly seed cai 
S’ is linearly independent. 

Now to prove that L(S’)=V. For this we shall prove that any 
vector BEV can be expressed as a linear combination of the vec- 
tors of the set S’. Since fis onto V, therefore B&V=>there exists 
«eU such that f («)=8. 

Let «= C14, +-Cyta+... + Cnn. 

Then B=f («)=f (cia; +Cae—-+... + Cn@n) 

Her f (01) +Caf (a8) +... +n S (cn). 

Thus f is a linear combination of the vectors of S’. 

Hence V=L(S’). Therefore S’ is a basis of V. Since S’ con- 
iains n vectors, therefore dim V=n. 

Note. While proving the converse, we have — that if f 
fs an {somorphism of U onto V then f maps a basis of U onto a basis” 
of V. 


Theorem 2. Every n-dimensional vector space V (F) és tsomor- 
phic to V, (F). (Aligarh 1965; Meerut 71; Marathwada 72) 
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Proof. Let {«:, %2,..., ¢n} be any basis of V(F). Then every 
vector «@V can be uniquely expressed as 

= AH + Ate +... +Antn, HEF, 

The ordered n-tuple (a, da,..., n)EVa(F). 

Let f : V(F)->V,(F) be defined by f («)—(ai, ag,..., Gn). 

Since in the expression of « as a linear combination of 
G1, Xe,..., &, the scalars a;, do,..., dn are unique, therefore f (a) is a 
unique clement of V,(F) and thus the mapping f is well-defined. 

Sis one-one. Let o=a,%,-+-da%e+...-- ant, and 
Beab,x,+b20%2+...+-baa, be any two elements of V. We have 

Sf («=f (B) 

=f (410) + @2%e+... + Antin) =f (By01 + baee+ ... Bata) 

> (a1, G2,..., Gn)=(B1, Ba,..-5 On) 

> a=), aabry. .» An=b, >. a=B. 

. fis one-one. 

J is onto V,(F). Let (@;, de,..., Qn) be any element of V,(F). 
Then there exists an element @,01+-de%2+...+@n%q © 4 (F) such 
that f (101 + agte+.. + Gntn)= (a, G2, 20, G in) 

fis onto V,(F). . 

fisa linear transformation. Ifa,b@ F and «,8 & V (F), 
we have f (a«+-5f) 

=f [a (ayo, + ett... +Gntn) +5 (b141+Do%a+-... + Bntn)) 

=f ((aa,+bb;) «1+-(ade+-bbe) %2+...+(aan+5b;) On) 

=(aa,+-bb,, aa2+-bbe,..., @@n+ bdn) 

=(a@a,, Ade, ..., @@n)+(bb1, bbe,... , bbn) 

=@ (a, Aayseey an) +5 (4, bey... br) 

af (4101+ de%e+...+ Anta) + Of (b1%1 + be%—+... + Bp%n) 

= af (x)-+ bf (B). 

*, fis a linear transformation. 
Sis an isomorphism of VF) onto VA(F). 
Hence V(F) = V, (F). 
Example 1. The mapping ff Va (F)>V; (F) defined by 
S (41, Gg, @3)=(a1, Ge) | 
is a homomorphism of VF) onto Va(F). What is the kernel of thts 
homomorphism ? 

Solution. Let «—=(a:, dz, as) and B=(8,, bs, bs) be any two 
elements of V; (F). Also let a, & be any two elements of F. We 
have  f (aa+ bB)=f {a (41, a2, @3)+5 (d1, bs, 5s)) 

=f [(aa,+ 6b, aa3+5b,, aa3+bbs)}=(aa,+bb;, aay-+ bbs) 
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=a (a, Qs)+b (d1, b,) =af (a, ay Ga) +f (01, ba, bs) 
= af («)+5f (8). 
. J is a linear transformation. 

To show that f is onto Va (F). Let (a;, a3) be any element of 
Va(F). Then (a, as, 0)@V(F) and we have f (a, az, 0)=(a1, a2). 
Therefore fi is onto Vo (F). 

Therefore f is a homomorphism of V,(F) onto V, (F). If. W is 
the kernel of this homomorphism then W={(0, 0, a) : a&F}. 

We have y ae F, f(0,0, a)=(0, 0)=the zero vector of 
Va(F). - 
Also if f (a1, aa, @2)=(0, 0), then f (a1, ao, a)==(a, @g)=(0, 0) 
implies a,=0, az=0. Therefore (a1, a:, a3) G W. 

Hence W is the kernel off. 

Example 2. Jf V ts a finite dimensional vector space andf ts 
an {somorphism of V into V, prove that f must map V onto V. 

Solution. Let V (F) be a finite dimensional vector Space of 
dimension n. Let f be an isomorphism of V into V ie, f isa 
linear transformation and fis one-one. To prove that fis onto 


V. . 

Let S={a, a,..., &n} be a basis of V. We shall first prove 
that . a 
S'’={f (a), f(as),.-.»f (n)} is also a basis of V. We claim 
that S’ is linearly independent. The proof is as follows : 


Let ai f (01)-+ a3 f (%s)+... Gn S (¢n)==0 (zero vector of V) 
=> f (Gye, + Ao%g-+...+Gr%,)=0 [°° fisa linear transformation] 
=> 10+ Aghat... + Antin=9 {.' fis one-one and f (0)=0] 


> 4 ==0, 4,=0,..., n=O Since a, a,...,%, are linearly inde- 
' pendent. | 
S’ is linearly independent. 
Now V is of dimension n and S’ is a linearly independent 
‘subset of V containing n vectors. Therefore S’ must be a basis of 
V. Therefore each vector in V can be expressed as a linear com- 
‘bination of the vectors belonging to S’. 
Now we shall show that f is onto. V. Let « be any element of 
Vv. Then there exist scalars ¢:, Cy,..., ¢, such that 
cesses f (01) + CaF (09) +... On f (sen) 
mf (C141 + Cate+...i + Cn%p). 
+ Now ¢:01+Cg%a-+...+¢n%n & Vand the f-image of this ele- 
ment is x. Therefore fis onto V. Hence fis an isomorphism of 
V onto V. 
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Example 3. V (F) and W (F) are two Sinite dimenstonal vector 
spaces such that dim Vadim W. If f ts an isomorphism of V into W 
Prove that f must map V onto W. 


Solution. Proceed as in example 2. 


Example 4. If V is finite dimensional and f is @ homomor- 
phism of V onto V prove that f must be one-one and so, an isomor- 
phism. (G ND.U. Amritsar 1982) 


Solution. Let V(F) be a finite dimensional vector space of 
dimension n. Let f be a homomorphism of V onto Vie. fis a 
linear transformation and fis onto V. To Prove that f is one-one, 

Let S={a;, a,..., oa} be a basis of V. We shall first’ prove 
that S’={ f (a3), f (as),....f (an)} is also a basis of. V. We claim 
that L(S')=V. The proofisas follows: oe 

Let « be any element of V.. We shall show that « can be 
expressed as a linear combination of F (a1), f (%3),...5 flan). Since 
fis onto V, therefore « & V implies that there exists B & V such 
that f (8)=«. Now £ can be expressed as a linear combination of 
M1, Way... On Let Ba101+-aghat... +-aate. 

Then af (B)=f (ayo: +age—+... + Ontn) 

=a f (a1) +a2f (2) +...-@n Sf (in). 
Thus « has been expressed as a linear combination of 
S (a1), S (Gs)5..+9S (Cn). 
Therefore L (S’)=V. 


_ ‘Since V is of dimension n and’S’ is a subset of V containing n 
_ Vectors and L (S’)=V, therefore S’ must be a basis of V. There- 
fore each vector in V can be expressed ag a linear combination of 
the vectors belonging to S’ and S’ is linearly independent. 
Now we shall show that fis one-one, Let'y, 8 be any two 
elements of such that 7 
Y= Creit Calla... Eatin, S= yey +- data +... + dhtin. 
| We have f (y)=f (8) 
>f (Cre + Cota t... + Cqttg)=f (die -+-data+-...-+-dytta) 
> C1 S01) +62 f(a) +... +63 Sn) = ds fl(as)-+de flats) -+...+dn f(a) . 
ad (e:—d,) f («1)+(cs—ds) f (aa)-++...-+(Ca—dy) f (e,)=20 ; 
> —d,=0, Ce—d,=0,..., Cna—d,=0, : , 
since f (a1), f (%s),...5f (a) are linearly independent 
> q4=d,, Co=dsg,...5 Ca= dy => y=éd. . 
.. J is one-one. 
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:. fis an isomorphism of V onto V. 

- Example 5. If V is finite dimensional and f is a homomorphism 
of V into itself which ts not onto prove that there is some «70 in V 
such that f («)=9. (Meerut 1969) 

Solution. Hfisa homomorphism of V into itself, then 
- f(0)=0. Suppose there is no, non-zero vector «in V such that 
f(«)=0. Thenfis one-one. Because ; | 
f =f”) =F B)-S ()=0 | 
o => f(p—-y)=0 [Sis linear transformation] 
> B—y=0 => p=y. | : 
Now Vis finite dimensional and / is a linear transformation 
of V into itself. Since f is one-one, therefore f must be onto’ V. 
But it is given that fis not onto. Therefore our assumption is 
wrong. Hence there will be a non-zero vector « in V such that 


~ f(@=0. 


Exercises — 


1. Define linear transformation of a vector space V (F) into a 

vector space W(F). Show that the mapping 
T : (a, b)->(a+2, 6+3) 
of V2 (R) into itself is not a linear transformation. 

2. Iff: U->V'is an isomorphism of the vector space U into the 
vector space V, then a set of vectors {f(a1), f (a2),.--»f (#r)} is 
linearly dependent in V if and only if the set {o1, &ay...5 Sr} IS 
linearly dependent ia U. 

3. If f:; U->V is an isomorphism of the vector space U into the 

vector space V, then a set of vectors { f(%1), f(%2)s---s f(e%r)} is 
linearly independent if and only if the set {a1, %2;..., wp} iS 
linearly independent in U. 

4. Let f bea linear transformation from a vector space U into a. 

vector space V. If S is a subspace of U, prove that f (S) will 

be a subspace of V. | 

If f is an isomorphism of a vector space V onto a‘vector space 

W, prove that f maps a basis of V onto a basis of W. 

§ 14. Quotient space. Let W be any subspace of a vector 

space V(F). Then W is a subgroup of the abelian group of V with 

respect to addition of vectors. If« @ V, then W+ais a right 
coset of Win V. Since Vis an abelian group, therefore the right 
coset W+« will be equal to the left coset «-+ IV. Thus we-can say 
that W+« is a coset of Win V. Let V/W denote the set of all 
cosets of Win Vi.e., let ViW={W+e:a Ce V}. 


nm 
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Also we know that if W+« and W-+f are two cosets of I” 
in V, then W+e= W+Bpera—B € W. . 

Now we shall give a vector space structure to the set V/W 
over the same field F. For this we shall have to define addition in 
V/W ie., addition of cosets of W in V and multiplication of a co- 
set by an element of Ff e., scalar multiplication. 


- Theorem. Jf W ts any subspace of a vector space V(F), then the 
set V|W of all cosets W+« where « is any arbitrary element of V, is 
a vector space over F for the addition and scalar multiplication com- 
positions defined as follows : 

(W+a)-+(W+P)=W+(«+B) 
and a(W+a)—-W+ac,ae F. (Delhi 1970) 
Proof. Since W+(2+f8) & V/W and also W+ae © VIW, 
therefore V/W is closed with respect to addition 'of cosets and 
scalar multiplication as defined above. Now first of all we shall 
show that these two compositions are well defined. 


Let Wto=W-+e',a,0° EV 
and W+p=W-+8', B, B' & V. 

We have W+a=W-+0' > a—e’ © W 
and W+B=W+B' > p—f' & W. 


Now W is a subspace, therefore 
a—a’ GW, p-f’ e W 
=> (x—a')-+(B—p') E W > (a+B)—(e' +P’) © W 
> W+(a+p)=W+(e' +B) 
> (W+a)t+(W+p)=(W+e')+(W+P’). 
Therefore addition in V/W is well defined. 
Again a & F,a—«’ € W > a(a—a’') © W 
=> gu—-ar' GE We W+aw=W+ae’ > a(W+aj=a(W+%’). 
scalar multiplication in V/W is also well defined. 
Commutativity of addition. Let W+«, W+8 be any two ele- 
ments of ViW. Then 
(W+a)+(W+B)=W+(a+p)=W+(B+4)=(W+B)+(W +4), 
Associativity of addition, Let W+a,W+B, W+y be any 
three elements of V/W. Then | 
(W+a)+[(W+B)+(W4l=(W42) 414847) 
= W+(a+(B+y)J=W+l(e+B)+y7) 
=(W+(a+p))+(W+y)=(W+2)+(W+B)+(W+7)- 
Existence of additive identity. If 0 isthe zero vector of V, 
then W+0=W © V/W. If W+a is any element of V/W, then — 
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W-+-0= W is the additive identity. 
Existence of additive inverse. If W-+« is any element of V/W, — 
then W—c © V/W. Also we have 
(W+0)+(W— a) W4+-(2—a)—=W+LO=W, - 
W—« is the additive inverse of W-L«. 
Thus V/W is an abelian group with respect to addition com- 
position. Further we observe that if : 
a,b © Fand W+a, W+B8 & V/W, then 
I. a[((W+a)+(W+A))=a [W+ (2+ p)]=W-+a (a+8) 
=(W+aa)+(W+ aB)=a (W+a)-+a (W+B). 
2. (a+b) (W+4a)=W+(a+b) a= W-+-(aa-+- ba) 
 =(W+a0)+(W+ba)=a (W+2)+5 (W+2). 
3. (ab) (W+a)=W+(ab) a= W-+-a (ba) 
=a (W+ba)=a [b (W+2)]. 
4. 1] (W+a)=W+lasW+ea. ; 
.. V/W is a vector space over Ffor these two compositions. 
The vector space V/W is called the Quotient Space of V relative 
to W. The coset W is the zero vector of this vector space. 
Dimension of a Quotient Space. 
Theorem. Jf W be a subspace of a fintte dimensional vector 
space V(F), then dim ViW=dim V—dim W. 
(LA.S. 1972, 89; Aligarh 65; Kanpur 86) 
Proof. Let m be the dimension of the subspace W of: the 
vector space V(F). Let S={a;, a2,...,¢%m} be a basis of W. Since S 
is a linearly independent subset of V, therefore it can be extended 
to-form a basis of V. Let S’={a, a9,...,0&m, Bx, Bs,...581} be a basis 
of V. Then dim V=m-+i, a 
7 dim V—dim W=(m+1)—m=i. 
So we Should prove that dim V/W=l. 
We claim that the set of / cosets 
: Si-{W+B,, W+-Boy.ss W+Bi} 
is a basis of V/W. 
First we show that S, is linearly independent. The zero vec- 
tor of V/W is W. 
Let a (W+B1)+4a (W+Bs)+...+ar( W+Br)= W 
=> (W+a:B1)+(W-+a:Bs)+...+(W+ap)=W 
> WH (aiPitasBs+...+ap)=W 
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> 4,2, +4s83+...+a,pieW 
=> GsBit OsBab ... +81 bye + Batts +... + bint : 
{'.. any vector in W can be expressed as a 
linear combination of its basis) 
=> 4)81+ GoBa-+... +@)81—bya, —baeg—... — bmem=0 
=> a,=0, a3=0,..., a,;=0 since the vectors 
Bi» Bas.--sBly %1, %ay...5 Xm are linearly independent. 
. The set S; is linearly independent. 
Now to show that L(S,)=V/W. Let W+a. be any element of - 
ViW. Then «@V can be expressed as 
= C40, + Cog +... + Cmtm-+-dBi-+ doBat.. +diBt 
=y+diBi+dsBot.. .+4:B; where 
| YC + Catig-+... + CmimE W. 
So W+a=W+(y+dipitdeBa+...+d)B1) — 
=(W+y)+aBitdsBat... +B; 
= W+- (Bit dsBot .. DD) 
(v yEW=> W+y=W] 
—=(W-+dys)+(W-+dy Bs)+...-+(W-+-diBi) 
dy (W+-B1)-+-ds (W+Bs)+... +a) (W+8i). 


Thus any element W--« of V/W can be expressed as a uinear 
combination of S;. Therefore ViWe=L(S;). 
S, is a basis of V/W and coneeduently, dim y| W=l, 
Hence the theorem. 


§15. Direct sum of spaces. 
Vector space as a direct sum of subspaces. 


Definition. Let ViF) be a vector space and let W,, Wan. >» Wm 

be subspaces of V. Then V is said to be the direct sum of W,, Wa, 

-» Wm if every element w=V can be written in one and only one 
way GS @=0,-+09-+...-+en;, Where 

a W,, ae Wa,...,0mE Win (Garhwal 1976). 


If a vector space V(F) is a direct sum of its two subspaces W, 
and W, then we should have not only V=W,+- W, but also that 
each vector of V can be uniquely expressed as the sum of an ele- 
ment of W, and an element of W,. Symbolically the direct sum is 
represented by the notation V=W,@ W,. 


Example. Let V.(F) be the vector space of all ordered pairs 
of F. Then W,={(a, 0): a&F} and W.={(0, b) : bE F} are two: 
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subspaces of V,(F). Obviously any element (x, y)EV2(F) can be 
uniquely expressed as sum of an element of W, and an element of 
W,. This unique expression is (x, y)=(x, 0)+(0, y). Thus V,(F) 
is the direct sum of W, and W.. Also we observe that the only 
element common to both W, and W, is the zero vector (0, 0). 


Disjoint subspaces. Definition. Two subspaces W, and W, of 
the vector space V(F) are said to be disjoint if their intersection is 
the zero subspace i.e., if W:1\ We={0}. 


_ Theorem. The necessary and sufficient conditions for a vector 
space V(F) to be a direct sum of its two subspaces W, and W, are 
that 

(i) V=Wi+W, 
and (ii) WAN W.={0} 
i.e, W, and W, are disjoint. (Agra 1986; Kanpur 70; Garhwal 76) 


Proof. The conditions are necessary. 

Let V be a direct sum of its two subspaces W, and Wz, Then 
each element of V is expressible as sum of an element of W, and 
an element of W.. Therefore we have V=W,-+-W,. 

Let. if possible, O042EGW,NW.. Thence W,,ceW,. Also 
ae V and we can write 

a=0-+-« where 0EM,, sew, 
and 2=a+0 where ce Wy, 0EW,2. 

Thus «€@V can be expressed in at least two different ways as 
sum of an element of W, and an element of W2. This contradicts 
the fact that V is a direct sum of W, and W,. Hence 0 is the only 
vector common to both W, and W,7e., Wif\W.2={0}. Thus the 
conditions are necessary. 

The conditions are sufticient. _ 

Let V=W,+W, and W,7)W.={0}. Then to show that V is 
direct sum of W, and W.. 

V=W,+ W,=>that each element of V can be expressed as 
sum of an element of W; and an element of W2.. Now to show 
that this expression is unique. Let, if possible, 

%4=417 %, 2EV, 0M, wews, 1 
and a=: +82, iEW,, PeeWw,. 

Then to show that «,=£, and a.=£.. 

We.-have a1 -+ %2=8, +Be> a, — Bi =P. —ay, 

Since W, is a subspace, therefore 
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“&W,, Ac W,>%—- Bie Wi. 
Similarly Bs—%2E Ws. 
“. %—Bi=B2—%eW, 1 Ws. 
But 0 is the only vector which belongs to Wil W.. There- 
fore 1 — fi: =0>0,=f;. Also Bo—ag=0>ag=Ao. 
Thus each vector «GV is uniquely expressible as sum of an 
element of W, and an element of W2. Hence V=W,@W2. 


Dimension of a direct sum. Theorem. Jf a finite dimensional 
vector space V (F) is a direct sum of its two subspaces W, and W2, 
then dim V=dim W,+dim W.. 


Proof. Let dim W,>m and dim W,=I. Also let the sets of 
vectors S;={a, 2,..., m} and So={Ai, Bs, ., By} be some bases of 
W, and W, respectively. 

We have dim W,+dim W2=m-+l. 


In order to prove that dim V=dim W,+dim W2, we should 
therefore prove that dim V=m-+/. We claim that the set - 
S=S, USe={a, ey..09 Sms Bi, Bayeees Bi} 
is a basis of V. 
First we show that the set S is linearly independent. Let 
By + Asta +... + Am%m+5181 + 5282+... + 5:8; =0 
S> Ay0y + g%9-+ ... + Om% m= — (D181 + b2Bat+ ... +5183). 
Now @;0,-+@e%+... +4mtim€ W, 
and —(b18:+5282+...+5/8;)e We. Therefore 
By 01+ Agta +... + Ameime Wil) Wa 
and —(b181+5sBat... FbiBNEWiN Ws. 
But V is the direct sum of W, and W;. Therefore 0 is the 
only vector belonging to WiN.W. Then we have 
1%, +G2%2+ ...+Om%m=0, 6181+ 5282+... + 5/8;=90. 
Since both the sets {a;, a2, ... %m} and: {B1, Ba,..., By} are lin- 
early independent, therefore we have 
a,=0. ae=0,..., m=0, b,=0, bz==0,..., 6;=0. 
Therefore S is ifueacty independent. 
Now we shall show that L(S)=V. Let a be any element of 
V. Then 
oa=an element of W,-+an element of W, 
=a linear combination of S,+4 linear combination of Sz 
_ =a linear combination of S. 
i E(S)=V. 
Sisa basis of V. Therefore dim V= m+. 
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Hence the theorem. 
A sort of converse of this theorem is true. It has been proved 
in the following theorem : | 
Theorem. Let V be a finite dimensional vector space and let 
W1, We be subspaces of V such that V=W,+-W, and. 
dim V=dim W,+dim Wz. Then V=W.@W3. 
Proof. Let dim W,=/ and dim W,=m. Then dim V=/+m. 
Let S,={a1, a,...,0/} be a basis of W, and Sa={f:; Bs,..-» Bm} 
be a basis of Wz. We shail first show that S; US: is a basis of V. 
. Letcev. Since V=W,+ Ws, therefore we can write 
a=y+5 where yo W,, 5 Wz. 


Now yEW, can be expressed as a iinear combination of the 
elements of S, and 5 W, can be expressed as a linear combina- 
tion of the elements of Sy.~ Therefore «@V can be expressed as a 
linear combination of the elements of S;US:. Therefore 

V=L (S,USs). an ait 

Since dim V=/+m and L (S,US2)=V, therefore the number 
of distinct elements in S;US_ cannot be less than /-+-m. 

Thus S; US, has /+-m distinct elements and therefore S;U S2 
is a basis of V.. Therefore the set {ay. a,..., 07 B1, Bas--» Bm} is 
linearly independent. . 

Now we shall show that 7.1) W2={0}. 

Let cE Win Ws. Then ceMm,, sews. . 

Therefore %= A,X +-Aghe + ...-- aa, and «=b,8, +boBe-+... + OmBm 
for some a’sand B'sGF. _ | 

B11 + Aate-+ ...-+-4/0%)=>5;8; + 5282+ ...+-bmBm ; 
=> Q1% + Aotg-+- +--+ 10) ~b1B, — bg8 2 — vee —DmBm=9 P 
> a4,=—=0, a2=0,..., a; =0, 5;=0, b2=0,..., bu=0>0=0. 
oi Win W.={0}. ; 

Now V= Wit+ W, and Win W.={0}> V= W.® Wo. 

Complementary subspaces. Definition. Let V (F) be a vector 
space and W,, W, be two subspaces of V. Then the subspace W, is 
called a complement of W, in V if Vis the direct sum of W, and 
W,. 

Existence of complementary subspaces. Theorem. Correspon- 
ding to each subspace W, of @ finite dimensional vector space V (F), 
. there exists a subspace'W, such that V is the direct sum of W, and 

W. - (I.A.S. 1972; Meerut 68) 
Proof. Let dim W,=m. Let the set Si={e1, %2,..:, &m} be a 
basis of W,. Since S; is a linearly independent subset of V, there- 
fore S, can be extended to form a basis of V. Let the set 
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S={a1, &2,..., om, Bry Bay--+» Bi} be a basis of V. Let W, be the 
subspace of V generated by the set Ss={Bj, Bas... Br}. 
- We shall prove that V is the direct sum of W, and Ws. For 
this we shall prove that V=W,+W, and WN W.={0}. 
Let « be any element of V. Then we can express 
«=a linear combination of S . 
=a linear combination of S,-+-a linear combination of S: 
=an clement of W,+an element of W2. | 
eo V= W+ Ws. : 
Again let BE W, (1) Ws. Then f can be expressed as a linear com- 
bination of S, and also a linear corabination of S;. So we have 


B= 0,0, +Agta+... +Gmttm=b1B; +b2Bo+...-+-biBp. 
“. @yG, + Agt2+... + Amtin—b,B; —beBe—... —5,8;=0 
> 4=0, =0, ...,dm=0, b:=0, b=0, ..., bs=0 since 
Hy Oay.-+) my Br, Ba,..., By are linearly independent. 
. B=0 (zero vector). | 
_ Thus W,) W,={0}. Hence V is the direct sum of W, and W,. 


§ 16. Coordinates. Let V(F) be a finite dimensional vector 
space: Let B={a;, %,..., %} be an ordered basis for V. By an 
ordered basis we mean that the vectors of B have been enumera- 
ted in some well-defined way i.e., the vectors occupying the first, 
second,..., n‘* places in the set B are fixed. 

Let «@V. Then there exists a unique n-tuple (x1, x2, ..., Xn) 
of scalars such that LHX + Xgqhe+... +A p~wq. 

The a-tuple (x1, x2, .., Xn) is called the n-tuple of coordinates 
Of @ relative to the ordered basis B. The scalar x; is called the it* 
coordinate of « relative to the ordered basis B. 

It should be noted that for the same basis set B, the coordi- 
nates of the vector « are unique only with respect to particular 
ordering of B. The basis set B can be ordered in several ways. 
The co-ordinate of « may change with change in ordering of B. 


_ Example. Show that the set S={(1, 0, 0), (1, 1, 0), (1, 1, 1)} 
és @ basis of R°(R) where R is the field of real numbers. Hence find 
the coordinates of the vector (a, b,c) with respect to the above basis. 

Solation. The dimension of the vector space RR) is 3. If 
the set S is linearly independent, then S will form a basis of RR) 
because S contains 3 vectors. Let x, y, z be scalars:in R such that 

' x(l, 0, O)+y (1, 1, O)-+-2z (I, I, 1)=0=(0, 0, 0) 
> (x+y+zZ, y+z, z)=(0, 0, 0) 
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=> x+y+2=0, y+z=0; z=0 > x=0, y=0, z=0 
=> the set S is linearly independent. ” 
S is a basis of R°(R). 
Now to find the coordinates of (a, 5, c) with respect to the 
ordered basis S. Let p, q, r be scalars in R such that 
(a, b, c)=p(1, 0, 0)-+4(1, 1, 0)+r(1, 1, 1) 
=> (a,b, c)=(ptqtr, qtr, 7) 
=> prqtr=a, q+r=6, rsc-> rae, g=b—c, =a—b, 
Hence the coordinates of the vector (a, 5, c) are (p, 4, r) i.e., 
(a—6b, b—c, ¢). 
Exercises 
1. Construct three subspaces Wi, W2, Ws of a vector apace V so 
that V= Wi @ Wy=> Wi Ws but W. ZW. 
Hint : Take V=R?2, Wi={(a, 0) : a@ER}, Wo={(0, ee acR}, 
and I3={(a, a): aGR}. 
2. Find the co-ordinates of the vector (2, 1, —6) of R® relative 
to the basis x,=(1, 1, 2), #2=(3, —1, 0), ag=(2, 0, —1). 
Ans. (—%, —4%, 42). 


7 


Vector spaces (Continued) | 


-§ 1. Linear Transformations. In the preceding chapter we have 
defined linear transformation or vector space homomorphism. For the 
sake of convenience we repeat the definition here again. 

Linear transformation. Definition. Let.U and V be two vector 
spaces over the same field F. A linear transformation from U into V is a 
function T from U into V such that 

T(aa+bp)=aT(o)+bT@B) | : 
for alla.,B in U and for all a, b in F. (Patna 1987) 

Linear Operator. Definition. Let V be a vector space oyer the 

field F, A linear operator on V ts a function T from V into V such that 
T(aa + bB)=aT(a)+5T(B) - 
for all o.,B in V and for all a, b in F. 

_ Thus Tis a linear operator on V if Tis a linear transformation form 
V into V itself. 

Linear functional. Definition. Let V be a vector space over the 
field F. A function f from V into F i is said to a linear functional on me 


Sf (aa. + bB) = af (a) + Of (8) 
foralla, BEV andforalla,beF. — 
| We know that if F is any field, then F can be regarded as a vector 
space over F’. Therefore f is a linear functional on Vif ns is a linear 
transformation from V into F. 
- § 2. Linear transformations as vectors. 

Let L(U, V) be the set of all linear transformations of a vector space 
U(F) into a vector space V(F'’). Sometimes we denotes this set by Hom 
(U, V). Now we want to impose a vector space structure on the set L(U, V) 
over the same field F, For this purpose we shall have to suitable define 
addition in L(U, V) and scalar multiplication in L(U, V) over F. 
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Theorem 1, Let u. and V be vector spaces over the field F. Let 


Ty and T, betinéar transformations from U into V.- The Scans 
i TitTs defined by a: 


ae 


(T,+-T) (az) = T;(a)+ Tx(x) 4 ceU 


~. i.a linear transformation from U into V. If c ts any element of F, 


at 


ine function (eT) defined by 
- (CT) @)=cT(a) ¥. eeu 


| is a on transformation from U into V. The set I{U, V) of all 


linear transformations from U into V, together with the addition and 


scalar multiplication defined above, is a vector space over the field F. 


(Kanpur 1969) 


“Proof. Suppose 7, and 7; are linear transformations from U — 


' into V,and we define 7,+-7; as follows : 


.(M%+T75) («)=T1(«)+Ta(a)¥aeU. AL) 
Since 7;(«)+-T2(a)E@V, therefore 7, 4-7; is a function —_ U 
into V. 
Let a, bEF and «, peu. Then 
(T1+7s) (Ge+-58)=T; (aa +-b8)+-Ts (ae.-+5B) [by (1)) 
=[aTi(e) +676) + [a7 (x)+57;(8)] 
{° 7, and 7; are linear transformations) 
=a (T4(a) +-Ta()]-+ (71(8)+73(B)] [‘.. Vis a vector space) 


=a (Tr+Ts) (@) +5 (Ti+Ts) (8) $3 [by (1)] 


“s T,+T7, is a linear transformation from U into V. Thus . 


Ty, TEL, V) + Ti+ TsGL(U, V). Therefore L(U, V) is closed 


with respect to addition defined on it. 


Again let TEL, V) and c&F. Let us define cT as follows : 
(cP) (a)=eT (a) ¥aeU. .»(2) 


Since eT(a)eV, therefore cT is a function from U into V. 
' Let a, beF and «, maa Then 


=c a T(x)+b7(B))  (" Tis a linear transformation) 


= [aT(«)}+-¢ [b7(B)]=(ca) T(«)+-(cb) 7(B) 


==(ac) T(«)+-(be) T(B)=a (cT(2)} +5 (eT Cy 
=a (eer ) @)+5.((cT) 6). a 


oF is a linear transformation from Ui into V. Thus | 


: reliv, V) and c&F=>cTEL(U, V). Therefore L(U, vyi is closed 
“With respect to, scalar: ‘multiplication defined in it. . 
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Associativity of addition in L (U, V). 
Let 71, Ts, Ts € L(V, V). Ife © U, then — 

(71 -+(7s+7s)] («)=T; (0) +(T2+Ts) («) 
[by (1) i.e., by def. of addition i in LU, V)) 


- = Ty ()+[T(x)+To(a)] [by (1) 
=(7, («)+73.(a)]+Ts(«) [' addition in V ic associative] 
==(7,-+74) («)+T7e («) | 2 fby()] 
=((Ti+T,)+ Ts} (2) thy) 


. T+(Ts+ F2)=(71-+Ts)+Ts 
* [by def. of equillity of two functions) | 


. Commutativity of addition in L (U,V). Let T;, 7 & L (U, Vv). 
If « is any element of U, then — 


(11 +73) (4) = 7, (a) + T(a) [by (1)) 
=Ty(a)-+-Ti(2)  - (*.’ addition in Vi is commutative) : 
=(Ta+T;) («) {by (1) 


“. Wit+%ye%,4+7, [by def. of equality of two. functions): 
Existence of additive identity in LU, V). Let 6 be the ‘zero | 
function from U into V ie. es 1) @=a0EV¥ce U. 
It can be easily seen that 0 is a linear transformation from U 
‘into V. Thus 6  L(U, V). If T © L(U, V) and « & U, we have 
(O47) (a)=6 (4)+7(a) [by (ol 
=0+7(0) [by def. of 0) 
| =T («) (e being. additive ee in ¥) 
. 647=T ¥ TE L(U,V). | : 

”. 0 is the additive identity in -L (U,,V). 


Existence of additive i inyerse of each element in L (WU, vy). 
LetTeE LU, V). Let us define —T as follows : 
(—T) (a)=—T (a) ¥ « eS U. $i 
It can be easily seen that —T is a linear teaisstoemation from 

Vinto V. Thus —Te LU, V). © no we have. . 
(—T+T) (a)=(—T7) («)+T7 (a) [by def. of addition in LU, V)) 
a —T(«)+T7(«) [by def. of —7) 
meV 


=6 («) | oy a det. of é) 
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~T+T=6 for every T € L (U, V). 

Thus each element in L (U, V) possesses additive inverse. 

Therefore LU, V) is an abelian group with respect to addi- 
‘tion defined in it. 

Further we make the following observations : 

(i) — ce F and 7;, 7; & L(U, V). Ife is any element in 
(e (71+ T)I (a)=c ((71+-Ts) (@)] 

{by (2) ie., by def. of scalar multiplication in L(U, V)) 


=¢ (7; («)+7s («)) [by (2)] 
acl; (a)-+cT;(«) — 
[.° ce Fand 7; («), Te («) ‘© V which is a vector space] 
=(cT;) («)+(eTs) («) [by (2)] 
; =(cTitcTs) («) [by (1)} 


rn 2 (T1-+Ts)=cT;-+ CTs. 
-*. Gi) Leta,b e Fand TE L(U,V). Ifa ce U, we have 


((@+-b) T] («)=(a+) T («) [by (2)] 
=P («)+6T (a) [Vis a vector space) 
=3(aT) ()+(b7) («) (by (2)] 
=(a7+5T) (a): (by (1)] 


“. (a+b) T=aT+6T. . 
(ili) Let a, © F and TE L(U, ¥). Ifa GU, we have 


[(ab) T1(@)=(ab) T(@) [by (2)] 
=a [6T (2)] (*. Vis a vector space] 
= [(bT) («)] [by (2)} 
=[a (oT) («) [by (2)] 


‘(ab) T=a (bT). 
(iv) Leti © Fand TE L(U, 7). ff « & U, we have 


(1T) («)=1T () (by (2)] 
=T (a) (Vis a vector space) 
i T= =f. | 


Hence L (U, V) is a vector space over the field F. 

Note Ifin place of the vector space V, we take U, then we 
observe that the set of all linear operators on U forms a vector 
space with respect to addition and scalar multiplication defined 
above. 

Similarly if in place. of the vector space V we ta ke the field F 

ag a vector space, then we observe that the set of all linear func- 
tionals on U forms a vector space with respect to addition and 
scalar multiplication defined above. 
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Dual space. Definition. Let V be a vector space over.the field. 
F. Then the set V' of all linear functionals on V is also.a vector space 
over the field F. The vector space V’ ts called the dual space of V. 


(Meerat 1971) 


Sometimes V* and V are also-used to denote the dual space 
of V. , ; 
Dimension of L(U, V). Now we shall prove that if U(F) and 
V(F) are finite dimensional, then the vector space of all. linear 
transformations from U into V is also finite dimensional.: For this. 
purpose we shall require an important-result which we prove in 
the following theorem : ’ : a 
Theorem 2. Let U be a finite dimensional vector space over the 
field F and let B={a, &s,...,¢n} be an ordered basis. for .U. .By an 
ordered basts'we mean that the vectors of B have been enumerated tn 
some well defined way, f.e., the vectors occupying the first, second,..., 
n't places in the set Bare fixed. Let V be a vector space ove: the 
same field F and let By,....Bnbe any n vectors in V. Then there . 
exists a un‘que linear transformation T from U into V such that 
T (ai)==B;, t=1, 2,...,". (Sambalpur 1977; LG.S. 86) 
Proof. Existence of 7. Let « © U. Since B={ay, tg,...,0q} 
is @ basis for U, therefo.e there exist unique scalars x), X9,...,%» 
such that == Xy0y + Xatle +... + Xone , 
For this vector «, let us defins 
T(a)=X1B1+X2Ba+...+-XnBn- ; 
Obvicusly 7(«) as defined above is a unique ‘element of V. 
Therefore T is 2 well-defined rule for associating with each vector 
« in U a unique vector 7(«) in V. Thus 7 is a function from U. 
into V. | sae 
_ The unique representation of «,; & U as a linear combination 
of the vectors belonging to the basis B is a 
4 Oees + Oorg +... + Leej+-Ocerys +...-+ Onn. 
Therefore according to our definition of T, we have - 
— T@)=0f: HOB s+... + 1B:-+ 08 :41-+...-+ 08s 
he, > T(a1)=Br, $1, 2.0.40 3 
.Now to show that 7 is a linear ,transformation. 
Let a,b Fands,p EGU. Let . | 
G=Xyit...$Xate ANd P= yay+... + Veda. 
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Then T(ax-+-bB)=2T {a (Gere +. xa) 3 (yr01 +... Yate) 
- = T[(ax1+-by:) a+... (aXe dyn) ee) ' 


= (ax ,+by1) Bit... (aX%e+byn) Be | [by def. of T) 
2 (Xi Pit... + XP) +b (WPrt..-+Be) | 
=a T(«)+b 7(8). [by def. of 7] 


T is a linear transformation from U into V. Thus there 
exists a linear transformation te U into V such that 
. Ta) =B1, t=1, 2,.. ey 7 
Uniqueness of T.. Let 7’ te. a linear ‘ecastbmatlon from U . 
into V such that 7” («;)=f;, i=1, 2,....m. For the vector: 
| 2=%,04-+...-+-Xnta EG U, we have 
, T'(@)=T ” (X10 +... ¥n%n) 
axXyT"(a:)+.--+%aT (On) [*° T’ is a linear transformation) 
eh Prb eben [by-def. of T’] 
ge T(@), (by def. of 7] 
‘Thus 7” (a)=T(a) ¥ 2-E U: Therefore 7’=T. 


This shows the uniqueness of T. 
Note. From this theorem we conclude that.if Tis a linear 


transformation from a finite dimensional vector space U(F) into a | 
vector space V(F), then T-is completely defined if we mention 
under T the images of the elements of a basis set of U. If Sand T 
are two linear transformations from U into V such that. 
— S(ai)=T (a) 4 ay belonging to a basis of U, then 
: S(«)=T(@) yee U,ie., S=T. 
Thus two linear transformations from a into V are a if they 
agree on a basis of U. 
Corollary. Let V be an n-dimensional vector space over the field 
F and let B={a,..., %n} be an ordered basis for V. Uf {X15..+9 Xa} is 
any ordered set of n scalars,.then there exists a unique linear ea | 
tional f on V, such that 
| Ff (@1) =), i=l, 2,.. 
: - ‘Theorem 3. Let Ube an s conmetonsl vector space over the 
“" field-F, and let V be an m-dimensional vector snace over F. Then 
the vector space L(U, V) of linear transformations from U into V is 
also finite dimensional and ts of dimension mn. (Meerut 1971) 
Proof. Let B={m, Agye- «s0n} and 3’ ={B1, Bay-- +3Be} 

. be ordered bases for U and V respectively. By - theorem 2, there 
exists a unique linear transformation 7,; from U into V such that 
Tir (a1)=f1, Tir(aa)=9,..., 7; 11(%=)=0 where 

P1, 0,...,0 arevectors in v. 
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‘Tn fact, for each pair of integers (p,q) with| <p< m and”: 
I <q <n, there exists a unique linear transformation Tpq from .. 
U into V-such that ; 


, if 
Tq (aad oe 


if img 7 
Le., T¢ (a:)=8), Bo» : (I) : 
where 5;,@F is Kronecker delta Le, dg=1 if img | 
and 8ig=20. if ixXg. 


Since p can be any of 1, 2,..., m and g any of 1, 2,...,, there 
are mn such T,,’s.- Let B, denote the set of these mn transforma: 
tions 7's. We shall show that B, is-a basis for (U,V). 

(i) First we shall shew that L(U, V) is a linear span of By. 

Let TEL(U, V). Since T(a:)  V and any element in V is a 
linear combination of f,, Bs,..-.Bm, therefore 3 

T(a1)= asia Ba... tam, bin 
for some a;;, @21,...,€m © F. ‘In fact for each i, lin, 


Tee) ab+ Cubitt oma 3 QsiBy (2) 


Now consider Sa FF Qpq Tyo. 
- pel gal . 

Obviously S is a linear combination.of elements of A, which : 
is a subset of L(U, V). . Since X(U, V) is a vector space, therefore © 
SEL(U, V). i.e., S is also a linear transformation from U. into V. 
We shall show that S=T. | —. oe 

-Let us.compute S («:) where a; is any vector in the basis B of 
U. We have | 


ow moan ma oA a 
ste=[ oF pq Tre (a= 2 LZ ang Tq (a1) 
pal qul - r= q=ul 


Q 
-_ 


=2s @pq Sig Bp = : [From (1)} 


= 2 ay: By (On summing with respect to q@. Remember that . ee 
pal tte 8:91 when =f and Bees when Qi) 
= T(a:). Gi [Fron (2) 


Thus S(«,)=7(a)) ¥ «GB: Therefore Sand T agree on a 
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basis of U. So we must have S=7. Thus T is also a linear comDt- 
nation of the elements of B,. Therefore L (U, V) isa linear span 
of By. eo . Ne 
(ii) Now we shall show that B, is linearly independent. Let 
for bsq’8 e F, . 


z z bq Tpq=9 i.€., ZETO vector of L(U, V) 


p=l qui 


. m a a 
a | Zz 2 bpq Tq | (o;)=0 (a1) ¥ EB - 
eH pl qz=l ; 
=> i z bog Tig (a) =0E Vor 0 is zero transformation] 
pol qe Mt %, Ss 


m n a3 
> 3S 3 bq St Bp=9 > 2 4p: Bp=0 
p=l gai p= 
> 51: Bitbabet-..+omBa=0, 1 <i<gn 
=> byi=0, Bg:=90,..., bmi=0, l<sigcn 
[°.’ B1, Bs,-.-sBm are linearly independent] 
> bp=Owhere] <p <cmeudi<g<n 
_ = ”~ By is linearly independent. 
” Therefore B, is a basis of L(U, V). 
dim L(U, V)=the number of elements in By=mn. 
_ Corollary t. The vector space L(U, U) of ail linear operators 
on aa n-dimensional vector. space U is of dimension n'’. 
Corollary 2. The vector space V' of all linear functionals on an 
n-dimensional vector space V(F) is of dimension n. 
Proof. Since F(F) is a vector spece of dimension 1, therefore 
the result is obvious. | | 
Note. Suppose U(F)is an n-dimensionei vector space and 


V(&) is an m-dimensional vector space. If U =¢{6} and V7{0}, then 
n>landm>1. Therefore LU, V) does not just consist of the 


clement 6, because dimension of L(U, V) is maz. 
§3. Dual basis, . | , 
"Theorem 1 Let V be an n-dimenstonal vector space over the 
field F, and let B={@s,...,to} be a basis for V. Ther tnere is a uni- 
guely determined basis B’={fy.... Sa} for V' such thet fi (a j)x5y). 
Conszquently the dual space ofan n-dimensional space is n-dimen. 
- sional, ; 
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The basis B is called the dual basis of B. 
Proof. B = {a.,,.....0,,} is an ordered basis for V. Therefore by c 


corollary to theorem 2 on page 454 there exists a unique linear functional 
Ff, on V such that 
fi (a, ) =Lf; (a, ) =0,..../;/@, ) =0 
where {1, 0, ....., 0} is an ordered set of 7 scalars. 
In fact, for each f =1,2,.....,n, there exists a unique linear 
functional f,; on V such that 


0 if xj 
ae ae 1 if i=j 
Le. fil ;)=8;, AI) 


where 5, , € F is kronecker delta i.e, 6; ; =lifi=j 
and 6, , =Oifis j 
Let B’= =(f jeosseey Sy }- Len B’ is a subset of V’ containing n distinct 
elements of V’. We shall show that B’ is a basis for V’. 
First we shall show that B’ is linearly independent. 
Let Of, + Co fot, f, =0 
= (GS, +.-C, fn (a) =0(a) ¥aev 
=f, (a)+...+¢,f, (%) =0¥aeV [- 0(@)=0] 


= of;(0)=0¥ aeV 


i=l 
=F 6: fj(;)=0, f=L ns 
i=l 
[Putting o =a , where j=1, 2,. ,n] 
35 ae; =0,/= 1,2,... 


i=l 


=> fi Sa sevecee SJ, are linearty independetit 

In the second place, we shall snow that the anes span of B’ is equal 
toV’. 

Let f.be any element of V’. The linear functional f will be 
completely determined if we ia itona basis for V,.So let 

f@;)=a;.i=1,2,..... 
We shall show that f =a, vs bute fs 
Let oo = x,0,,+....+2,0, be any element i in V. We have 


f{@)= f (x0, +. “X06 nd 
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=X f(a) +... + Xn Son) ["." Sf is Jinear} 
=X... + Xn. | oa(2) . 
Also (a; fit-...+dn fa) (=a Ai(a)+...+40 fala) 
= z a, f(a) 


ial 


— By ai ( 2 Xy Oy ) . Ly 3104+... -+ Kate] 


= z a; z * Ch) (each f; is a linear functional] 
‘owl j= 


a a; z Aad yy (From (1)]J 
= z aix {On summing with respect to j.and remembering 
that 5;,=1 when j=l and 6;,=0 when ji] - 
GX +... +OnXn=f(a). [From (2)} 
Thus we have fia)=(a; fit+...+anfn) (a) ¥ aeV. 
f= fit...+0n fn Le, every element fin V’ can be 
ercch as a linear combination of Vigeoce Tus : 

.. V‘=linear span.of B’. Hence B’ is a basis for V’. 

Now dim V’=number of distinct elements in B’=n. 

Corollary. Jf V is an n-dimensional vector space over the 
field F, then V is isomorphic to its dual space V’. 

Proof. We have dim V’=Sdim V=n. 

V is isomorphic to V’. 

Theorem 2.. Let V be an n-dimensional vector space over the 
field F. If « is anon-zero vector in V, there existsa linear func- 
tional f on V such that f(x)40. 

Proof. Since «0, therefore {a} is a linearly. independent 
subset of V. So it can be extended to form a basis for V. Thus 
there exists a basis: ‘B={a,..., &n} for V such that a,<=<, 

IRB’ ={f,,.. -» Ju} is the dual basis of V, then 

_ Ala)=f(a1)=140. 

‘Thus there exists linear functional fi such that Fla)£0. | 

Corollary. Let V be an n-dimensional vector space over the 
field F. If f(z)=0 ¥ f & V', then acsQ, 

_ Proof. Suppose «0. Then there is a linear: functional fon 
V such that F(a). This contradicts the hypothesis that 
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A®=0 v fev’. ‘Hence we must have «=0, 

Theorem 3. Let V be an n-dimensional vector space over the. 
field F. If-«, B are any two different vectors in V, then there exists 
@ linear functional f on V such that f(x) #f(B). 

Proof. We have aXxp>a—B +0. 

Now «—Bis a non-zero vector in V. Therefore by theorem 2, 
-there exists a linear functional f on V such that 

Se—f)#0=>f(a)—f(B)#0>f(a)AfiB). Hence the result. 

§ 4. Reflexivity. = | 

Second dual space. We know that every vector space V pos- 


sesses a dual space (V’)' consisting of all linear functionals on V. is 


_ Now V’ is also a vector space. Therefore it will also possess 
a dual space (V’)' consisting of all linear functionals on V’. This 
dual space of V’ is called the second dual space of V and for the 
sake of simplicity we shall denote it by V’. 

If Vis finite dimensional, then dim V=dim V’=dim V’, 
showing that they are isomorphic -to each other. 
Now our-ainris to establish an isomorphism of V onto V’*. ° 


Theorem 1. Let V be a finite dimensional vector space over the 


field F. Ifa is any vector in.V, the function L, on V' defined by 
| LAf)=fl@)¥fEevre , 
- is a linear functional on V’ i.e.;L,.&V". 
_ Also the mapping «->L, is an isomorphism of V onto V". 
7 mig... ee (Kanpur 1969) 

Proof. If c@V and fev’, then /(a) is a unique element of F. 
Therefore the correspondence L, defined by ae 

| LA F=f) ¥ fev’ , (1) 
is a function from into F. 

Let a, b&=F andf, geV’. Then . 
L,(af+-bg)=(af+ bg) («) 7 ) (From (1)] 
=(@f) (a)+(bg) (a) ae Be eg o 
=Of(2)-+-bg(x) —- (by scalar multiplication of linear functionals) 
csa[Le ( f ))+O[L. (g)] . oe ~ [From (1) 

Therefore Z, is a linear functional on V’ and thus L,EV". 

Now let % be the function from V into V" defined by 

a P(e) Le ¥ eV. | t 
# is one-one. If a, BEV, then $(a)=¥(8) 

2 Lol=L( fol f) ¥ fev - 

= f@)=fip) ¥ fev’ ae 


“Grom @)) 
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= f(a)- f@)= Ov feV’=> fa- B)=0¥ fev’ 
=>a-—-B=0 (ce by theorem 2 of 5 3, ifo. — B #0, then da 
| linear functional fon V such that f (a — B) #0. Here 
we have f(a -B)=0¥ f eV andsoo.— PB must be 0] 
=>a=Bp. .. is one.- one. . 
W is a linear transformation. Let a,be F anda,BeV. Then 


Y (a0. + bB) = Lao + ap [by def. of ‘¥] 
For every f € V’, we have 
Lio.+ op US) = f (ao. + 5B) _. [From(1)] 
= af (a) + of 8) a 3 
=al, (f) + bly (f) [From (1)] 


= (aly, (f) + (bly Xf) = (aly, + bg \(P).- 
* Laos op = ag, + bly = a¥ (0) + BB). 
Thus ¥ (a0. + 6B) =a (a) + bY) 


is a linear transformation from V into V” 
Now is a linear transformation from V into V.” We have dim 
V =dimV”. Therefore is one-one implies that ‘¥ must also be onto. 
Hence ’ is an isomorphism of V on toV” 
Note. The correspondence o — L,, as defined in the above theorem 


is called the natural correspondence between V and V”. It is important 
to note that the above theorem shows not only that V and V” are 
isomorphic -this much is obvious from the fact that they have the same 
dimension-but that the natural correspondence is an isomorphism. This 
property of vector spaces is called reflexivity. Thus in the above theorem 
we have proved that every finite dimensional vector space is reflexive. 

In future we shall identity V” with V through the natural 
isomorphism  —> L,,. We shall say that the element L of V’” is the same 
as the element o of ViffL=L, i.e., iff 

LY)=f@) ¥feVv'- 

- It will be in this sense that we shall regard V” =V.. 

Theorem 2. Let V be « finite dimensional vector space over the 
field F. If L is a linear functional on the dual spaceV’ of V, then there isa 
unique vector a. in V such that L(f)=f(a) ¥ fev’ 

Proof. This theorem is an immediate corollary’ of theorem |. We 
should first prove theorem 1. Then we should cotiélude like this : 

The correspondence a> L, is a one-to-one correspondence 
between V andV”. Therefore if L eV”, then there exists a unique vector 
in Vsuch that L=L, i.e,suchthatL(f)=f)V¥feVv’. _ . 
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Theorem 3, Let V be a fintte-dimensional vector space over 
the field F. Each basis for V’ is the dual of some basis for V. 

Proof. Let B’={f,, fs, ..., fa} be a basis for V’. Then there 
exists a dual basis (B’)’={L,, Le,...,Zn} for V" such that 

Li (fy)=8);. - (1) 

By previous theorem, for each i there is a vector a; in- V suc: 
that | 
Li=L,, where L, (f)=f (ai) ¥ fezV’. ...(2) 


' The correspondence «aL, is an isomorphism of V onto V’. 
Under an isomorphism a basis is mapped onto a basis.. Therefore 
B={a;,./., an} is a basis for V becausefit is the image set of a basis 
for V” under the above isomorphism. 

Putting f=/f; in (2), we get 
Si (ad=L, (fd=Li (Ff) 


=). [from (1)} 
B' =f fi,...5 fn} is the dual of the basis 8. Hence the 
result. 
Theorem 4. Let V be a finite-dimensioral vector space over 
the field F. Let Bhea sie for V and B' be the dual basis of 2. 
Then show that B"=(B')'= 
Proof. Let ee) as be a basis for V, 
B'={ fi,..., fa} be the dual dasis of 8B in 7’ and 
B"=(B')'={L,..., La} be the dual basis of 3’in 7’. Then 
: Si ()= Bi, ‘: 
and Li (fp)=8y, i=1,..., 93 fH, 
If «eV, then there exists L,@V” such that: 
Ly (f)=f (#) ¥ fer’. | 
Taking «, in place of «, we see that for each j=1,..., 1, 
La, (=f (a) = -8y=L; ( f)). | 
Thus L, , and L; agree on a basis for V’. Therefore Ly, a Dy, 


If we ideality V’ with V through natural isomorphism eae 
then we consider L, as the same element as a. 
So Li=L,, =a where i=1, 2,..., 7 
Thus B’=2. | 
. Solved Examples 
‘Ex. 1. Let V be a vector space over the field F. Let ;° be a 


non-zero linear functional on V and let N be the null space of f. Fix 
a vector x, in V which.is not in N. Prove that for each x in V there 
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is a scalar c and a'vector B in N such that a=cao+8. Prove that — 
c and B aré unique. . 

Solation. Since fis a non-zero linear functional on V, there- 
fore there exists a non-zero vector «, in V such that f (a) #0. 
Consequently «,@N. Let f (a)=y=40. | 

Let « be any element of V and let f () =x. 

We have flaj=x. 
=f@=Gy)y ("0% yEF oy-! exists) 
=> f («)=cy where canxy-! GF ; 
=> f (a) =f (a) 
> f (a)=S (cx) (: fis a linear functional) 
> f («)—f (ca) =0>f («—cx9)=022—c2,EN 
> &—Cag=B for some BEN=>c==¢ay-+-f. 

If possible, let a=c'a-+’ where c’@F and f’EcN. —: 

Then cay4-B=c'e+p’ -(1) 

> (c—c') ay+(B—')= oofle~e) tot (B—B N=f 
> (c—e’) f (a) +f (B—B')= 
> (e—c') f (0) =0 e B, B’ EN=p-f'e EGN=f (B—f')=0) 
"=> (c—c’)=0 (°.. J («,).is a non-zero element of F) 
>c=c’, | 


Putting c=e’ in (1), WE get.cay-+B=Cxy-+f’>B=p’. . 
Hence ¢ and £ are unique. 


Ex. 2. If fand g are in V' such that f ()=0>8 @= 0, prove 
that g=kf for some kKEF. 


Solution. It is given that f (2)=0>g («)=0. Therefore if « 
belongs to the null space off, then « also belongs to the null space 
of g. Thus the null space of f is a subset of the null space of; g. 

(i) If fis-zero linear functional, then the null space of f is 
equal to V. Therefore in this case V is a subset of the null space 
of g. Hence the null space of g is equal to V. So g is also zero 
linear functional. Hence we have gokf ¥ keF. 

(ii). Let f be a non-zero linear functional on V. Then there 
exists a non-zero vector %o& V such that S(&_)=. y where y is a non- 

. zero element of F. Let ko on - IfaeyV, then | we can write 
&=C%)-+8 where ceF and Be the null space of /. 

- We have g(a)=g (cxo-+-B)==cg(a,)-+3(8) 

=cg(eg) [°° BE the null space of f f(A=0 and so > a(A)=0) 
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Also (kf) (a)=kf(a)=kf (Cay +B)=k [ef ()-+/B)] 
oake f(a) Ss te Es £@)=0) 
| =F) of («)=48 (a). 
Thus g(a)=(kf ) (a) ¥ «EV. Therefore g=ky, 
§ 5. Aanihilators. | 
Definition. If V és a-vector space over the field Fand § ts a 
subset of V, the annihilator of Sts the set S° of all linear functionals 
Son V such that fla)=0 ¥ weS. | | ; 
Sometimes 4 (S) is also used to denote the annihilator of S. 
Thus S={fEV' : f(a)=0 ¥ «ES}. 
If S=the zero subspace of V, then So=)’, 
If S=V, then V°=the zero subspace of V’. 
If Vis finite dimensional and S contains‘a non-zero vector, 
then SV’, If 0406S, then there is a linear functional f on V 
such that f (a)40. Thus there is Sev’ such that f € S°. There- 
fore Sofy’, ; 7 
Theorem 1. df S is any subset of a vector space V (F), then S° 
is a subspace of V’. = 
Proof. First we see that S° is a non-empty subset of V’ be- 


"Cause at least O=S°, We have 6 («)=0 v ae. 
Let f, g=S°. Then fiej=0 ¥: «eS, 
and a(a)=0 ¥ aeS. 
If a, bE F, then | | 
(@f-+-g) («)=(af ) («)-+-(6g) (a) =af («)-+bg(«)=2a0-+-50=0. 
af + bgES°, 


a 


Thus a, b&F and f, gES° > af+-bgeS°, 
. S° is a subspace of V’. 
Dimension of annihilator. - s 
Theorem 2. Let V'be a finite dimensional vector Space over the 
Field F, and let W be a subspace of V. Then 
' dim W+dim W=dim V. 
Proof. If W is the zero subspace.of V, then W°=V’. 
. dim Wo=dim Y’=dim V. | 
Also in this case dim W=0. Hence the result. 
Sim‘larly the result is obvious when W=V. 
‘Let us now suppose that W ie a proper subspace of V. . Let 
dim. V=n, and dim W=xm where Namen. a | 
Let By=={a,..., am} DOa basis for W. Since B, is a linearly — 
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independent eabset of V also, therefore it can be extended. to 
form a basis for V. Let B={oy,..., Gms Smits --> an} be a basis 
for V. ; as 

Let B’={ fi,..-»fm, Jmaai--. fn} be the dual basis of 3B. ‘Then 
B' is a basis for V’ such that fi{a;)}=51;. 

We claim that S={ fns1,-.-s fa} is a basis for W%. 

Since SC.B’, therefore S is linearly independent because B 
is linearly independent. So S will be a basis for W®, if W?® is equal 
to tbe subspace of V’ spanned by S i.e., if W=L(S). — 

First we shall show that WczL(S). Let feW®. Then fev’. 
So let . 


fer Xifi, a ..(1) 
. tel 
Now feW? = f(a)=0 ¥ ceW S 
=> f (a;)=0 for each jel,..., [ot cyyesey Om re in WV) 
2 (22:4) eno from CT 


a : n 
> 2 x: fi{e)=0 = 2 x; 8,0 


> x,=0 for each j=1,..., m. 
Putting x10, x3==0,..., Xm==0 in (1), we get 
f=Xmar fmt. tinfn 
=a linear combination of clem ats of S. 
 SEL(S). 
Thus feW° =» fEL(S). &. Wcez(S). 
Now we shal! show that L(S) ¢ W°. 


Let g@Z(S). Then g is a linear combination of 
Sorsineeoo Sie Let 


kemt+1 
Let c@W. Then « is a linear combination Of &1;.055 Sm. Let 


m : 
te ¢ aj. sie(3) 


. mm a5 : | 
We have g(a)=g (2 cy a) , [from (3)} 
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> z C;-8{a,;) | id {°. gis a linear functional] 
jul 7 : : 
m a : 

= J Cj ( = Vr Sk (a,) v*, [from (2)) 
j=l keam+1 
Sey F yefleye Be F yee 

ga at Pa Ye fila= 2 y 2 Ye Oe 

= by c,0 (°° °8 ,=0 if k#j which is so: ah bare 
j=l k=m-+1,..., 2 and for each f=l,.. 

=0. 


Thus g(a)=0 ¥ «ew. Theetoié ger’. 

Thus gEL(S) > geWo, », L(S)& W%.. 

Hence W°=L(S) and S is a basis for W*. 
dim W°=n—m=dim V—dim W 


or dim Vadim W4-dim W*. 
Corollary. If V ts finite dimensional and W tsa subspace of 
V, then W' is isomorphic to V']W°. (G.N.D.U. 1986) 


Proof. Let dim V=n and dim W=m, W’ is dual space of W. 
So din W’=dim W=m. 
Now dim V’/W°=dim V’—dim W® 
=dim V -(dim V—dim W)=dim W=m, 
Since dim W'=dim V’/W®, therefore W’2V’/W°. 


Annihilator ofan annihilator. Let V be a vector space over 
the field F. If S is any subset of V,:then S° is asubspace of V’. 
By the definition of an annjhilator, we have 

(S°)9=S=a{LEV" : L(f)=0 « feS}. 

Obviously S® is a subspace of V’. But if Vis finite dimen- © 
sional, then we have identified V’ with V through the natural iso- 
morphism a—>L,. Therefore we may regard S® asa subspace of 
V. Thus S®={2eV :f(@)=0 ¥ SES}. 


Theorem 3. Let 4 be a finite dimenstonal vector space over the 
Sleld F and W be a subspace of V. a“ Wa WV, 
Proof. Wehave —s_ . ., 
Wo={ fev’ :fla)=0 ¥ ce W} Al). 
and W%={2EV :fla)=0 ¥ few. ...(2) 
Let ce W. Then from (1), f(a)=0 ¥ feW* and $0. 5 from (2), 
eeW”, Therefore ceW > ce We, 
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aA bus WOWo, Now W is a subspace of Vand W™ is also a 
"subspace of V. Since WG W™, therefore W is a subspace of W°°, 
Now dim W+dim W°=dim V. \ __ [by theorem (2)} 
«ccApplying the same theorem. for the vector, spare ‘V' and its 
gest da W, we get 
dim W°-+-dim, W*=dim V'= ==dim ¥. 
.. dim Wadi V~dim ‘Woadim' v—(éim V—dim Ww) 


na 
outs 


=dim W™, 
BS BOY ee W.is.a 8 subspace 0 of. we and dim Wadia Ww, therefore 
We WM hae Rae 
Solved Examples - 


an 


’ Ex. lL. Sy sanih 5; ‘ake iwo subsets sofa a: vector. space - such 
that Si:CSs, then’ show:that-S{GS,°.- re 


Solution, Let eS: Then = «--:..° # 


f(e)=0'¥ aESg 00 Sh 
Yer wyageden ta. => {(a)=0 ¥ cess. _ me ee wales : SiG Ss] 
DE} Ba cS SEs. Sree ee ohn oe ee | 
) Ex. A ‘Let V bee a spector: space over. the fel Fr uit 3 is..any 
peed of V, then show that S°=[L(S)P. ..0 8 se 


=: Solation.. ‘We know that SCL(S):- :. 
ORS sae, (L(S))PezS°.'' - ee ie SO aie & : (1) 
save solNowdlet feaS?: - Eerie shia Paani oe 
“Tle sTtp isany slement of. (5), aie ieee Os 


sees ak lin on) 


Bre: & eas ahere p each 9 at €. — age so 7 


“pomrm apie ai NV Ure take PS papi fet Os soe 
-0y8y ie yu ga 3d aE aig mete NE Ss ir 
ES 2 Lvigicai ‘aie ach wen. 

Wo DOr 


Thue ance ¥ “a HS). 
aia wes Sonef GG (Seon. veh uss vo 5 E nsiesd f 
Therefore’ SUZ (S99. “Ss ayes bad Ee re Ee) 
From (1)'and (2), we scaslbie that S9== (ib (5) 9 ais 
C..  E. 3. Ppt scree ‘pector space over the 
ve field F. se ‘subset of. V;. then S*2 LS): as een: 
iS) matLo 02 bas“ Wek hav re, SPL (SY)? ae aaa? OA 
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But V is finite dimensional and L(S) is'@ subspace of V. | 


Therefore by theorem 3, (ZL (S))"=LZ (S). 
“. from (1), we have S°=L (S). 
Ex. 4. Let V be a finite dimenstonal vector space over the field 
F. If W, and W, are subspaces of V, then W= we iff Wi=W3. 
Solution. We have Wi:=W, > W,°=W,°. 
Conversely, let W°=W,°. Then W,%=W,” > Wi=W,. 
Ex. 5. Let W, and W, be subspaces of a finite dimenstonal 
vector space V. | 
(a) Prove that (W,+Ws)=W,° 1) W,°. 
(6) Prove that (W,; 1\ W,)=W,°+- W,°. (J.A.S. 1985) 
Solution. (a) First we shall prove that 
Wi 1) We & (M+). 
Let Sf = WwW, nN W. 9°. Then fi eW,, f Ee WwW. 
Suppose « is any vector in W4.+W.. Then 
a=0,--ag where «, — Wi, % & Ws. 
We have f(«)=f(a: +43) =f-(a1)-+S (ae) 
=0+0 [¥ meW, and fe We > fa)=0 


and similarly /(«.)=0] 
=0, 
Thus f(a)=0 ¥ ae Wi+ We. 
SE(W,+W,)°. 
WY 1) Wo © (Wi -+ Ws). (1) 


Now we shall prove that (Wi+W2)° GC Wi N W2°. 
| Wehave WicWit+Ws. 


2. (Wit W2Pc W,°. »..(2) 
Similarly WC. W,+ W.. : an 
(Wit+W2)C W,°. »+e(3) 
From (2) and (3), we have . 
(Wi+ Ws GW W,°. ...(4) 


From (1) and (4), we have (W.+- W,)=W,°() W3°. 

(b) Let us use the result (a) for the vector space V’ in place 
of the vector space V. Thus replacing W, | W,° and W, by W,° 
in (a) we get 


(W1°+ W2°)’' = W,°F) Ws \ 
= Wee epeH W. [ ZW, tte.) 
> (W+ Wey=(WiN) Lie > hiking wesivin ms 
High or ae 
SMES ee tee wf i! Daeg ie ane ae tfsie 
Wal GH wind soluvsh Usage esuban- | fatto yioeds 


Hpi eisai Meee dig ois cits Go teueady EES Net bt ee ee 
tgiica Had2 ow asl) olubors A ei aa V tl astuborm-A fal 
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Modules 


The concept of module is a generalisation of that of a 
vector space. In a vector space the scalars are elements of a field 
while in a module we shall allow the scalars to be elements of 
an arbitrary ring. 


§1. Medule. Definition. 
A non-empty set M is sald to be a left module over a ring R 
(or, a left R-module) if M is an abelian group under an operation 
+such that for every r & R, m & M there exists a unique element 
rm & M subject to the conditions : 

(1) r(a+6b)=ra+rb 

(2) (r+s) a=ra+sa 

(3) r(sa)=(rs)a . 
foralla,b@&Mandr,seR. | (Meerat 1991; Kanpur 86, 88) 

Unital R-modale. If Ris a ring with unity |, then a left R- 
module is said to be unttal if |m=m for allm G M. If the ring 
Risa field, then a unital left R-module is nothing but a vector 
space over the field R. (Meerut 1991) 

We have called the algebraic structure defined above a left 
R-module because we have allowed multiplication by the elements 
of R from the left. In a similar fashion we can define a right 
R-module by modifying the cohpitions (2), (2) and (3) in the 
above definition in the following ‘Himtner : 

(1) (a+) r=ar+br 

(2) a (r+s)=ar+@s 

(3) (ar) s=a (rs) | 
for all a, bEM and r, sR. 

It should be noted:thutthe distinction ‘bes 


me? : 
: "t ¢ 


Sia | ao MS walléft:R-module 
and a right R-module is ‘merely th it -of notation. 


he “he theory of 
right R-modules can be developed in the same manner as the 
theory of left R-modules. We shall develop here ‘the theory of 
left R-modules. If A is a left R-module, then we shall omit the 
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repeated use of the adjective left and we shall simply call it a 
R-module., \. 
Some Examples ‘of Modules 
‘Example 1. Every abelian group G is a module over the ring of 
integers I. (Kanpur 1986) 

Let G be an abelian group, the operation in G being denoted 
by-+-and the identity element of G by 0.. For any integern and © 
for any element a of G we define na in the following manner : 

If n is a positive integer, we define na=a+a+a+. upton 
terms. If n==0, we define 02=0 where 0 on the right hand side is 
the identity of G. Ifn is a negative integer, say n=—m where m 
isa positive integer, we define (—m) a=—(ma), where— (ma) 
denotes the inverse of ma in G. It can be easily seen that 

—(ma)=m (—a). 

Now G will be a module over the ring of integers I, if we 
prove that . ee 

(1) m (a+b)=ma+mb 

(2). (m+n) a=ma-+na ° 

(3) mm (na)=(mn) a 
for all m,n © Tanda, bE&G. We shall prove these one by one. 

(1) Let us prove that m(a+b)=ma+mb iv m GI, and 
@, b EG. 

If m is a positive integer, then 
m (a-+-b)=(a+-b)+-(a+5)+(a+5)+...upto m terms . 

_ -=(4+a+a+...upto m terms)+(6+5+...upto' m terms) 

—  =sma+mb. 

If m=0, then 0 (2+6)=0=0+0=0a+0b. 

If m is a negative integer, say m——p where p is a - positive 
integer, then , 

m (a-+b)=(—p) (a+6)=—[p (a+5)]=—(pa+pb) 
=—(pa)+[—(pb)]=(—py a+(—p) b=mat+mb.  _ 

Thus (1) is true. The proofs of (2) and (3) have been left 
for the reader. Hence G is a module over the ring of integers. _ 

Example 2. Let R be a ring and let M be a left ideal of R. 
| Forr © R,m & M let rm be the product of these elements as ele- 
ments in R. Then M is an R-module. 7 

Since M is a left ideal of R, therefore M is an additive abelian’ 
group. Also if rq Rand m & M, then rm & M because M is a 
-. Jeft ideal of R. Further 
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(1) r(my-+-m)=2rm,-+-rms for all rE R and m,m & M. 
This result is a consequence of left distributive law in R. 
(2) (nitre)m=nm-+rem for all r:, 7g @ Rand mEM. This 
result is a consequence of right distributive law in R. 
(3) #(sm)=(rs) m for allr, se RandmeM. This follows 
from associativity. . | 
Hence M is an R-module. 
Example 3. Every ring R is an R-medule over itself. 
This result follows asa special case from example 2 if we 
take M=R. . 
‘Example 4. Let R be any ring and a be a left-ideal of R. Let 
M consist of all the cosets, a+, wherea = R, of A. in R. Thus 
Me={a+dr:a& R}. It.can be shown that M is an R-module if the 
two requisite compositions are defined as follows : 
(a-+d)+(b-+-A)=(a+5)-+A [ Addition of elements of M) 
— v (at+d)=ra+A (Multiplication of an element of M by - 
an element of R) 
Since (a+5)+-A and ra+-A are also cosets of Ain R, therefore 
M is closed with respect to the two compositions. First of all we 
shall show that both thesé compositions are well defined. 


Let a+dA=a’+A,a,a°E R 
and b-+A=b'+A, 6, b' SE R. 

We have a+drA=a’+A > a—a’ EA 
and b+A=b'+A > b-b' EA. 


, Now Aisa left ideal, therefore a—a’ € A, b—b' GA 
> (a—a')+(b—b') E A> (a+b)—(a' +b’) GA 
=> (a+-b)+A=(a'+5')+A => (a+-A)+(b+A)=(a' +A)-+(0' +4). 
Therefore addition in M is well defined. 
Again A is‘a left ideal. Therefore reR, a—a’ GA 
=> r(a—a’) GA > ra—ra GAs ra+-A=ra’ +A 
- => p(a+A)=r (a’+A). 
Therefore the multiplication of the elements of 44 by the ele- 
ments of R is also well defined. a 
‘Commutativity of addition in J. We have 
(a+A)+(b-+A)=(4-+5)+AS(b+4) +A=(64+A) +444). 
Associativity of addition in Af. We have 
(a-+A)-+[(b+A) +c+ A] =(2+A)+[b+e)+A=(a++o+a 
—a[(a-+-b) +e] +-A=[(a-+b)+A] + (C+A)=[(a-+A) + (+d) (C+). 
The coset 0+A is the additive identity in 4/ for. we have 
— (0-+A)+(a-+A)= +4) +AS4+A. : 
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The coset (—a)-+-A is the additive inverse of: the: element ata... 
of M. Wehave (—a+A)+(a N=(=e+A) 4Am0-+A=the, iden | 
tity element of M. | 
: Thus M is an additive abelian group. We. further, Ghene F 
that’ Pappedpcuaks 

(1) r ((a+A)+(6+A)]=r [(a-45)-KA}—es(achb)+A. tina 

==(ra-+rb)+-A=(ra+d)+(rb+A)=r: Carkache OAD. 

(2). (r-+s) (a+A)=[(r-+s) a] +-A=(ra+-sa)hd+,, saab) 

a ‘==(ra-+A)-+-(sa+A)= r(a+A)+s (@+A),, » a i tas 

(3) r[s (a+A)J=r (sa+A)=(r (sa) FA=U(r8), ata; 

=(rs) (a+). 

Hence M is an R-module. Mi is usually written as ROA (or, a 
sometimes RYA) and is called the difference (or quotient) module. of - 
R by. - : 
Example 5. The module of all ordered retuples of elements, of _ 
aring R. fe oth ; ie 
Let M={(ds, da,..., Gn) 2 G1, sy...) On & Re If we. define adai- A 
tion in M by (a, | Qa,-. + Qn) +(d1,, bg,.. “ba = (a,+,, Gs+bs,. ay. Gy: be). 7 
and multiplication of an element.(a,, Goy..-,dn) Of M by an ‘element ro 
of R by F& (At, Gay..:94n)== (a1, 1A3,...,7Qn), then At. can. be. easily, = 
shown that M is an R-module. . ee eae 

 §2. General properties of modales. ae ae ee ae 

Theorem, Let M be an R-module. Then — eae ae 

()  r0=0¥7rER. (ii) Oa=O0¥aEM. eo ee 

(iti) (—r) a=—(ra)=r (—a) for all rER, acM. Boe Matt 

(iv) (—7) (—@)=ra for all rER,.aeM. eee 
 (v) r(a~—b)=ra—rb for all rER, a, bEM. a CP ae ie 
(vi) (Fs) a=ra—sa for all. r, SER, aeM. A oe Niideoaes 


é si air ae Pike have fot te feats 
=7(0+0) - ['' O=0+0in the group M) © 
- poeta re 
0+r0=r0+-70. - [v eM and 0+70=r6},. 


- Now 4 is an abelian group with respect to addition. There- 
fore by right cancellation law in 47, we getO=r0. Be 
The proofs of the remaining parts. have been left. for the as 
reader. Proceed as in pcheorem 1, page 402, chapter 6 (on vector. 
spaces). : a . 
«$3. Submodales. ‘Definition.. f 
- Anon-empty subset S of an R-module M is said to be an. R : 
iibmadole: of M (or, simply a submodule of M) if (i) S isan.addi- — 


472 Modern Algebra 


tive subgroup of Mand(i)reR,aeS>ae S. If Mis any 
R-modiile, then: M itself and'(0) &e., the subset of M consisting. . 
ci the identity element of M alone are always submodules:of M. 

Thesé- two! are called: improper submodules. \f M has any other 

submodule, then it is called a proper submodule. 

Irreducible R-module. Defigition. An R-module M ts said to 
be irreducible if its only submodules are (0) and: M.. 

Intersection of submodules. - 

Theorem 1. /f A and B are two submodules of an R-module M, 

then A(\B is also a submodule of M. 
"proof. Since Aand B are additive subgroups of M/, therefore 
' AN Bis also an additive subgroup of M. 

Now lett r © Rand ae ANB. Thena ce A and a&B. Since 
Ais a submodule of M, thereforere Rac A>ae A. Also 
Bisa submodule of M. Thérefore re R, aeB> rae B. 
Thus ra € ANB. Hence AN Bisa submodule of M. 

‘Theorem 2. Arbitrary intersection of submodules i.e., the inter- 
section of any family of subrodules of a module ts a submodule. 
The proof of this theorem has been left for the reader. Pro-- 
ceed as in theorem 3 page 409, chapter. 6 (on vector spaces). 

Submodule generated by a subset of a module. Let M be an 
R-module and S be a non-empty. subset of M. If 4 is a submodule 
of M containing S and is itself-contained in every submodule of 
M containing S, then Ais called the submodule of M generated by 
S. The submodule of generated by S will be denoted by the 
symbol (S). It should be noted that (S) is the smallest submodule 
of M containing S. It can be easily seen that the intersection of 
all the submodules of M containing S is the submodule of M 
generated by S. 

Theoreni 3; Show that the submodule of a unital R-module M 
generated bya subset S of M consists of all linear combinations of 
elements in S. . 

Proof, Eet L (S) denote the set of all linear combinations of 
the elements of S i.e., let L(S)=§r1ai-+ rade ... + 7aOn > G1, @ay.--s8n 
is any arbitrary finite subset of S and'r, r2,..., fn is any arbitrary 
finite subset: of the ring}. | 

First we shall show that L(S) is a submodule of M@. Let 
A=110,+120a+...+Tndm b= 51bi + Sibert... +Smbm be any two ele- 
amnpnte of L(S). Here the r,’s and the sys are elements of R and the 
a1 s and 6)’s are elements of S. We have. a—b=r,0;-++ ro) +... + 
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Pan +(—S1) b+ (—50) bet... +(—5m) bm. Obviously a—b is an 
element of L(S) because it is also a linear combination of some 
elements of S. Thus a, b&L(S)>a—b € L(S). Hence L(S) is 
an additive subgroup of M. 

Now if ris any element of R and @=r,@;+rede+...+1nGn is 
any element of L(S), then rg=r. (r1@,+ra@at -.. + indn)=P (7141)+ 
cebr (ritn)=(rr1) Aa+.--+(rra) Qn. Since rryy..., fn & R, there- 
fore ra is also a linear combination of some elements of S. Thus 
re R,ae L(S)=rac L{S). Therefore L(S) is a submodule 
of M. 

Also each element of S belongs to L(S) because if a; € S, 
then a;=1a, where 1 is the unity element of the ring R. Note that 
M is a unital R-module. Now a;=la; > a; © L(S). Thus L(S) 
is a submodule of M and S is contained in Z(S). 

Now if W is any submodule of M containing S, then each ele- 
ment of L(S) must be in W because W is to be closed under scalar 
multiplication and addition. Therefore L(S) will be contained 
in W. 

Hence L(S)=(S) i.e., L(S) is the submodule of M generated 
by S. 

§ 4. Linear sum of two submodules. Definition. Let A and 
B be two submodules of an R-module M. Then the linear sum of 
the submodules 4 and B denoted by 4+ is the set of sums a+b 
such that a@A, bE B. | 

‘Thus 4+ B={a+b: a&A, b&B}. 

Theorem. Jf A and B are submodules of an R-module M, then 
A+8 is also a submodule of M. 

Proof. Let c=a,+6,, d=as+b. be any two elements of 
A+B. Then a, a, © Aand d,, by & B. We have c—d=(a,~+ 6;) 
' —(dg+B2)=(a1—4@2)+(b1—b2). Since Ais an additive subgroup 
of M, therefore a,, a, € A > a—a, € A. Similarly } -—boE ZB. 
Therefore (a,—a2)+(6,—b2) @ A+B. Thusc, d © A+B=> c—d 
cE A+B, Therefore A+3:is an additive subgroup of M. 

Now let r © Rand c=a,+5, G A+B. We have 
re=r (a,+5,)=ra,+rb;. Since A is a submodule of M, therefore 
rER,a € A> ra, GA. Similarly rb, Ee B. Thus ra+rh € 
A+B. In this way r © R, ¢ € A+B=> re € A+B. Hence 
A+B.is a submodule of M. . 

§ 5. Direct sum of submodules. Module as a direct sum of 
submodales. Definition. Let M be an R-module and M,, Me,..., Ma 
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be submodules of M. Then M is said to be the direct sum of M, 
M,,..., Ma if every element aj M can be written in one and. only . 
one way as @=a,+2+...+4, where aiGMi, axeMza, .., neMn. 
Afa module M is a direct sum of its submodules M, and Ms, 
then we should have not only M=M,+M, but also that each 
_element of M can be uniquely expressed as sum of an element of 
M, and an element of Mz. Symbolically the direct sum is repre- 
sented by the notation M=M,@ Mz. 
Theorem. The necessary and sufficient conditions for a module 
M to be a direct sum of its two submodules M, and Ma are that 
(i) M=M,+M2 
and (ii) M,1Mz={0}. 
The proof of this theorem has been left for the reader. 
§ 6. Homomorphism of medules or linear transformations. 
Definition. Let Mf and N be two R-modules. A mapping T 
from M into N is called a homomorphism (or R-homomorphism or 
module homomorphism) if 
(i) Tim+ms)ST(m1)+T(m) ¥ m, meM 
(ii) T(rm)=rT(m) ¥ reR, meM. 
If Tis a homomorphism of M onto N, then AN is called a 
homomorphic image of M. . 
lf T is a homomorphism of M into N and if the mapping T is 
one-to-one, then T is called an isomorphism of M into N. 
Note. Sometimes the image of m under T i.e., Tm or T(m) 
is also written as mT. 
Theorem 1. Jf T is a homomorphism of an R-module M into an 
R-module N, then 
(1) 1(0)=0, 
(ii) T(—m)=—T(m), 
(dit) Tm — me) = T(1m1) — T(me) for all im, ny, meM. 
The proof of this theorem has been left for the reader. 
Kernel of a homomorphism. Definition. Let T be a homomor- 
phism of an R-mmodule M intoan R-module N. The ermal K(T) of 
T is defined as : 
K(T)={meEM : T(m)=0 where 0 ts the identity element of the 
additive group N}. 
Theorem 2. The kernel of a noeneainiien isa submodule. 
Proof. Let K(T) be the kernel of the homomorphism T jof 
an R-module Minto an R-module N. : Then K(T)={m © Me 
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'T(m)=0}. To prove that K(7) is a submodule of Af. Since: 
T(0)=0, therefore at least 0 & K(T). Thus K(T) is a non-empty 
subset of M. 

- Now. let mi, mg @ K(T). Then 7(m)=0 and J(m,)=0. 
We have T (m—)=T (m)—T (m,)=0—0=0. Therefore 
my—im, € K(T). Thus K(T) is an additive subgroup. of M. 

Again letr © Randm © K(T). Then T(m)=0. We have 
T(rm)=r T(m)=r0=0. Therefore rm © K(T). Hence K(T) isa 
subunodule of M. 

Theorem 3. The range of a homomorphism is @ submodule. 

Proof. Let T be a homomorphism of an R-module Minto an 
R-module N. Let J(T) denote the range of 7. Then KT)={T(m) : 
m © M}. To prove that 1(T) is a submodule of N. : 

Let T(m,), T(mz) be any two elements of J(7) where mm, mae M. — 
We have T (m,)—T (mta)=T (m—m:) © KT) since m—meM. 
Therefore I(T) is an additive subgroup of N. 

Again letr. be any element of R and 7(m) be any clement of 
I(T) where me@M. We have r T(m)=T(rm) & I(T) since rm © M. 
Hence I(T) is a submodule of N. | 

Theorem 4. Let Tbe a module homomorphism. Show that T 
is an isomorphism if and only if K(T)=(0). 

Proof. Let 7 be a homomorphism of an R-module M into 
an R-module N. First we shall’prove that J is an isomorphism if 
kernel of T i.e., K(T)=0. If m, ma © M, then 

T(m,)=T(ms) > T(nm)—T(m:)=0 = T(m, —m_)=0 

=> m—m, & K(T) > m—m,=0, since K(T)=(0) 
=> m=, => T is one-to-one > T is.an isomorphisn. 

Conversely suppose that Tis an isomorphism i.e., T is one- 
to-one. Thento show that K(T)=(0). LetmG@K(T). Then 
T(m)=0=7(0). But T is one-to-one. Therefore 7(m)=T7(0) gives 
m=0. Thus m@K(T) = m=0. Hence K(T)=(0). : 

§ 7. Quotient modules. Let 4 be any submodule of an 
R-module M. Then A is a subgroup of the additive group M. If 
meM, then A+m is a coset of Ain M. Let M/A denote the set 
of all cosets of Ain M fe., let M/A={A+m- We 
know that if A-+m and A+, are two cosets of A in M, then 
A+-m=A+in, <> m—m, & A. Now we shall give a module 
structure to the set M/A over the same ring R. For this we shall 
have to define addition in A4/4 and multiplication of an element 
of M/A by an element of R i.e., scalar multiplication. 


476 Modern Algebra - 


Theorem 1. [f A is any submodule of an R-module M, then 
the set M|A.of all cosets A+-m where mis any arbitrary element of 
M, is a module aver R for the addition and scalar mujtiplication 
compositions de, ined as follows : == 

(A+m,)-+(A+m,)= M,+mMs) ¥ mh, mc M 

r(A+m)=A+rm ¥ reER, meEM. 

The R-module M/A is called the Quotient module of M rela- 
tive to the submodule 4. 

For proof of this theorem proceed as in theorem on page 441 
in the chapter 6 on vector spaces. 

Theorem 2.. Suppose M is an R-module and Aisa submodule’ 
of M. Let T be mapping from M into M|A defined by T(m)=A+m. 
“im GM. Then Pis an R-homomorphism of M onto M[4 and 
kernel T=A 

Theorem 3. Fundamental theorem on homomorphism of mo- 
dules. 1f T is a homomorphism of an R-module M onto an R-module 
N with K(T)= A, then N is tsomorphic (as a module) to M|A. 

The proofs of both these theorems have been left for the reader. 
°§8. Cyclic modules. Definition. An R-module Mis said to 

be cyclic iftthere is an element moGM such that every mEM is 
of the form, m=rm, where reR. Also m, is called a generator of 
M and we write M=(m)). (Meerut 1991) 

For R, the ring of integers, a -eyclic R-module is nothing 
more than a cyclic group. 

Theorem. Let M be a unital. R-module and for a fixed element 
meEM let A={rm:rGR}. Then Alsacyclic submodule of M 
generated bym. - 

The proof of this theorem has been left for the reader. 

§ 9. Finitely generated Modules. Definition. An R-module M 
is said to-be finitely generated if there exist elements a), Qz,...,@nGM 
such that every m In M is of the form m=r,0,+reds+... +1 nda where 
1, [ar --+9 tn GR. 

Now we come to the main theorem of this chapter. This 
theorem is known as the fundamental theorem on finitely generated 
unital modules over Euclidean rings. 

Theorem. Let R be a Euclidean ring; then any finitely gene- 
rated R module, M, is the direct sum of a finite number of cyclic 
modules. . (Meerut 1991) 

Proof. It is given that 4 is a finitely generated R-module 
where R is a Euclidean ring. We shall call those generating sets 


om 


a 
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Which have as few elements as possible minimal generating sets and the 
number of elements in such a minimal generating set the rank of 4. We 
shall prove the theorem by indication on the rank of M. 


To start the induction we see that if M is of rank |. then M is 
generated by a single elements and so & is cyclic and the theorem 1s true. 
Now assume as our induction hypothesis that the theorem is true for all 
R-modules of rank k—1. If M is a R-module of rank k. we are to show that 
the theorem is true for M. 


If for any given minimal generating set c,,c5,...... c, of M, any 
relation of the form 7 ¢ +% c)+..+% c =0 (7; ER) implies that 
hy C) =r Cy =...=% Cc, =0, then obviously M is the direct sum of M,, by 
c,. So in this case we are left nothing to prove. Consequently, given any 
minimal generating set b,,b,,....,.b, of M, there must be elements 
Tyo Py ys++e9% Of R such that 7, b, +7 by +....+%, b, =O and in which not all 
of F, by, % 55,....,% 5, are 0. Among all possible relations of this type for 
all minimal generating sets let s, be the element of R whose d-value d(s, ) 
is minimal. Let the generating set for which it occurs be a, @5,...,a,. 
Thus | 


5} a; +S ay +... 5) arp =0 (1) 
Now we claim that if 
a) +h ayt..+H a, =0 ...(2) 


then s, is a divisor of 7,. Since s,,7 are elements of a Euclidean ring R, 
therefore there exit m, te R such that r, =ms, +t where either t=0 or 
d(t) < d(s, ). Multiplying (1) by m and subtracting from (2), we get 
(7% — ms, Ja, +(% — mS, )ay +....+(m, — ms, Ja, =0 

or ta, + (tr — MS, )az+t....+(% — ms, ja, =0 ...(3) 

If t #0 then d(t) <d(s,) and so the relation (3) contradicts our 
choice of s,. Therefore. we must have ¢=0. Then 7 =ms, +t gives 
F, = ms, and so 5,is a divisor of 7. 

‘Our next claim is that s, is a divisor of s,, for i=2,3,......., 4. Let us 
show that s,|s). Since s,,s, are elements of R, therefore there exist 
my, t, €R such that s, =m,s, +t, where either t, =0.or d(t, ) < d(s, ). 
Now a,’= a, + 77,42 43........ a, also generate M. 

We have . 
| S14! +o Ay +5303 +....+5,4, . 
= 5, (a, + M742) + tay +5343 +.....+5,4, 
= $a, + (Sym +ty ay +5343 +.....+5,4, 
= $4) +847 +....+5,4, =0. — - (4) 
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If t3£0, then d (#2) <i d(s,). Therefore the relation (4) i.e., 
510y! + feat... +5%a€x==0 contradicts our choice of s;. So we must © 
have fs=0 and this makes ss=mzs, and thus 5, | 52. Similarly we 
can show that 5; | 5), i=3, 4,...,k. Let us write sg=1t25, Ss= 351, 
oo Sk == INES. 

Consider the set a,*, 9, ag,...,@, where a,*=a,+2a3+...+ 
Mk. Obviously. a:*, d2,..., a generate M: Let M, be the cyclic 
submodule of M generated by a,* and Mz be the submodule of 14 
generated by ay,....ax. Weclaimthat M@=M, @ Mz. For this 
we are to show that M@=M,+M, and M, 1) Mz=(0). Since M is. 
generated by 4%, do,...,a%, therefore M@=M,+M:2. Now let 
B © M, 1) My. ThenB © M,, B © Mg. Since B © Mi, therefore 
p=r,a;* for some r, © R. Also B © Me>B=roae+...+reae for 
some ra,..., rx, & R. From these we get 

714;* =FoQe+... + riak 


> 110,;* —fgdg—-... —TKaK=0 
> ry (Git mgde+ ... FIM AK) — Pad — --. —TkOK=0 
(> MG t(ryMe— rs) Geb... (rime te) =O. «--O) 


In the relation (5) between ay...., ax the coefficient of a; is rn. 
Therefore by what we have proved above s, is a divisor of 1. 
Let r;=ps, where p © R. We have 

. B=ra,*=(ps;) a,*=p (s,41*) 

=p [Sy (ai-+mgae+ ...+eAx)] 
=p [$141 + S\Mad2+...+ S11 Ax] 
=p (5\0,+ Soda... +540%)=p0=0. 

Thus 8B € M, 1) M. > B=0. Therefore M1 1 Me=(0). 

Hence M@=M, q Mz. Now Mz is generated by ay,..., Ak. 
Therefore rank of Mz is at most k—1. So by our induction 
hypothesis M, is the direct sum of cyclic modules. Hence M is 
the direct sum of cyclic modules. The ptoot of the theorem is now 
complete by induction. _ 

Corollary. Any finite abelian group is the direct product (sum) 
of cyclic groups. 

Proof. Let G be a finite abelian group. Then G is an 
R-module if Ris the ring of integers [See example | page 469). 
Obviously G is finitely generated, in fact G is generated by the 
finite set consisting of all its elements. Also the ring of integers 
is a Euclidean ring. Therefore by the above theorem G is the 
direct sum of cyclic submodules: -: But acyclic module over the 
ring Of integers is nothing more than a cyclic group. Hence G 
_ is the direct sum of. cyclic groups. 
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Solved Examples . 


Ex. 1. Let M bean R-module. Show that if lisa right {deal . 
of R, then the totality of elements y © M such that by=0, for all 
b & Its a submodule of M. “ 

| Solution. Let A={y: y © M and by=0 for all b & J}. To 
show that A is a submodule of M. Let yi, ys & A. Then 6y,=0, 
by,=0 for all’ © I. For all 6 © J, we have b (Yi —Ya) =byi — bye 
=0—0=0. Therefore yi—ys G A. Thus Ais an additive sub- 
group of M. 

Now letr © Rand y & A. Then by=0 for all be ir 

If b is any element of J, then br & / because / is a right ideal 
of R. Now &(ry)=(br) y=0 beacuse br G J and by=0 for all 
bel. Thus bd (ry)=0 for allb © J. Therefore ry © A. Hence 
A is a submodule of M. . 

Ex. 2. Prove that any unital, irreducible R-module is cyclic. 

Solution. Let M be a unital irreducible R-module. Then the 
only submodules of M are (0) and M itself. To prove that Mis 
cyclic. If M=(0), then obviously M is cyclic. So let us take 
M+(0). Let m € M and let m40. Let A={rm, : r © R}. Then 
obviously 4 is a submodule of M. If 1 is the unity element of the 
ring R, then M is unital implies that lm,=m,. From our defini- 
tion of A we sce that lay=m, € A. Since m,40, therefore A is 
a submodule of M’such that 4(0). But M is irreducible. There- 
fore we must have A= M. Thus M={rm,:r & R}. Therefore if 
m is an arbitrary element of M, then m=rmy) for some reR Thus 
M is £yclic. 

“Ex. 3. Let M bean R-module ; ifm © M let d (m)= (xER: 
xm=0}. Show that A (m) is a left ideal of R. 

Solation. Let.x;, x2 © A (m). Then x,:m=0 and xym=0. We 
have (x,;—3) m=x,5m—xm=0— —0=0. Hnetetore bch) © A(m). 
Thus A (m) is an additive subgroup of R. 

Now let r © Rand xeA (m). Then xm=0. We have (rx)in= 
Fr (xm)=r0= 0. Therefore rx e A(m). Hence A () is a left ideal 
of R. 

Ex. 4. If A ts a left Ideal p Rand M is an R-module sho-yv thai 
for m & M, An={xm ; x © A} is a submodule af M. 

Solution. Let x,m and xgm be any two elements of Am. Then 
Xi, Xs GA. We have xm—x.2m=(x,;—X3) m E A(m) because 
Xi, Xe EG A and A is a left idcal implies that x,—x, €.A. Thus Am 
is an additive subgroup of M. 
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Now let r © Rand xm € Am. Then x © A. We have r (xm) 
=a(rx) m © Am because r © R, x € A and Aisa left-ideal implies 
that rx © A. Hence Am is a submodule of M. . 


Exercises 


1. Suppose that R isa ring with unity and that M is a module 
-over R but is not unital. Prove that there exists an m0 in 
M such that rm=0 for all r © R. 

2. If Mis an irreducible R-module prove that either M is cyclic 
or that for every m © Mandr & R, rm== : 

3. If A and 8 are submodules of M prove that 

: (A+ B)/B is isomorphic to A(A N B) | 

4. Let M, N, O be three R-modules, and let 7 be a homomor- 

phism of M into N and S a homomorphism of N into Q. 

Define ST: M->Q by (ST) (m)=S[T (m)] for any m & M. 

Prove that ST is an R-homomorphism of M into Q and deter- 

mine its kernel, K (S7). 

'§. Let M bean R-module and let E(M) be the set of all R- 

homomorphisms of M into M Make appropriate definitions 

of addition and multiplication of elements of E (M) so that 

E (VM) becomes a ring. 
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Extension Fields and Galois Theory 


A field is a commutative ring- with unit element in which 
every non-zero element possesses a multiplicative inverse. If Fi is 
a field and 04a, b&F, then a-' bis sometimes also written as. 
bja. There is no ambiguity i in writing a~! 6 in this form because 
in a field a~'b=ba~), We say that b/a is an element of F obtained 
on dividing 6 by a. Thus a field is a commutative ring in which 
we can divide by any non-zero element. This chapter will be 
devoted to a s.udy of the theory of finite field extensions and 
also we shall have some discussion on Galois theory. 


§1. wicld extensions. Definition. Suppose Fis afteld. Then 
afield K is said to be an extension of F if F is a subfield of K. 
(Meerut 1981, 84, 87, 88, 89) 
In the chapter on vector spaces we have shown that if Fisa 
subfield of a field K, then K can be regarded as a vector space 
over F under the ordinary field operations in K. The dimension 
of the vector space’ K (F) will play an important role in this. 
chapter. Throughout this chapter K will denote an extension of F. 
Degree of a field extension. Definition. 
(Meerut 1981, 84P, 86, 88, 89, 90; ‘Vikram 77). 
Let K be an extension’ of the field F. The dimension of K as a 
vector space over F i.e., the dimension of the vector space K (F) is 
called the degree of K over F. We shall always denote the degree 
of K over F by [K: F]. . 
Finite field extension. Definition. (B.H.U. 1987; Kanpur 71) 
Let K be an extension of the field F. Then Kis said to bea’ 
finite extension of F if the degree of K over F is finite. Thus K'is 
a finite extension of F if the vector space K(F) is finite. .dimen- . 


sional. 
In this chapter we shall devote particular attention to finite 


field extensions because of their importance in the study of the 
theory of equations. Before proceeding further we want to give. 
some illustrations of field extensions. | 
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Illustrations. 
; 1. If F is any field then F can be regarded as a subfield of 
'F, Therefore F can be thought of as an extension of F. The 
_ dimension of-the vector space F(F) is one. In fact the unit 
element | of F is a basis of this vector space. Thus the degree of 
F over F is one i.¢., (F ; FJ=1. 

(2, The field C of complex numbers is a finite extension of the 
field R of real numbers.. ‘Also -we have [C : RJ)=2. The set {I, i} 
where j=4/(—1) isa basis of the vector space C(R). If a, bER, 
then a al+ bi=0>a=0, b=0, 

Therefore the set {1, i} is linearly independent over R. 

Also if a+ibeC, then a+ib is a linear combination of 1, i 
over R. Thus the set {1, i} generates C(R). Therefore the set {1, i} 
is a basis for the vector space C(R). (Meerut 1980) 

_ 3. Let-Q be the field of rational numbers. The field 
Q(/2)= {a+ by/2 : a, bE Q} is a finite extension of Q. We have 
[O(/2) : Q]=2. In fact the set {1, v2} i is a basis of Q(/2) 


regarded as a vector space over the fiel 

’ 4. The field © 

QV 2, 3)={atbV2+ceV/3+d/23 : a, b, ¢, deQ} | 
is a finite extension of Q. We have (Q(4/2, 4/3): Q]=4. As can 
be easily seen the set {], 4/2, +/3, +/2+/3} is a basis of Q(4/2, +/3) 


thought of as a vector space over the field Q. 
(Meerat 1981, 82, 88, 89) 


. §2. Transitivity of finite extensions. 
' Theorem 1. If L is a-finite extension of K and if Kis a finite 
extension of F, then L is a finite extension of F. Moreover, 
(Li FJ=[L : K)[K: F). 
(Agra 1986; Jabalpur 86; Meerut 80, 82, 83P, 84P, 86, 87, 88, 
89, 90; Kanpur 86, $8; B.H.U. 88; Madurai 88: 
G.N.D.U. ‘Amritsar 86; Vikram 76) 


Proof. Let X be a subfield of Land F be a subfield of K i.e., 
LQKoF. Let (L: Kj=m and [(K: Fl=n. 
Suppose a, &¢,...,0m is a basis of L over K and fy, Bs,...,Bn is 
_a-basis of Kover F. Then a,...,amGZ and #y,...,8,EK. Since 
KGL, therefore f;,...,.8.€L. Consequently the mn elenients «iB, 
where i=1,..., m, j=1,..., m are all in Z, We shall prove that the 
- set of these mn elements forms a basis of Z over F. Then we shall 
have [L : F]=mn ie., L will also be a finite extension of F and 
also we shall have (LZ : F}]=[L : K] [K: F). 
Thus the theorem shall be proved. 
_ First, we shall snow that the set {aiB)} generates L over F. Let 
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y be any element in L. Since {a1,..., am}-is a basis of L(X), there- 
fore y can be expressed as a linear combination of O1y-055 Om OVE 
the elements in X. So we have OS 
y= = kins, ksEK. . # (1) 
Now k, & K and {f,,...,Bs} is a basis of K(F). Therefore we have 
Krom E fis Bi Sy €& F. » seee(2) 
From (1) and (2), we have 
; m a m oR 
y= 2 (2 fy B) a= Z SF fry (mB), fry € &. 
iwl = jal ial jul 
Thus y is-a linear combination of the elements a8, over F, 
‘Therefore the set of mn elements By generates the vector space 


. L(F). Now we shall show that the set {«,8;} is linearly independent. 
over F. We have — 


m n : ms n : . 
Zz i Sis (8))=0; fy EF > z @ Sy By) a1=0 


es E fi B)=0 for i=1, .., m, since {a1,..., am} isa basis of 
» 2 a 


L(K) and each f;, 8) & K 
> fy=0 fori=l,..., m,j=1,..., " since {B1,...» Ba} is a basis 
| of K(F) and each fi, © F 

> the set {«,8)} is linearly independent over F. 


Hence the set {a,8,} is a basis of L over F. This proves the 
theorem. | 


Theorem 2. If L is a finite extension of Fand if K is a sub. 
Sleld of L which contains F, then (K: F)|(L: Fie, (K: Flisa 
divisor of (L: F). ? i 

Proof. Let L, K, F be three fields inthe relation LQKo2F. 
Suppose further that [Z : F] is finite and ‘is equal to. n. Let - 
{a1,..., &n} be a basis of LZ over F. ‘Then {a3,..., pe} generates L' 
over F. Since K 2 F, therefore. any! linear. combination of 
%1s--+» &n Over F will also be a linear combination of a;,..., 0. 
over K. Therefore the set {a;,..., @} also generates L over K 
though it may not be linearly independent over K, Since L(K) is 
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generated by a finite set, therefore it is a finite dimensional 
vector space and s:> {z.: K] is finite. Further K(F) isa subspace 
of L(F). Since [L : : ] is finite therefore [K: F] is finite. Recall 
that each subspace of a finite dimensional vector space is also 
finite dimensional. Now by theorem (1), we have 


(£: F)=(L: K)(K: F) > (K: F) is a divisor of [LZ : F]. 
Note. From theorem (2) we ‘conclude that if(Z: FJisa 
prime number, then there can be no field K properly contained 
between L and F. In other words if (Z : F) is prime and K is any 
subfield of ZL containing F, then either we have K=L or we have 
K=F. 
§ 3. Field adjunctions. Suppose K is an extension of a field 
F. Leta & K. ‘Suppose C is the collection of all subfields of K 
containing both F and a. C is not empty because at least XK itself 
is in C. Now the intersection of an arbitrary collection of sub- 
fields of K is also a subfield of K. Let F(a) denote the intersection 
of all those subfields of K which are members of C. Then F(a) 
is a subfield of K. Obviously F(a) contains both F and a because 
each member of C contains both F anda. Thus F(a) is a member 
of C. Further if Eis any subfield of K containing both F and a, 
then F(a) will be contained in Z. The reason is that F(a) isthe 
intersection of the members of Cand E isa member of C. Thus 
F(a) is a subfield of K containing both F and a and itself is con- 
tained in any subfield of K containing both F anda. Therefore 
F(a) is the smallest subfield of K containing both F anda. We call 
F(a) the subfield obtained by adjoining ato F. Here a has been 
adjoined to F and the process is called field adjunction. 
Constructive description of F(a). Suppose K is an extension 
: . ] —1 
of a field F. Let a © K. Let val Eee the ky 
and I, are elements in F, a"+-/,a"~? +-...-+-Jm i8 not equal to the 


zero element of K and n, m are any non-negative integers 
Obviously U is a subfield of K. It can-be easily seen that 
(i) a, BEU = a—BEU 
Wi), '2eU, 04BEU > ofpeu. 
. Thus Uis a subfield of K. We claim that U= F(a). 


- Obviously U contains both F and a, Therefore U isa subfield 
of K containing both F and a. - This implies that UD F(a). 
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Further any subfield of K which contains: both # anda, by 
virtue of closure under addition and multiplication, must contain 
all the.elements ka" +k,a"~"-+ ...+-k, where each ki F. Since 
F(a) isa subfield of K containing both F and a, therefore F(a) 
must contain all such elements. Being a subfield of K, F(a) must 
also contain all quotients of such elements. Therefore F(a) must 
contain 'U t.e:, F(a) 2.U. 

_ Now U 2 F(a) and F(a)DU = U=F(a). 
| Simple field extension. Definition. The extension K ofa field 
F ts called a simple extension of F if K= F(a) for someainK, |. 
_ (Meerut 1981, 82, 83, 87; B.H.U.'87) 
Let K be an extension of a field F. Leta, bEK. Let T= F(a). 


Since F(a) is a subfield of K, therefore Kis also an extension of . 


F(a). Let W be the subfield of K obtained by adjoining 5 to F(a). 
Then W=(F(a)) (6). We shall write (F(a)) (b) as Fla, 5). Simi- 
larly we can describe F(d, a). We have 
F(a, b)=(F(a)) (b) | : 
=the smallest subfield of K containing both F(a) and b 
=the smallest subfield of K containing F,a and b be. 
cause any subfield of K which contains both F and @ 
: must contain F(a). | 
' Similarly F(b, a)=the smallest subfield of K containing F, a 
and 5, . es 
Since the subfield of K: generated by F, a and b is unique, 
therefore F(a, b)=F(b, a). Bg 
Thus F(a, 5).is the subfield of K obtained by adjoining both 
a and b to F. 
Similarly if a1, @2,..., dn &-K, then F (4;, Gay...) Ga) will be - 
described as the subfield of K generated by F,ay,...,a,. In other 
words F (ay, dg,..., an) will be the smallest subfield of K contain- _ 
ing F as well as a,, Q2,..., An. 
§ 4. Algebraic field extensions. : 
Let g(x) © F [x], the ring of polynomials in x over F. Let 
q(x)= AX XM IL tan, 
Suppose b&K where K is any extension of F. Then by q(b) 
we shall mean the element Hob™ La bmmly +m in K. Sometimes 
q(5) is also called the value of q(x) obtained by substituting 5. 
for x. The element 6 is said to savisfy g (x) if q(b)=0. Also then 
we say that 5 is.a root of q(x). 
Algebraic element. Definition. Let K be an extension of a 
field F. An element a & K is said to he algebraic over F if there is. 
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a non-zero polynomial p(x)GF[x] for which p(a)=0. (Kanpur 1980) 
In other words a&X is said to be algebraic over F if there 
exist elements f,, fi...» Bx in F, not all 0, such that 
Ba" + B:a"-* +... + Ba=0. 

, Transcendental element. Definition. Let K be an extension of a 
field F. An element aGK is said to be transcendental over F Uf it ts 
not algebraic over F. . (Meernat -1987) 

Definition. 4 complex. sinter is said to be an algebraic num- 
ber if it is algebraic over the field of rational numbers. 

A complex number which is not algebraic is called transcen- 
dental. The number e is transcendental. - 

Minimal ‘polynomial of an algebraic element. Definition. - Let 

K be an.extension of a field F. Leta K be algebraic over F. 
Suppose p(x) ts a polynomial over F of lowest positive degree satis- 

fied by a. ‘Then p(x) ts called a minimal polynomial for a over F. 

(Meerut 1987) 
Let us impose the restriction on minimal polynomial for a 
over F that it should be monic i.e., that in it the coefficient of 
highest power of x should be 1. Then we can speak of as the 
minimal! polynomial for a: over F because it will be unique. 
Theorem 3. Let a&K be algebraic over F. Then any two mini- 
mal‘ monic polynomials for a over F are equal. (Kanpur 88): 
Proof. Let x*+-a,x"-!+...+a, and x*-+f)x7-?+.. +Ba be 
two minimal monic!polynomials for a over F. Then 
a? + 0,09) +... pag j= a"+ Ban"? +...-+Bp 
> attasar-t+,..-on=—a"+f,a" +... 4+Bn 
=> (%,—f1) a"-!+-(a%g—Bs) a@-2+...+(an— Bn) =0 
=> a Satisfies the polynomial g(x) =(«: —B:) x"-!+... + (@a—Ba) 
belonging to F[x] 
=> g(x) must be the zero polynomial because minimal polyno- 
mial for a over F is of degree n while q(x), if it is not the 
zero polynomial, is of degree less than n 
> a:—f,=0,..., &n— Pyp=0>01=A,..., On=Pn . 
> X® fox... page X™+ Bix! +... + Be 
This completes the proof of the theorem. 
Irreducibility of minimal polynomial. 
Theorem 4, Let a &_K be algebratc over F and let p(x) be a 

minimal polynomial for a over F. ane p(x) is trreducible over F. 

(Meerut 1986, 90) 
Proof. Suppose. p(x) is a polynomial in F{x] of smallest 
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positive degree such that p(a)=0. Suppose p(x) is not irreducible 
over F. Then p(x) can be resolved into non-trivial factors. Let 
P(x)=f(x) g(%) where f(x) and g(x) are polynomials, of positive 
degree in F[x] and each of them is of degree less than that of 
P(x). We have : 
P(@)=f(a) g(a) > 0=f(a) g(a) (‘." - @ satisfies p(x)] 
=> f(a)=0 or g(a)=20 
=> a satisfies f(x) or g(x) 
=> p(x) is not a minimal polynomial for a over F because 
deg f(x) < deg p(x) and deg g(x) < deg p(x). 

Since p(x) is a minimal polynomial for @ over F, therefore our 
assumption that p(x) is not irreducible over F is wrong. Hence 
P(x) must be irreducible over F. . 7 

Degree of an algebraic element. Definition. Let K be an exten- 
sion of the field F. The element a&K is said to be algebraic of degree. 
n over F if it satisfies a non-zero polynomial over F of degree.n but 
"0 non-zero polynomial of lower degree. (Meerut 1987) 

Thus a © Kis algebraic of degree n over Fif the minimal 
Polynomial for a over F is of degree n. . 
Algebraic extension Definition. The extension. K of F is called 
an algebraic extension of F if every element in K is algebraic over F. 
(B.H.U. 1987) 
If there exists a@K such that a is not algebraic over Ff, then 
K is called a transcendental extension of F. 

The field C of complex numbers is an algebraic extension of 
R, the field of real numbers. 

The field R of real numbers is not an algebraic extension of 
the field Q of rational numbers. In fact x is an element of R 
which is not algebraic over Q. It was provéd by Hermite in 1871 
that there exists no non-zero polynomial witb rational coefficients 
Satisfied by z. oe 

If F is any field, then F is an algebraic extension of F. If 
aéF, then a satisfies non-zero polynomial 1x—a in F[x]. 

Theorem 5. Let K be an extension of G field F and letae K 
be algebraic of degree n over F. Then — ‘ _ 

F(a)={Bo+B1a+ Bsa*+...-++Bp-s a7): Bos Bases Bar EF}. . 

Also the expression for each element of F(a) in the form 
Bot+fia+...+Bn-1 a"-! is unique, o 

Proof. Ifn=1, then a © F. Therefore in this case F(a)=F 
and the result of the theorem is obviously true. . ee 8 
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So let us take n>1. Since a&X is algebraic of degree n over 
_ F, therefore the minimal polynomial for a over F is of degree n. 
Let p(x)=x"-+a,x""!+4... on be the minimal polynomial for a 
over F, Then 
a" -+aa"-)-++...+-an=0 
> ats — (4,0)... Fen) w(1) 
> antl —(a,a"--aga" weet On). . 
= > [on multiplying both sides by a) 
> arta —[—ay (aa +... ban) + Goa"... ona] 
[putting the value of a, from (1)] 
= a") isa linear combination of the elements 1, @,..., a 
over F. : 
_. Continuing the above process we can show that a’**, for 
“é>0, is a linear combination over F of 1, 4,...,a"""- 
Now let T={Bo+fiat...+ Baa" i : Bos Bis-+> Bn-rGF}. 
We shall show that T=F(a). For. this we shall first prove 
that T isa subfield of K. | 
Let u=BytBidt---+Bn-a "72, V=YotHat..- TYn-1 a‘-! be 
any two elements in 7. Then 
U—v=(Bo—Yo)+ (Pi—”1) a+...+-(Ba-1—Yn-1) ae. 
Now let O-u=fot fiat... +Ba—1 a"! be in T. 
Let q(x)=Bo+Pix+..-+Bn-1 x°-1EF[x). Then g(a)=u40. 
We claim that q(x) is not a divisor of p(x). Because if 9(*) 
is a divisor of p(x), then we must have p(x)=(aox-+ a1) q(x) where 
a,X+ a, is @ non-zero polynomial in F(x]. 
Putting xa in this relation, we get 
p(a)=(a0a+ a1) 92) 
=> 0=(a,4+41) 9(a) {‘. p(a)=0) 
> By +ai=0 ; [°. q(a)#0) 
> a satisfies a polynomial a,x-+-a, of degree 1 over F because 
deg p(x)=n which is > 1. | 
Therefore g(x) is not a divisor of p(x). Since p(x) is irre- 
ducible over F, therefore g(x) and p(x) must be relatively prime. . 
Consequently we can find polynomials s(x) and 1(x) in F[x) such 
that p(x) s(x)-+-4(x) «(x)=1. Putting x=a in this relation, we get 
P(a) s(a)+4(@) t(a)=1 
=> g(a) t(aj=1- [°° p(a)=0) 
> — ut(@)=1 | [.. ga=u) 
=> t(a) is the inverse of u. 
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Now in ¢(a) all powers of a higher than 2—1 can be replaced 
by linear combinations of 1, a, ..., a"-' over F. 

Therefore t(a)@T. Thus t(a)=u— ET. 

Now in the product u-*v all powers of a higher than 2—1 
can be replaced by linear combinations of 1, a,..., a"-’ over F. 

Therefore 04u, vET > u-vET. Thus T is a subfield of K. 

Now from the definition of 7 it is obvious that both F and a 
are in J. Also by virtue of closure under addition and multipli- 
cation any subfield of K which contains both F and a@ must con- 


tain 7. Thus 7 is the smallest subfield of K containing both F 
and a. Hence T=F(a). = 


Now let u&@7. Further let u=8,+/:a+.. lias a"-! and also 
U=Yo+ViG+...+yn-1a"". Then 
Bo+Pi@+...+Bn-14"- lesyytyiat+...+yn-1a"! 
> (Bo—yo)+(Bi—v1) a+... +(Ba-1—Yn-1)0°-'=0 
=> a satisfies the polynomial 
h(x)=(Bo—vo)+ (Bi —41) X+--- + (Br-a—yn—1) X"™ 
belonging to F[x] 
=> h(x) must be the zero polynomial because otherwise a will 
/ not be of degree n over F 
[Note that if 4(x)30, then deg h(x) <n) 
> Bo—yo=0, B1—71 = 07... +» Ba-1— Yn-1=0 
oj: Bo=7oy Bi=15-. +> Baw =Yn-1 
=> the expression for uin the form 6, +f:a+...+Bn-10""' is 
unique. 


Theorem 6. Let K be an extension of afieli FandleieaeGk 
be algebraic over F. Suppose a satisfies an irreducible polynomial 
P(x) in F(x}. Then p(x) must be a minimal polynomial for a over F. 
Proof. Let M={ f(x)GF(x) : f(a)=0}. We claim that M is 
an ideal of F(x). The proof is as follows : 
Let f(x), 9(x)EM. Then f(a)=0, g(a)=0. 
Let s(x)=f(x)—g(x). Then s(a)=f(a)—g(a)=0—0=0. 
. S(xX)EM. 

Also let f(x)EM and A(x)GF{x]. Then f(a)=0. 

‘Let &(x)=f(x). h(x). Then t(a)=f(a).h(a)=0. moe: 
. t(xyeMm, 

Hence M is an ideal of F{x). Obviously 4F[x]. Because 
if f(x)=1E F(x], then f(a)—1 40. 
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Thus f(x)=1 is not in M. Therefore M#F[x]. 

Now p (x) is an irreducible polynomial in F{x]. Therefore 
the ideal N=+ p (x)) of F(x] generated by p(x) is a maximal ideal 
because F [x] is a Euclidean ring. We have p(x) G M because 
it is given that p (2)=0. Now if n (x)=m (x) p (x) is any element 
of (p(x)), then n(a)=m(a) p(a)=0. This implies that n(x) is in M. 

Thus N © M. Therefore M is an ideal of F[x] contained bet- 
ween N and F[x]i.e., NG MC Fix}. 

Since N is a maximal ideal and M F(x], therefore we must 
have N=M > M=(p(x)). 

Now suppose that p(x) is not a minimal polynomial.for a over 
F. Let q(x) be a polynomial in F[x) of degree lower than that of 
P(x) and satisfied by a. 

Since ¢(a)=0, therefore q(x) EM. 

9(x)=p(x) r(x) for some r(x) & F(x]. 

But this result is absurd because deg g (x) < deg p(x). 

Hence p(x) must be a minima] polynomial for a over F. 

Theorem 7. Let K be an extenston of a. field F. Then the: 
element a & K is algebraic over F if and only if F(a) is a fintte 
extension of F. er 
(I.A.S. 1971; Kanpur 80; Meerut 81, 82, 83, 84, 90; 

Guru Nanak 88; Banaras 72; Calicut 75) 

Proof. Suppose F(a) is a finite extension of F. Then to prove 
that a is algebraic over F. Let (F(a) : F]=m. Since F(a) is a 
field and a&F(a), therefore the m+] elements 

1, a, a*,..., am, gm 

are all in F(a). Since the dimension of the vector Space F(a) over: 
F is m, therefore these m+1 elements of F(a) .are linearly depen- 
dent over F. So there exist elements Xo; X1, Xe,..., Om E F, not all 
0, such that 
Gol +-aya+aa®-+...-+a,0%=0 are 
> a Satisfies a non-zero polynomial F(X) = Kofax gx? 

&mx™ SF [x] . 
=> @is algebraic over F. 

This proves the ‘if? part of the theorem. 

Now we shall prove the ‘only if’ part of the theorem. It is 
given that a © K is algebraic over Fand we are to prove that 
F(a) is a finite extension of F. Let p(x) be a polynomial over F 
of lowest positive degree satisfied by a. Let degree p(x)=n. Then 
a is algebraic of degree n over F. Therefore i 

F(a)={B)+ 810+ fsa"+...+Bp_1a"-! > Bo, B1,.++ BaF}. 
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From this we see that F(a) is a vector space over F spanned 
by the elements I, a, a®, ...,a"-'. These elements of F(a) are 
also linearly independent over F. Because 

Yol +718 + 20? +... + yn-12"-1=0, with y,EF 
=> a satisfies a polynomial qx) =%5° bX... pyna¥} 

belonging to F[x] 
=> g(x) must be the zero polynomial otherwise p(x) will not be a 
polynomial of lowest positive degree satisfied by a 
{Note that deg p(x)=2 while deg g(x) < n if q(x)%0] 
> yo=0, 71:=0, yo=0,..., Ya-1=0 
=> 1, a, a*,..., a"-! © F(a) are linearly independent over F. 

- Thus the n elements 1, a, a’, ..., a"-! constitute a basis for 
F(a) over F. Hence (F(a): F)=n. Therefore F(a) is a finite 
extension of F. 

Remark. If [F(a) : FJ=m,a is algebraic over F. Let the 
degree of aover Fbe n. Then we have (F(a) : FJ=n. Therefore 
m=n. Hence if (F(a) : F])=m, then a is algebraic of degres, Mm 
over F. 

Theorem 8. Let K be an extension of a field F and let a E K 
be algebraic of degree n over F, Then [F (a): F)=n. (B.H.U. 1988) 

_, Proof. This theorem is nothing but the ‘only if’ part of the 
previous theorem. 

Theorem 9. Every finite extension K of a field F is algebraic. : 

(Banaras 1970; Gojrat 76; Meerut 86,.87, 88, 89; 
I.C.S. 90; Kanpur 87; Guru Nanak 89) 

Proof. Suppose X is a finite extension of F. Then X will be 
an algebraic extension of F if every element a in K is algebraic 
over F. Let (K : F]=m. Since K is a field and a@K; therefore the 
m+1 elements I, a, a%,...,.a%-!, a" are all in K. Since the dimen- 
sion of the vector space K(F) is m, therefore these m+1 elements 
of K are linearly dependent over F. So there exist ‘elements «, 
O15...) nF, not all zero, such that 

Sql +-04-+ aga?+-... +-0,0%=0 
=> @ satisfies a non-zero polynomial 

P(X) Steg beyx+ cigx? +. stamx™ & Fx) of degree at most m 
> a is algebraic over F. 

Hence K is an algebraic extension of F. 

Remark. If [K : F]=m, then each element a in K is algebraic 
over F and the degree. of a over F will be < m. 

Theorem 10. Let K be an extenston of a field F and let a, 
Gy, ..., Qn be n elements in K algebratc over F, 
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Then F (a, ag,..., @n) ts a finlte extension of F and consequ- 
ently an algebraic extension of F. (Meerut 1976) 

Proof. We have 

F ¢ F (a) c F (a, a3) c..G F(a, @z,.-+) Gn) cS K. 

Since a, is algebraic over F, therefore it is also algebraic over 
F(4,, Qg5..., Qe-1) which is a superfield of F. Note that any‘ non- 
- Zero polynomial over F is also a non-zero polynomial over 

F(@,, @a,...5 Ak-1). 

Now ax is algebraic over F(a, @s,..., @x-1) 

=> (F(a, Ga,..., Qk-1)) (ax) is a finite extension of 
F(Q, Q3,..-5 &-1) | 

=> F(@;, Ge,..., Qk-1, Ax) is a finite extension of 
F(a, Agy--05 Qx~1) : 

=> [F(a1, Gay..., ak) : F(ay, de,..., a-1)] is finite, say Ax. 

Now [F(a;, Ga, ..05 Qn) : F) 
=[F(di, Gi,..., dn) : F(@1, Qe, ..., Gn—r)) 

: (F(@1, @e,.... Qn—1) 3 F(@i, Gg, ...) Gn-a))...[F(a1) : F] 
=AnAn—1---Agd,= finite since each A is finite. 

Hence F(a, az, ..., da) is a finite extension of F. Consequen- 
tly F(a), a,..., da) is an algebraic extension of F. . 

Theorem 11. Let K be an extenston of a field F. Then the ele- 
ments tn K which are algebratc over F form a subfield of K. In other 
words if a, b in K are algebraic over F, then a--b, ab, and a/b (if 
60) are all algebraic over F. 

(Banaras 1988; Meerut 73, 76; Madurai 88) 

Proof. Suppose a, b&K are algebraic over F. Since b is 
algebraic over F, therefore it is also algebraic over F(a) which is 
a superfield of F. Note that any non-zero polynomial over F is 
also a non-zero polynomial over F(a). 

Now bis algebraic over F(a) >(F(a)) (5) i.e., F(a, b) is a 
finite extension of F(a): Therefore {F(a, b)': F(a))= finite. 

Also (F(a) : F) is finite because a is algebraic over F. 

Now [F(a, b) : F}=[F(a, b) : F(a)) (F(a) :.F]=finite. 

. (a, 6) is a finite extension of F. Consequently F(a, b) 
is an algebraic extension of F. Now. F (a, b) is a field and 
a, b= F(a, b). Therefore a--, ab and a/b (if 40) are all in F(a, 6). 
So a+, ud, and a/b are all algebraic over F. 

Hence the elements algebraic over F form a subfield of K. 

Theorem 12. Jf @ and b in K are algebraic over F of degrees m 
‘and n respectively, then a-:b, ab and a/b (if b+0) are algebraic over 
F of degrees at most mn. (Banaras 1969) 

Proof. Since a is algebraic of degree m over F, therefore F(a) 
is of degree m over F i.e., (F(a): Fl=m. Again 6 is algebraic of 
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degree n over F. Therefore b is algebraic of degree at most n over 
F(a) which is a superfield of F. This implies that the sub-field 
une) (b) i.e., F(a, b) of K is of degree at most n over F(a) i.e.. 

[F (a, b) : F(a)] <1. 

Now [F (a, 6) : FJ=[F (a, b) : F(a)] (F(a): F) < 

Since (F (a, 5) : F] is finite, therefore F(a, 5) is a nals exten- 
sion of F and so it is an algebraic extension of F. Each element in 
F (a, b) will be algebraic of degree < mn over F. Since F (a, 5) is 
a field, therefore a, 6 G F (a, b) > a-+-b, ab, a/b (if b340) are all 
in F (a, b). Hence a+, ab, a/b, (if 640) are algebraic of degree 
at most mn over F. 

Theorem 13. Transitivity of Algebraic extension, /f L fs an 
algebraic extension of K and K is an algebratc extension of F, then 
L is an algebraic extension of F. 

(1 A.S. 1970; Meerut 78, 84; B.H.U. 87; Madurai 88) 

Proof. Let a be any arbitrary element in L. If we prove that 
a is algebraic over F, then L will be an algebraic extension of F. 

Since a & L and L is an algebraic extension of K, therefore a 
Satisfies some polynomial x7-+-a,x"~!-+-agx"-?-+ ....ce, - where a1, 
- gy...) %, are in K. Now K is an algebraic extension of F. There- 
fore «1, a2,..., %,.are algebraic over F. So 

M=F (a, a)... %n) 
is a finite extension of F. Now aisatisfies the polynomial xP +04x7) 
+...--%, whose coefficients «,, ag,..., % afte in M=F (a), a, ..,0n). 
Therefore a is algebraic over M. Consequently M(a) isa finite 
extension of M. 

Now M(a) is a finite extension of M and M is fa finite exten- 
sion of F. Therefore M(a) is a finite extension of F. So a is alge- 
braic over F. This completes the proof of the theorem | 


Solved Examples 


_Ex. L. Let K be an.extension of a field F. Prove that the mapp- 
ing $ : F(x)->F(a): defined. by h(x) ¢=h(a) is a homomorphism. Here 
by h(x) 4 we mean the image of h(x) under the mapping-y. 

Solation. Let A(x), g(x) © F(x). Then A(x) 4=h(a) and 
g(x) p=8(a). 

Let s(x)=h(x)+g8(x) and t(x)=h(x) g(x). 

Then s(a)=h(a)+-g(a) and t(a)=A(a) g(a). 

We have [h(x)+g(x)} $=s(x) p=s(a) 

=h(a)+8(a)=h(x) $+8(x) ¥. 
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Also (h(x) g(x)] =1(x) p=t(a) 
~  sh(a) g(a)=[A(x) $) [e(x) 9]. 

Hence ¥ is a homomorphism from F{x] into F(a). - 

Ex. 2. Let F be a field and let F[x) be the ring of polynomtals 
inx over F. Let g(x), of degree n, be in F(x], and let V=(g(x)) be 
the ideal generated by g(x) in F(x). Prove that F(x]/V ts an 
n-dimensional vector space over F. 

Solation. We have V={f(x) g(x) : /(x)EF(x)}. 

Also | F[x]/V={V-+S(x) : (x)E F(x}. 

We define addition in F[x)/V as follows : 

Let V+fi (x), V+Ss (x)EF[x)/V. Then we define 

{V+h(%)}+(V+fi(x)}= V+fh(x) + f(x). 
Also we define scalar multiplication. in F [x]/V over F as 


follows: 


Let a&F and V+f(x)EF{x]/V. _ Then we define 
a (V+f(x)]=V+a f(x). 
Obviously F[x]/V is an abelian gtoup with respect to addition 
defined on it. The residue class Vis the zero vector. 


Further let a, b&F and f(x), fo(x)EF{x]. Then 

(i) (a+b) (V+fi(x)]=V+(a+) fi(x)=V+afi(x) +/,(x) 

=[V+aA(x)]+(V+A(x)J=a (V+A(x)]+o(V+A(x)). 

(ii) {V+A(x)}+(V+A(x) =a (V-+A(x) +(x) 

= V+ af fi(x)+falx)}= V+ afi(x)+afa(x) 
=[V+af(x)) + (V+afi(x)) =a (V+Al(x)] +a (V+fa(x)]- 

(iii) @ (6 (V+A(x)} =a [V+/(x)]=V+(ab) fi(x) 

“= (ab) (V+A(x)]. 

(iv) 1{V+A(x)]=V+1 A(x)=V+f/(x). 

Hence F[x]/V is a vector space over F.- 

Now if g (x) is of degree n, then to show that F[(x]/V is of 
dimension » over F. We claim that V+1, V+x, V+x',....V-+x0-} 
constitute a basis of F[x]/V over ‘F. 

First we shall. show that these n elements of F{x}/V are linearly 
independent over F. Note that V is the zero vector. Also we recall 
that V+/(x)=V < f(x)EV. Now we have 

4(V+1)+0, (V+x)+as (V+x)+... 49, (VEX )=V, 

aeF 

> (V+) +(V-+a1x) + (V+a9x?)+.. +V +a xNYaV 

> V>-Ay+a,X+ agx? +... 4+ Gg, 2271S V 

> Ag+ A,%+42xX*+... +a, TEV 
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> Ay PF AiX+OgX*+...+0q_1 x= f(x) g(x) 
for some f(x)GF[x] 
=> f(x)=0 [-" if f(x)40, then deg f(x) g(x) > deg g(x)=n 
and so. we cannot have f(x) &(X)=Ao+ax+...--a@r-lyr-1] 
> Ag+ QX+Gex* +... +Gq-, X21 =0 
> 4=0, a,=0,..., @y-1=0. 
V+1, V+x, V+x?,..., V+x-) are linearly independent 
over F. 
Now we shall show that V+1, V+ex,..., V+xa-} generate 
F{x)/V over F. Let V+f(x) be any element in F[x]/V. Then 
f(x) GE F(x]. By division algorithm there exist q(x), r(x)€F[x] such 
that f(x) =9(x) g(x)+r(x) where either 
r(x)=0 or deg r(x) < deg g(x). 
Now V+f(x)=V+q(x) e(x)+r(x) 
=(V+9(x) a(x) +[V+r(x)] | 
=V+[V+r(x)] ["" g(x) g(x)EV} 
=V+r(x) ; [°." Vis zero vector] 
= V+09-+-1X-+ aex2+... +a, x°-1, where a, @},..., Qn,~GF 
(%. r(x)=0 or deg r(x) <nie., deg g(x)] 
=, (V+1}+ a, (V+AX)+ + dat (V+xe-}), 
Hence V+1, V-+4x,..., V-+x"-' form a basis of F[x}/V over F. 
Therefore dim F{x]/V over F=n. . 
Ex. 3.’ (a) Let R be the field of real numbers and Q the field 
of rational numbers. In R, +/2 and V3 are both algebraic over Q. 
Exhibit a polynomial of degree 4 over Q satisfied by s/2+4/3. 
(b) Show that Q (1/2, /3)=Q (/2+-/3). | 
(Meerut 1980; Guru Nanak 90) 
(c) What ts the*degree of /2++/3 over 0? Prove your answer. 
Solution. (a) The element /2 & R satisfies the polynomial 
x*—2 over Q. Also x*—2 is an irreducible polynomial over Q. 
Therefore the degree of 4/2 over Q=the degree of x?—2=—2. Also_ 
(Q (v/2) : OJ=degree of +/2 over Q=2. | 
Similarly the element +/3ER satisfies the polynomial x*—3 
over Q. Also x*—3 is an irreducible polynomial over Q. There- 


fore degree of 1/3 over Q=the degree of x?-3=2. “Also 
(2 (1/3) : QJ=2. : 
Let 0=/2+/3 > 69=542./6 : 
> #=49+2076 + 6'=10 (542/6)—1 
> = 108—1 > 64— 1098+ 10 
=> @ satisfies the polynomial xf—10x?+1 over Q. 
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(b) Since +/2++/3E0(/2, +/3), therefore 
AV2+/3) S OAV2, V3). 

We shall now prove the converse. Since Q(4/2+4/3) is a 
field, therefore (4/2+4/3)®=114/2+9+/3E0(+/2++/3).. 

Also —9 (24+ V3)EQ(V24+ 3). 

$ ((11V24+94/3) +(—9) (V2+-/3))= V2EQ(V2+-V3). 
V2+/3—V2=V3EAV2+3). 
_ Thus both o/2, V3EQ(/2+ +73). 

“ AV2, V3) S AV2+-73). 

Hence O(+/2, /3)=O(/2+ 3). 

(c) Let L=Q(/2). Then [L: Q]=2. 

Also x?—3 is an irreducible polynomial overZ satisfied by 
/3. Therefore (L(+/3) :-L]=2. | 

Now [L (3) : QJ=([Z (3) : LJ [L : Q]=2x2=4. 

But L(/3)=(Q(/2)) (V/3)=QA(V2, V3I)=AV 24+ V3). 

[Ol 2+/3) : QI=4. 

This implies that /2+ 4/3 is of degree 4 over Q. 

Ex. 4. Leta field L be a finite extension of a field K. Define 
the degree (L : K) of L over K. Let Q denote the field of rational 
numbers, K=Q(4/2), L=Kl4/3). Prove that (L: K]=2 and 
[K : Q]=2. What do you conclude about-(L : Q]? Prove the theorem 
which you use fur drawing your conclusion. [Gujrat 1970] 

Solution. Proceed as in Ex. 3. a 

Ex. 5. Ifa, b © Kare algebraic over F of degrees m and n, 
respectively, and if mand n are relatively prime, prove that F(a, 6) 
is of degree mn over F. [Metrat 1985) 

Solution. Let [F(a, 6): FJ=k. 

We have k=[F(a, 6) : F]=[F(a, 5) : F(a)) [F(a) > F) 
=[F (a, b): F(a)]m, since a is algebraic of degree m over 

F = (F(a): Fj=m. 
m is a divisor of k. 
Similarly n is a divisor of k. 
Now [F (a, by: F] <amn. | 
. ‘(See the proof of theorem 12, page 492) 
Ksmn. 

Since m | k and n| & and m and 2 are relatively prime, there- 

fore mn.|k. So we cannot have k<mn, Hence k=mn, 
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Ex. 6. Every finite, extension K of. a field F fs algebraic dnd 
may | be obtained from F by the adjunction of finitely many algebrate- 
eleménts. 

Solution. If [K: Fj= 1, then K=F and the resiilt is trivial. 
So let [K: Fl=n>1. 

. Let a be an arbitrary element i in K but not in F. ‘Since K is 
a field 4 and ack, therefore the n+1 elements 1, a, a’... ar}, an 
are all in K. Since the dimension of the vector space K(F) is n; 
therefore these n+ elemérits of K are linearly dependent over F. 
So there éxist elements oy H35...,%nF, not all 0, such that 
aol -+o,a +a a*+.. + a2a"°=0 
=> ais algebraic over F, 

Therefore Kis an algebraic extension of F. 

Now FCF(a)CK. 

Also n=[K : F]=[K: F(a)] (F(a) : F). » (1) 

If (F(a) : F]=n, then [K: F(a)]=1. This implies that K=F(a) 
and our result is proved. 

If (F(a) : F]én, then suppose that F(a): Fl=m<n. 

Since a¢:F, therefore m > 1. Also from (1), [K: F(a)|>i. 
Take an element. bin K but not in F(a). Then we can show as 
above that b is algebraic over F. Since a and 5 are algebraic over 
F, thereforé F(a, 6) i is a finite extension of F. 

‘Let [F (a, b) : F]=p where p > m because F(a) is @ proper 
_ subset of F(a, b). 

Now n=[K: FJ=[K: F(a, b)] (F(@, b) : FI=LK : F(a, 6)) p. 

If j ‘p=n, then F(a, b)=K and our result is proved. If pn, 
then we may continue the above process a finite number of times 
till we get [F(a, b, ste Fj=n, Then 

n=[K : F= [K: F(Q, b,...,4k)] [F(a, 6,...5k) : Fy 
‘=[K:: F(a, b,...,k)] n. 
[K: FG, b,...,.01=1 : _ | 

=> S KRG, b ok) where a, 6,...,k are algebraic over F. This 
proves the result. . 

Ex. 7. Let K be an extension of a field F and let a & K be 
algebraic over F, Then F(a) is isomorphic to F[x]/V where V is the 
ideal of F[x] generated by the minimal polynomial for a over F. 

(Banaras 1971, 72) 

Solution. Let p(x) be the minimal polynomial for a over F. 
Then p(x) is irreducible over Fi ‘Le., p(x) is a prime element of 
F[x]. Let V=={h(x)@F[x] : h(a)= 0}. 
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Then V is an id-al of F(x). Now F[x].is a principal ideal ring 
and p(x) is an elem-nt of lowest degree in the ideal V of F [x]. 
Therefore: V is the ideal of F[x] generated by p (x). Since p (x) is 
irreducible, therefore V isa maximal ideal of F{x). Consequently 
F[x}/V is a field. a 

Let % be a mapping from F[x] into F(a) defined as follows : 

x. f(x) $=f (a) for any f (x)EF[x). 

Obviously ¥ is a homomorphic mapping from the ring F{x] 
into the field F(a). The kernel of y is nothing but the ideal V of 
F[x]. Therefore by the fundamental theofem on ring homomor- 
_ phism, F[x]/V is iscmorphic to Fx] ~ which is the image of F[x] 
under ¥. Now F[x] ¢ is a subset of F(a). Since F[x]/V is a field, 
therefore F[x] % is a subfield of F(a). Now x & F{x] and by the 
definition of 4, we have xs=a, Therefore a & Fix) %. Also if 
« €& F, then a & F[x]. By. the definition of ¢, we have apa. 
. Therefore « & F[x] #. Thus Fx] ~isa subfield of F(a) and it — 

contains both F anda. But F(a) is the smallest subfield of K con- 
taining both Fanda. Therefore we must have F[x) ¢=F (a). 
Hence F[x]/V is isomorphic to F(a). . 

Note. If a is algebraic of degree n. over F, then p (x) is of 
degree n. Therefore the dimension of F(x}/V, as a vector space 
over Fisn. By virtue of isomorphism between F(x]/V and F(a) 
we conclude that the dimension of F(a), as a vector space over F 
is alson. Thus (F(a): F]=n. In this way we get an alternative 
proof for theorem 8. 

§ 5. Roots of Polynomials. Let F he any field and let P (x) 
be any polynomial in F[x]. Our aim is now to find a field K which 
is an extension of F and in which p (x) has a root. 

Roots of a polynomial. Definition. Let F be any field and let 
p (x) & Flx]. Then an element a lying in some extension field of 
Fis called a root of p (x) if p(a)=0. 

Theorem 14. Remainder Theorem. 

Ef p (x) & Fx] and if K is an extension of F, then for any 
element c & K, p (x)=(x—c) q (x)-+p (c) where q (x) & K [x] and 

where deg q(x)=deg p(x)—1. 
an . : (Jabalpur 1986 ; Meerut 73) 
Proof. _We have F C K - 
> F[x]GK[x] 

| > p (x)EK[x] [. p(xeFlx]] 

Now the: polynomials p(x) and x—c are both in K[x]. There- 
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fore by division algorithni there exist polynomials (x) and r (x) 
in K[x] such that 
P(x) =(x—c) a(x)-+r(x), . 
where either r (x)=0 or deg r (x) is less than the degree of x—c. 
But the degree of x—c is 1, Therefore either r(x)=0 or deg 
r(x)=0. Hence r (x) is a constant polynomial in K(x] i.e., r (x) 
is simply an element, say r, in K. Thus 
P (x)=(x—c) g(%)-+r | . 
> p (c)=(c—c) g (c)+r [Putting x=c on both sides] 
> p (c)=0 g(c)+r > p(c)=r. 
Therefore p (x)=(x—c) q (x)+p (c). AL) 
Now suppose deg p (x)=n and deg q(x)=m. The degree of 
the polynomial on the right hand side of (1) is then m+-1. By the 
definition of equality of two polynomials we must have 
n=m+1 > m=n—1 => deg g (x)=deg p (x)—1. 


Corollary. Factor Theorem. If a@K is a root of p (x) € Fx], 
where F & K, then in K[x], (x—a) | p (x). (Kanpur 1980) 
Proof. Let p (x) & F[x) and let a © K where K is an exten- 
Sion field of F. Then by remainder theorem in K[x], we have 
PP (%)=(%—a) g (x) +2 (a) 
=(x—@) q(x)+0 [a is @ root of p (x) > p(a)=0] 
==(x—a) q (x). 
Therefore in K[x] we have x-—-a is a divisor of p(x). Thus 
(x—a) | p(x) in K(x]. 


Multiple root. Definition. Let F be any field and let p (x) 
© F[x]. If K ts any extension of F, thena © K {+ sald to be a 
root of p (x) of multiplicity m if in K[x], we have 

(x—a)” ts a divisor of p (x) whereas (x—ay"+ is not a divisor 
of p (x). 

A root of multiplicity 1 is called a simple root and a root of 
multiplicity > 1 is called a multiple root. 

Now we are going to face an important problem. Suppose 
P (x) © Fix] and K is any extension field of F. The problem is 
that how many roots can p (x) have in K. If a is a root of p (x) in 
K of multiplicity m, then for this counting purpose we shall count 
it as m roots and not as one root. 

Theorem 15. A polynomial of degree n over.a field van have at 
most n roots in any extension field. 

(Kanpur 1987; Banaras 72: Meerat‘74; B.H.U. 87; Madurai 88) 
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Proof. We shall prove the theorem by induction on 2, the 
degree of the polynomial p (x). 
To start the induction let p(x) be a polynomial of degree one 


over any field F. Let p (x)=aox+ar where a), a, © F and a,#40. 
Let abe a root of p(x) in some srledaa field of F. Then 


p(a)=a,a+-a,=0. This gives a=—% which is a.unique element 


of F. Thus in this case p(x) has the unique root—** i.e., p (x) has 
E 


one and exactly one root in any extension field of F. In this way 
the theorem is true when p(x) is of degree 1. 


Now assume as our induction hypothesis that the theorem is 
true in any field for all polynomials of degree less than n. Let P(x) 
be a polynoniial of degree 7 over a field F. Let K be any extension 
field of F. If p(x) has no roots in K, then the theorem is obvio- 
usly true because then the number of roots of p (x) in Kis zero 
which is definitely at most 2. So let us suppose that p (x) has at 
least one root, say,a &@ K. Let abea root of multiplicity m. 
Then in X[x], we have 


(x—a)* isa divisor of p (x) 
=> deg (x—a)" < deg p(x) > m <n. 
Since in K[x]:we have (x—a)™ is a divisor of » (x), therefore 
let p(x)=(x—a)”. g(x) where q(x) & K[x]. | 


We have. deg 9(x)=deg p(x) —deg (x—a)"=n—m which is 
definitely less than n because 1 <m<n. 


Now a is a root of p(x) of multiplicity hae Therefore (x—a)"*? 
is not a divisor of p(x)=(x—d}* (2). THIS ittiplies that (x —a) is 
not.a divisor of g(x). TheréiSré ais iidt 4 ribt of q(z). [See coro- 
Hary to theorem-14]. Now let j bt Be i. £60t df p(X) in K. Then 
on putting x=5 in p(x)=(R—a)™ aon we Bet 
. = p(6)=(b— A)" ri} | 

Since K is a field and 64(b—d}* E Kaiti 9 @ © XK. tilere- 

fore-we must have 
q(b)=0 => 6 is d toot st coe iit K. 

Thus any root of p(x), in K, otiiet than a Hist alts 6 dj rai 

of q(%j in K. 
: he g(x) is of degree 1 whitit i less titi a. Pheteibte 


by out sadvction hypothesis q(x) has at most n—m foots in K and 
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none of these roots is equal to a because a is not a root of g(x). 
Thus 9(x) has at most n—m roots other than a in K 
> p(x) has at most n—m roots otber thanain K 
=> p(x) has at most (n—m)-+m=n roots in K, the root a of 
P(X) of multiplicity m being counted m times. — 
The proof is‘now complete by induction. . 
Theorem 16. If p(x) is a polynomial in F[x] of degreen > 1- 
and is irreducible over F, then there is an exteriston. E of F, such 
that [E : Fl==n, in which p(x) has a root. 
(I.4.S. 1972; Banaras 87; Meerut 79, 83P; Madurai 88) 
Proof. Let F[x] be the ring of polynomials over F and let 
V=(p (x)) be the ideal of F[x] generated by p(x). Since p(x) is. 
irreducible over F, therefore V is a maximal ideal of F(x]. Conse- 
quently E=F [x]/V is a field. We’ shal) show ‘that’ the field £ 
satisfies the conclusions of the theorem. 
__First we shall show that £ can be regarded as an extension 
of F even though E does not contain the elements of F in their 


Original form. For this we shall show that the field F can be 
imbedded in the field E. | 


Let % be the mapping from F into E defined by 
¢(al=V+a vac. - 
y is one-one. Let «, BEF. Wehave . 
P(a)=(8)>V+ae=V+p>a—BpeVv 
> a—B=/f(x)p(x) for some f(x)EF{x] 
[Note that V is,the ideal generated by p(x)] 
= s(4)=0 because if f(x)0, then the polynomial 
S(x)p(x) is of positive degree and so it cannot be 
; ". equal to the constant polynomial a—£ 
=> «—B=0 > ax. 
.. is one-one. . 
Also $(4+8)=V+(%+B)=(V+a)+(V+B)=¢ («)+¢ (8), 
and  (o8)=V+ap=(V+a) (V+B)=% (a) $ (8). | 
Thus is an isomorphism from F into. £. Let F* be the image 
of F into E under the mapping y i.e., let F*={V-+a : we F}. Then 
% is an isomorphism of F onto F* and F* isa subfield of E iso- 
morphic to F. If we identify F and F* i.e., if we identify « © F 
with V+-ceF*, then E can be regarded as an extension of F. 
Now we claim that E£ is a finite extension of-F. For this we 
shall prove that the » elements V+1, V+-x, V428,..., V--exe-} 
form a basis of £ over F. [For proof see Ex. 2 page 494}. 
. (EB: Fl=n. 
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Finally we shall snow that p(x) has a root in E. 
Let p(x)=4)-+-a1X-+-aex"+-... + a,x" where do, a15.--» OnGF. 
First let us make p(x) as a polynomial over E with the help 
of the identification we have made between Fand F*. So let us 
replace a) by V+a, a, by V+4j,..., an by V-+a,. Then 
P(x) =(V + ao) -+(V-+41) ¥+...-+(V-+Gn) x”. 
We shall show that V-+-xeE satisfies p(x). We have 
—P(V+x)=(V+a.)+(V +4) (V-+-x)+-(V +49) (V-+x)? 
pe (VAG) (V4-%)" 
=(V-+a,)+(V-+a;) (V+x)+(V+a2)(V4-x*)+...+(V+an)(V-+%") 
(Note that (V-+-x)*=(V-+2x) (V-+-x)=V+x!3, and so On] 
= (VV +0) + (V+ 0x) + (V+ asx?) + .. -+(V+4,x") 
[by def. of multiplication of cosets we have | 
(V+f(x)] [V+a(~)]= “VA a(x)) 
SV a+ X+OsX8+ 00. Gnx" 
(by def. of addition of cosets we have 
(Vf) +[V +(x) ]=V +(x) +8(%)] 
=V-+p(x) 
co V, since p(x)eEV 
==athe zero element of the field E. . 
{Note that the. zero element of the field F[x)/V is 
nothing but the coset V itself). 
Thus V-+-x satisfies p(x). Therefore V+x is a root of p(x). 
The proof of the theorem is now complete. 
Corollary. Jf f(x) = F[x], then there is a finite extension E 
of F in which I(x) has a root. Moreover, [E : F] < deg f(x). 
(Meerut 1973; Banaras 70) 
Proof. Let p(x) be an irreducible factor of f(x). Let 
S(x)=p(x) q(x). 
We have deg p(x) < deg J (x). 
Let a be the root of p(x) in some extension field KX of F. 
Then p(a)=0. We have 
f(@)=p(a) q(a)=0 g(a)=0. . 
Thus any root of p(x) in some extension i of Fis also a 
root of f(x) in that extension field. 
Since p(x) is irreducible over F, therefore by the above theo- 
‘fem there is an extension E of F with 
- (EB: F) deg p(x) < deg f(x) 
in which p(x) has a root. 
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Hence there is a finite extension E of F with [E: F)<deg f(x) 

in which f(x) has a root. 
Theorem 17. Let f(x) © F[x] be of degreen>1. Then there 

is a finite extension E of F of degree at most n! in which I(x) has n 
roots (and so, a full complement of roots). 
- > (I. A. S. 1973; Meerat 74) 
Proof. We shall prove the theorem by induction on n, the 

degree of f(x). - _ : 
To start the induction let J(x) & F{x] be of degree 1. Let 
I(x) =0)x-+a, where a, a, & F and +0. Now F itself is an ex- 


tension of F and [F: Fj=1. Also —*  Fisa root of aox-+-a;. 


: 0 
Thus if deg f(x)=1, then there is a finite extension F of F of 
degree at most 1 !=1 in which f(x) has one root. 

Now assume as our induction hypothesis that the theorem is 
true in any field for all polynomials of degree less thann. Let S(x) 
be a polynomial of degree n over a field F. By corollary to theo- 
rem 16, there is an extension E, of F with [E, : F} <n in which 
f(x) has a root, say, «, By factor theorem in Ey[x], f(x) factors as 
| S(x)=(x—-«) g(x) 
where deg 9(x)=deg f(x)—1=n—1, 

Now q(x) isa polynomial over Ey of degree. n—1. Since 
deg q(x) is less than n, therefore by our induction hypothesis 
there is an extension E of £, of degree at most (z—1)! in which 
q(x) has n—1 roots. Since any root of f(x) is eithera ora root of 
q(x), therefore we obtain in E all n roots of f(x). - 

Now E is an extension of Ey and £) is an extension of F im- 
plies that E is an extension of F. We have 

[E: FJ=[E: £,) (Ey: F). 
S$ (4-1) !n=n '. 

Thus £ is a finite extension of F of. degree at most n! in 
which f(x) has a roots. | 

The proof of the;theorem is now complete by induction. 

- Splitting field or Decomposition field. Definition. © 

If f(x)  F[x], a finite extenston E of F is said to be a splitting 
Field over F for f(x) if over E (that is, in Elx]), but not over any 
proper subfield of E, f(x) can be factored as a product of linear 
( first degree) factors. (Banaras 1971; Meerut 81, 84P, 86, 90) 

The field Fis called the base field or the initial field. 
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Theorem 18. There exists a splitting field for every f(x)GF{x). 
(Delbi 1970; Aligarh 6 66; Banaras 71; Meerat 74,. 86) 

Proof. Let A)EFIX] be of degree n. First we shall: proye 
that there exists a finite extension E of F of degree a at most niin 

which f(x) has n roots. [For proof see ‘theorem 17]. | 

Let FQ) =x" -a,x"1 4... +4 a0. 

_. Let ay,...,00 be the x roots in E of f(x). Then by factor theo- 
tem I) can be factored over Eras 
f(x) ay (Xa) (X29)... (4-20). | 
— In this way f(x) Splits up com: apletely over E asa product of 
first degree factors. Thus we see hat there exists a finite exten- 
‘sion E of F which decomposes Veo} as a product ¢ of. linear factors. , 
- “Consequently a finite extension of F of ‘minimal degree ‘exists : 
which also possesses this property. This. minimal extension will 
bea splitting field for Kix) ‘because no proper subfield’ of this 
minimal extension can split Sx) as a product of linear factors. 
Another way of defining the splitting field. _ 
An extension E ofa field Fis said to be'a splitting field of 
— fMEFZ) FIGEF 
is expressible as 
f(x) =a (x0) (x—a3)...(¥—an), 
where EF, a1,.. aE, 
ana E=F (a1, Aay-- +38n)- 

Uniqueness of the splitting field. 

Now we shall show that the splitting field of a polynomial is 
unique apart from isomorphism. Let BE and E; be two splitting 
fields of f(x)EF{x). Let 

S(x)=a (x—a1) (x—G)...(X— on) Over Ei 
and S(x)=4 (x—B1) (%—Bs)...(x—Bn) over Es. 
We shall show that the fields 
iF (a1,.. sn) and Fi (B1,.. -»Ba) 
are isomorphic by an isomorphism leaving every element of F 
fixed. Before proving this main theorem we shall first prove some 
pre-requisite results. 

Continuation of an isomorphic mapping. Definition. 

Let F and F’ be two Asomorphic fields and let E and E' be ex- 
tension fields of F and F' respectively. An isomorphism a: EE’ is 
called a continuation of the isomorphism p: FoF" if o(a)=y(2) for 
all « in F. 
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Let % be an ismorphism of a field F onto a field F’. For the 
sake of convenience we shall denote the image of any a@F under 
ib by a’. Thus «f=a’. Here by ay we mean (a). Now that cub is 
another way of writing the image of « under pb. 

Theorem 19. Let ib be an isomorphism of a field F onto a field 
F' such that ab=a ' for every aeF, Show that there is an tsomor- 
phism b* of F[x] onto F'[t] with a property that 

; oxafs == cy = 08" for every «GF. ; 

Proof. + is an isomorphism of a field F onto a field F’. 

For any «GF we write «s=a’. Let us define a mapping ¥* 
from F[x] into F’[t] as follows : 

For an arbitrary polynomial {(x)=cap-+-a.x-+... + onx"GF[X] | 
we define %* by 

J (x) P*=(G + ex+...-panx™) p* 
aight... peat" 
; Seq toy't+... on M=f"(t), say. 

We shall show that the mapping #* satisfies the conclusions 
of the theorem. 

~* is one-one. 


Let / (%) = a9-tox+ vee b On", B(X)==By+Bix+... + Bmx” 
be any two elements of F[ x]. We have 
f(x) $*¥=g(x) Y* 
(%pt+arx+.. sHOnX") b¥=(Bo+Bix+... + Bmx") p* 
Oy ay’ t-... on Mop, +Bi't+.. ~+Bm i" 
n=m and «;'=8;' for each i=0, l,..., n 
n=m and a:)=B;) for each i 
n=m and «= 8; for each i (°. pis one-one] 
S(x)=a(x) > %* is one-one. 
%* is onto. 

Let 5,’+-51' t+... +6,’ @ be any clement of F’[x] where 6)’, 
81’,..05 On’ EF’. Since-~ is onto F’, therefore 3 8, d1,...,6n.EF 
such that Syy= So", Srv—=— 82’ 4...) Say—= Sy’. Now — 

59 +51x+.. + 3,x" Fx] 
and we have (5)+5:x--.. -+5nx") pod, ey ee ee oe 
the mapping p* is onto. 

y* preserves additions. 

Let L(x) 22% +ax+.. «tag , 2(X)=Bot+Pix+ ... + Bmx” 
be any two elements” of F [x]. Without loss of generality let n>m, 
First let us take the case when n>m. 


| 


yyuedY 
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We have 
C(x) +8 (x)] $*=[(% +80) + (01 +81) x-+... +(%m+-Bm) x" 
Heimer Xt +... patna] b* 
=(co+Bo) o +(e1+A1) Pt. A(m+Bm) bem . | 
a So an ee 
= (Hop + Bot) + (ar + Bip) t+... + (om +- Bm) 
bomgr ptt! + eee + anit" 
(." % is an isomorphism] 
= (ct0’ + Bo’) + (on + Br’) t+... +(cem’ +B’) £” 
He my tt pant” 
==(a9' +o,'t-+- see tn Le ig tt eee +a,’ t) 
+ (Bo +B1't-+...-+Bm’t™) 
=f(x) o*+-g(x) p*. 
Similarly when n=m, we can show that 
( f(x) +a(x)] o*=f(x) p* +(x) p*. 


~* preserves multiplications. We have 


CS(x) a(x)) Y= [(agtarx+... +anx*) (Bo +Bix-+...+Bmx™)) b* 
= [%oBo+ (a8; + e1Bo) X+... tonBmxetny p* 
=(a08o) $+ (x08: +018,) vt +... +(enBm) perm | 
= Ot’ Bo’ + (ay 'Br’-+-01'Bo’) t+... +(%n'Bm’) tnt 
(.." preserves additions and multiplications 
Le., (@+8) p=ap+fyp=a'+f" and 
| (xB) b=(axp) (Bb)=a'B’] 
(tq Pan" f+... 00/0") (Bo' +Br't+...+Bm't™) 
=[S(x) vex) 4). 
Hence #* is an isomorphism of F(x) onto F’[t]. 
- Further if f(x)@F[x] be simply taken as « where aeF, then 
by definition of *, we have 
ab* =a =e", 


Note. Form the above theorem we conclude that factoriza- 
tions of f(x) in F[x] result in like factorizations of S(x) $*=f'"(t) in 
F'[t] and vice versa. In particular, f(x) is irreducible in F[x] if and 
only if f’(t) is irreducible in F’[¢]. 


Theorem 20. Let % be an tsomorphtsm of a field F onto a field 
F defined as wp=a' for every aGF. Foran arbitrary polynomial 
I(x) ga x+ ... pon X"E Fx] let us define f' (f)=a,’+o,/t+... 
+an'MSF'[t}], If f(x) is irreductble in F’[x] show that there is an 
tsomorphtsm 6 of F({x}/( f(x)) onto F'[t}/( f (t)) with the property that 
Sor every cEF, chaap=e’, 
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Proof. Let 4* be a function from F[x] into F’[t) defined by ° 
the formula | 
f(x) b*=f'(t) for every f(x) EF[x]. 

Then by theorem 19 the mapping * is an isomorphism of 
F{x) onto F'’{t]. 

Let f(x) be irreducible in F(x). ‘Then S(t) will be irreducible 
in F’[t}, Let V=( f(x)) be the ideal of F(x] generated by /(x) and 
V'=( f'(t)) be the ideal of F’[t] generated by /’(t). Both V and V’ 
are maxima! ideals because f(x) and f’(t) are irreducible. There- 
fore F[x]/V and F’(t]/V’ are both fields. 

Let us define a mapping @ from F{x)}/V into Prey V' by the 
formula 

(V+9(x)] 6=V'+-9(x) p= v'+e'(t) for every g(x)EF[x). 

The mapping 0 is well-defined. 

For this we are to show that if V+-9(x)=V-+4A(x), then 

(V+e(x)] 6=[V+A(x)] 6 where g(x), A(x)E F(x). 

We have V+2(x)=V+A(x) 

=> g(x)—A(x)E V 

=> g(x)—h(x)=>k(x) f(x) for some k(x‘e F{x] 

=> (g(x)—A(x)] o*=[k(x) f(x)] Y* 

> B(x) b*—h(x) b*—=[k(x) $*) (K(x) $*) 

(°° %* is an isomorphism] 
> B'(t)h—h(H)=k'(t) f(t) | 


> g(th—k'(QEV’ > V'+2'(t)=V'+A'(t) 

=> (V+a(x)) 6=[(V+h(x)] 8. 

Therefore the mapping 6 is well defined. 

The mapping @ is one-one. 

Let g(x), A(x)EF[x]. Then 

(V-+-g(*)] 6=[(V+A(x)] 6 

=> V'+g9'(t)=V'+h'(t) > e'(t)—h'(QeEV’ 

> g'(t)—h'(t) k(t) f’ (t) for some k’(QEF[t] 

> (x) p*— h(x) o*=[k(x) o*) LA) 9" 

> [g(x)—h(x)] *¥—= (k(x) f(x)] o* 

> 9(x)—h (x)=k(x) f(x) [‘. %* is one-one) 

> o(x)—A(x)EV > V+9(x)=V+h(x)>6 is one-one. 

The mapping @ is onto. . 

Since the mapping ¥* is onto, therefore corresponding to any 
polynomial g’(t) in F’[t], we have a polynomial g(x) in F[x). 
Therefore V’ +-9'(t)heF'[t}/V' > 3 V+2(x)eEF(x]/V such that 

(V+a(x)] 6=V'+8'(t). 
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6 preserves additions and multiplications. 

Let g(x) 4 (x) © Fx]. We have 

LV +ax)}+{V+h(x)}] 6=[V+e(x)+h (x)] 0 

=V'+[a(x)+A(x)] $= V'+2(x) o*+h(x) o* 

=V'+3a'(t) +h (Q=[Vi+e9'(t))+(V'+4'(1)] 

=[(V+8(x)] 0+[V+A(x)] 8. 

Also ({V-+8(x)} {V-+A(x)}] 6=[V+-g(x) h(x)] 0 

=V' +[g(x) h(x)] p*=V’ +[e(x) $*] (A(x) 2*] 

=V'+g'(t) A'(t)=[V' +2'(t)] [V' +h'(t)] 

=[{V+a(x)} 6] [{V+A(x)} 6]. 

Thus 6 is an isomorphism of F[x]/V onto F ar’ 

In theorem 16 we have shown that the field F can be imbed- 
ded in the field F[x]/V by identifying the element « G F with the 
residue class (coset) V-+-« in F(x}/V. Similarly we can consider 
F’ to be contained in F’[t]/V’. With this identification, for any. 
aé&F, we have 

ab=3(V+a)@ ° [°° a has been identified with V+a] 
=V’' op = V' +¢’ 
=a’, [".. a’ has been identified with V’+«’] 


Theorem 21. Let ys be an isomorphism of a field F onto a field 
F' such that ap=«' for everya GF. Let f(x)=ap+aix+... + aqx" 
be an irreducible polynomial in F(x] which is mapped onto the 
(also irreducible) polynomial Yi (t) =a" +a1't+...+an't? in F' [t). 
If v is a root of f (x) in some extension field of F and w is aroot 
of f’ (t) in some extension field of F', then the field F (v) is isomor- 
_ phic to the field F'(w) by an isomorphism o such that 

(1) vo=w 

. (2) acmap=a’ for every « & F. 


Note. The condition (2) may also be stated as that the iso- — 
morphism o is a continuation of the isomorphism 4. 

Proof. 4 is an isomorphism of a field F ontoa field F’ such 
that aga’ for every « @ F. The irreducible polynomial f (x) 
=A +%,X+...+a,x" in F(x] is mapped onto the irreducible 
polynomial sf’ (t)=a,'+a,'t+.. -ton't” in F’[t], We have 
deg f(x)=n=deg f’ (t). | 

Let v be a root of f (x) in some extension field of F. Then vy 
is algebraic over F. Since f(x) is irreducible in F{x), therefore f(x) 
is a minimal polynomial for v over F. Consequently by theorem §, - 
we have F (v)={Byi+-Biv +... +Bn-1 v"-! : Bo, Bi... » Bn- & F}. 
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Also the expression 8,+8,0-+...+8n_1 v'-! for an element of 
F(v) is unique. Similarly 
F'(w)={8)' +-8:'w+... +81 we? : 85, 81, .., Fna & F*}. 
, , Also the expression 89'-+8;' w+. .+8',-3 wet for an element 


cxf, +Bw+.. -+Bn-1 v'-!, where Bo, Bi,...» Bn. are unique 
elements of F. , 
Let us define a mapping o from F(v) into F’(w) by the formula 
Com=(Bo+Biv+...+-Ba-1 vo 
=Bob+Pipw+...+Bror pwr? 
=o +Br'W+... + B’na wel, 
Since the expression for c in the form BotBiv-+...+-Bn-1v"! 
is ‘Unique, therefore the mapping o is well defined. 
ois one-one. Let C=Pot+fw+...+Bai v*-!, d=yot+yiv+... 
+¥n-1 v"-! be any two elements of F(v). Then com=do 
=> (Bo+Biv+.. -+Bn-r Vv") o=(yotywt...+yn-1 v1) o 
=> Bo'+By'w+.. bB" nai Whe '=Y0' ty w+. yn wn! 
> B'o=Y'o, Br’'=71';...5 B’n-1=>y'n-1 [Since the expression for 
an element of F’(w) in the form By’+61'W-+...+B'n-1 w?-} is unique] 
> Bob=vot, Bip=yip,..-, Bar b=Yn-1 yb 
=> Bo=Vos'Bi=V15---> Bn-1=Yn-1 ['.. is one-one) 
=> c=d => a is one-one. 
cis onto. Let 8,’+8,'w+...+8’,_; w*-! be any element of 
Fw) where 8,', 8;’,...,5'n-1EF’. Since % is onto F’, therefore 
A So, 81,...,5n-1.EF such that 5,4=5,', 5,¢=8)’,...,89-1 P= 5a. 
Now 59+8,v-+...+5,-1 v'-! GF(v) and we have 
(89 +5,9+...+8n-1 v9) o=89' +81 w+... +5 par WI 
o is onto F’(w). 
o preserves additions. We have 
(c+d) o=[(By+fiv-+.. Bn) + (yo ty. +tyn-v"')J) o 
=((Bo-+Y¥0)+(Bi +71) v+.. + (Bn-1+Yn-1) ¥"—}] 
=(Botyo) $+(Bity1) bw... + (Bait ya-x) pwr 
= (Bot yob) +... + (Baa b+ yaa yb) wen 
=(By' +70) +... (Bina ty'nat) we} 
= (Bo: +By’w+... +B’ n-1 Wwr-l) + (yy tay Wwe... ty ni went) 
=(By+fiv+.. +Bay ya-t) ena, 7 2 de ae a 7 va?) a 
=Co-+do. 
o preserves multiplications. 
We have’ 
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(cd) o=[(Bo+Biv+...+Bn—-w"-!) (vot yiv-+... bynav"})] o 

= [Boyo+(Boyi + Brivo) P+... + Bn—1¥n—1 V29~2) o | 

=(Boyo) $+(Bovi+-Bir) pw ..--(Ba—1y¥n—-1) pwn 

=By'¥q'+(Bo'y':+Br'yv0') WH... + (B’n-1y'n—1) w2A-3 
[°. preserves additions and multiplications] 
= (Bo +Bi' w+... + P'naWw'!) (yo! byw... bya?) 

=[(Bo+fiv+...+Boiv'-!) o) (yoy... y91¥!-}) 0] 

=(¢c) (do). 

Hence o is an isomorphism of F(v) onto F'(w). 

Now ve F(v) can be uniquely written as 

v=0-+ 1ly+Ov?-+... +Op2-?, 
vo==0+1w+O0w?+...+0y2-l=y, 

Also if ceF then «&F(v) can be uniquely written as 

a=a+Ov-+Ov?+...-+Op2-}, 
aoa’ + Ow+Ow?+...+Owr-l=e’. 

This completes the proof of the theorem. 

Corollary. If f (x)&F[x] ts trreducible and tf a, b are two roots 
of f(x), then F(a) ts isomorphic to F(b) by an fsomorphism which 
takes a onto b and which leaves every element of F fixed. 

— (B.H.U. 1988) 

Proof. In the above theorem replace the field F’ by Ft.e., 
take F’=F. Take the isomorphism ¢ as the identity map of F fe., 
¢ : F->F such that a= ¥ «EF. Then y leaves every element 
of F fixed and ¥ is an isomorphism of F onto F. 

Take v=a and w=b, 

Then F(a) is isomorphic to F(b) by an isomorphism o such. 
that 
(1) ac=6, 

(2) «c=ap=a for every EF f.e., o leaves every element of 
F fixed. | 
Now re-write the proof of the above theorem and thus com- 
plete the proof of this corollary because the corollary in itself is. 
very important. — 7 

Theorem 22. Let % be an isomorphism of a field F onto afield 
F' defined as ap=a' for every c&F. Corresponding to a polynomial 
I(X)=a9+01x+...+-agx" in Fix], 

det f'(t)=ay’+ay't+...ta,_’t 
be a‘polynomlal tn F'[(t). Show that the splitting fields E and E' of 
. I(x) EF [x] and f’ (thE F'[t}, respectively, are isomorphic by an iso- — 
morphism ¢ with the property that ad=ap=ox’ for every «EF. 


Extenston Fields and Galois Theory | 511 


Proof. We shall prove the theorem by induction on the 
degree of some splitting field over the initial field. 

To start the induction let [E: F]=1. Then E=F and there- 
fore f(x) resolves into a product of linear factors over F itself. 
By theorem 19, f’ (¢) must also resolve into a product of linear 
factors over F’ itself. Therefore F’ is a ‘splitting field for f’ (t) 
l.e., F’=E’, Hence d=y provides us with an isomorphism of E 
onto £’ coinciding with y on F. 

Now assume as our induction hypothesis that the theorem is 
true for any field F, and any polynomial 2(x)EF[x] provided 
the degree of some splitting field E, of g(x) over the initial field 
F, is less than n £.e., [E,: Fy) <n. 


Let [E: F]=n > 1, where Eisa splitting field of f(x) over 
F. If f(x) resolves into a product of linear factors over F, then F 
will be a splitting field for f(x) and so we cannot have (E:F)>1 
because E=F => [E: F]=1. Therefore J(x)GF[x] must have an 
irreducible factor p(x) F[x] of degree r > 1. Let p’(t) be the 
corresponding irreducible factor of f "(t). 

Now E is a splitting field for I(x)EF[x] 

> a full complement of roots of J(x) are in E 

> a full complement of roots of P(x) are in E 

[°.. p(x) is a factor of f(x)] 

=> J veGE such that P(v)=0 

> [F(v): F]=r=deg p(x) [by theorem 7}. 

Similarly there is a weE’ such that p’(w)=0. 

By theorem 21 there is an isomorphism o of F(v) onto F’(w) 
such that . ao=ab=«’ for every caeF. 
Now [E: F]=IE: F(v)) (FQ) : F] 

d —~ lE: FJ) n 

7 et PON Bar" [rv or> 

Now let F,=F(v) and Fy! =F). Since F, > F, therefore 
f(x) €F[x] can also be regarded as S(x)EF,[x]. We claim that E 
is a splitting field_for I(x)GF,[x}. Obviously S(x)EF,{x] resolves 
into a product of linear factors over E. No proper subfield of E 
containing Fy and hence F can split f(x) into linear factors 
because we have assumed that Eis a Splitting field of f(x) over F. 
Hence £ is a splitting field for I(x)EFo[x). Similarly £’ is a 
splitting field for f'(t)Efy'(t}. 
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Now o is an isomorphism of Fy onto F,’. Eis splitting field 
for AEFI and E’ is splitting field for f (te Fo'{t). is ee 
" Since [E: FyJ=(E: F(v)) <n, therefore by our induction 
hypothesis there is an isomorphism ¢ of E onto E’ such that 
ab=ao for all aeF. 
Now ¢eF > a2eF, Therefore for évery a&F, we have 
ad=ac=ap=o’ [‘. aoa asa! ” ae F) 

The proof is now complete by induction. 

Corollary. Uniqueness of the splitting ficld. Any two splitting 
Slelds of the same polynomial over a given field F are tsomorphic by 
an fsomorphism leaving every element of F fixed. 

“  (ILA.S. 1973; Meerut 76, 77, 79; Gura Nanak 82) 

Proof. In the proof of theorem 22 take F’=F and take if as 
the identity mapping of F Le. »ap=a 4 aeF. Then pb is an iso- 
morphism of F onto F and it leaves every element of F fixed, Let 
E, and E; be two splitting fields for f(x) & F{x]. In the above 
theorem take £,=£ and Ey=E'. Then fi and Ey are isomorphic 
by an isomorphism leaving every element of F fixed. : 

Solved Examples 

Ex. 1. Let F be the field of rational numbers. Determine the 


degree of the splitting field of the polynomial x®—2 over F. 
(Meerut 1981, 84, 87) | 


Solution. F is the field of rational nunibers. 

Let f(x)=23—2EF [x]. In the field of complex cumbers the 
three roots of f(x) are 21/3, w2'/5, w?2/8, where w=(—1+i4/3)/2 
and where 2 is a real cube root of 2. The polynomial f(x) is 
irreducible over F. We have deg /(x)=3. Also 2'/? is a root of 
f(x). Therefore 21/3 is algebraic over F of degree 3, Therefore 

(F (22) : F]=3. \ 

Let F be the splitting field of f(x) over F. The field F(2*/*) 
cannot split f(x) because as a subfield of the real field it cannot 
contain the complex, but not real, number w2'/*, Therefore F(21/8) 
will be a proper subfield of E. So we have 

{E: F] > [F (21) : F)=3. 
By theorem 17, (E: F] < 3 !=6. 
Also {E< F]= [E: F (24) [it (21/3) + F] 
=> [F(2¥3) : F] ig a divisor of (£: ££] >3i is a divisor of [E: F). 

Now [E: F] < 6, {E:F] > end ieeidivnoe ones F). 

Therefore we must have [E: F]J=6. | 
' Ex 2. Let F be the field of rational numbers and 
S(x)=x'4+-2°+ 1 EF[x). 
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Show that F(w) where%a=(—1-+i4/3)/2 is @ splitting field of 
J(x). Also determine the 2 degree of the splitting field of f(x) over F. 

Solution. We have 

xP x84 Lea(x8-+ 18 — x7 (x8-+x+ 1) (x®8—x-+-1). 

In some extension of F if « is a root of x?+x-+1, then —a is 
@ root of x*—x-+1 in that extension. Thus if any extension of F 
splits x*+-x+-1, then it will also split x*9—x-+-1 and consequently 
{t will split x*-+-x*+1. Thus the splitting field of x*+-x*+1EF [x] 
is the same as that of x*-+x-+1@F{x]. 

Let f(x)=x*+x-+1. In the field of complex numbers, the two" 
roots of x*+x+1 are w, w*. Since f(x) is irreducible over F and 
deg f(x)=2, therefore in any extension of F of degree less than 2, 
f(x) cannot have a root. So if E is the splitting field of fix), then 
(E: F]) > 2. By theorem 17, (E: F] < 2!=2. So we must have 
(E : F)=2. 

The field F (w) contains a root w of f(x). Since we F (w) 
> w*EF(w), therefore F(w) contains both the roots w and w* of 
f(x). Thus F(w) splits x°-+-x-+-1. 

The polynomial f(x) is irreducible over F. We have deg f(x)=2. 
Also w is a root of f(x). Therefore w is algebraic over F of degree 
2. So we have [F(w) : F)=2. 

Hence F(w) is a splitting field of f(x). 

Ex. 3. If p is a prime number prove that the splitting fleld over 


F, the field of rational numbers, of the polynomial xP—1 ts of degree ' 
p—. [1.A.S. 1972; Gura Nanak 90) 


Solution. The polyngm ial f(x)=x?—1€F{x] can be factored 
over F as 
— S(x)=(x—1) (x14. 9-8 tt eb 1), 
Let — (x)= x?-1-+-xP-8-+.... +824 1E FIX). 
Since 1 will belong to any extension of F, therefore the spli 
ting field of g(x) will also be the splitting field of f(x). 
Since p is prime, therefore q (x) is irreducible over F. [Sec 
Ex. 3 page 393]. We have deg q(x)=p—!. If « is a root-of g;(x) 
in some extension of F, then « is algebraic over F of degree p—l.. 
So. (F(a) : Fl=p—1. 
Now F(a) is a minimal extension of F containing, Therefore 
no extension of F of degree less than p—1 can have a root of q(x). 
So if £ is the splitting field of g(x), then we must have 
(E: F] > p-!. 
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We claim tha: [£.: F]=p—1. 
Let us solve x? -1<0 in C, the field of complex numbers. 
We have x7=1 
> x=(1+0i)/?=3 (cos 0++2 sin 0)*/? 
eae 2na-+-t sin 2nm)'/?, where n is any. integer 


=COS anew sin dni =seltan/p, 
Pp Dp 


Putting n=O, 1,....p—1, we get 
1, e**/e, etn, .,elte(p=3)i)/p 
as the p roots of x?—1 in C. 

These p roots form a cyclic multiplicative group of prime 
order p.: 

Let B=e**!/?, Then the elements of this group can be written 
as 

1, B,.B?,...,BP-*. . 
The field F(8) contains B. Also 1, f,...,B°-? @ F(g). Thus 
the field F (B) splits x°—1.. 

Since B is a.root of x?—1 and 81, therefore f is also a root 
of xP-?+,..-+28+x-+1 which is irreducible over Fand is of degree 
p—l. 

So (F(p): FJ=p—1. 

Hence F(§) is the splitting field of x°—1. 

Ex. 4. Let F be the field of rational numbers. Determine the 
degree of the splitting field of the polynomial x°—1 over F. 

Solution. Since 5 is prime, therefore proceed as in Ex. 3. 

Ex. 5. If E ts an extenston of F and tf f(x)GF{x) and if ¢ ts 
an automorphism of E leaving évery element of F fixed, prove that 4 
must take a root of f(x) lying in E tnto a root of f(x) in E. 

(Meerat 1979) 

Solation. Let f(x)=ap+a:X+...+n%", 
where @, 45. Mm & F. 

E is an-extension of F and ¢ is an automorphism of E leaving 
every element of F fixed. Thus ¢ (a)=a ¥ a & F. 

Let « be a root of f(x) in E. Then a-+a.«+.. + aq@"==0. 

- “To prove that ¢ (a) is alsoa root of f(x) in E. Obviously 
¢ (2) © E because ¢ is a mapping from Eonto £. Let¢ (2) =. 
If r is any positive integer, we have - 

og (ar)=d (a & @...r'times). 
 =¢ (a) d (2) ..r times [°° ¢ is an automorphism} 
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=f B £...r times==f", | a 

Also ¢ will map 0 onto 0 because it is an automorphism. Thus 

$(0)=0. 

Now @)+414+ ++ $Gnn"=0 

> 6(d,+a,0+. - + ane")=¢$(0) 

> G(4)+$(a1) $(2)+:..+$ (aa) $(a")=0 

[Since ¢ is an automorphism, therefore it preserves additions 
and multiplications. Also $(0)=0) . 

=> do+0,8-+4,6?+...-+-a,f%=0 [since J(a’)==p" ANd do, Ary..65 

@nGF,. Note ¢(a)=a ¥ a. F) 

> £ is a root of f(x). 

Ex. 6. Using the result of Ex. 5, prove. that. tf the complex 
number z is a root of the polynomial p (x) having real coefficients 
then 2, the complex conjugate of z, is also a root of p(x). | 

Solution. Let R be the field of real numbers and C be the field 
of complex numbers. Then C is an extension of R. We have 

C={a+ib : a, b & R}. . 

Let p(x)ER[x) and let z=x-+1y be a root of p(x) in C. 

Then to prove that 2=x—ty is also a root of p(x) in C. 

Let ¢ be a mapping from C into C defined as 

d(x-+iy)=x—ly ¥ x,y ER. 

We claim that ¢ is an automorphism of C. 

¢ is one-one. 

We have ¢(a+-ib)=¢(c-+{d) where a, b,c,deR © 
> @—ib=c—id = a=c, b=d > a+ib=c+ld. 

¢ is onto. Let a+ib be any element of C. Then a—{beEC, and 
we have ¢ (a—ib)=a-+ ib. 

¢ preserves additions and multiplications. 

We have ¢ [(a+b)+ (c+id)]=¢ [(a+c)+1 (6+d)] 

=(a+¢)—1 (b+ d)=(a—b) +(c—idj=g (a+1b)+¢ (c+ id). 

Also ¢ [(a+1b) (c+ld)]=¢ [(ac—bd) +1 (ad+ bey} 
_ = (ac—bd)—i(ad+ bc)=(a— ib) (c—id)=[4(a-+ ib)} [46(c-+-4d)}. 

Hence ¢ is an automorphism of C. 

If a&R, then as an element of C it can be written as a-+-10. 
We have ¢(a)=¢(a+-10)=a—i0=a. | _ 
Thus ¢ leaves every element of R fixed. as 
' Hence by the result of Ex. 5 if z is a root of p(x).in C, then. 
6-(z)=2 is alsoa root of p(x) in C. 

Ex. 7. Using the result of Ex. 5 prove that if mis an integer 

which {s not a perfect square and tf a+B/m (2, B rational) is the 
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‘root of a polynomial p(x) having rational coefficients, then «—Bx/m 
ts also a root of p(x). 

Solution. Let.Q be the field of rational numbers and let 
K={x+-yo/m: x, y © Qh. 

‘It can be easily seen that (X,+, .) isa field. Also K isan . 
extension of Q. Let p(x) € Q [x] and let a+4/m be a root of 
p(x) in K. Then to prove that «—f4/m is also a root of p(x) in K. 

Let ¢ be a mapping from K into K defined as 
Hx+y/m)=x—yr/m ¥ x, VEQ. 

We claim that ¢ is an automorphism of KX. 

¢ is one-one. 

We have ¢(a-+ b4/m)=¢(c+d4/m), a, b, c, dEQ 

=> Aa—bo/m=c—ds/m > a=c, b=d > a+by/m=c+dym. 

¢ is onto. 

Let a+b4/m be any element of K. Then a—bi/meK. We 
have ¢(a—bx/m)=a+b/m => ¢ is onto. 

¢ preserves additions and multiplications. We have 

${(a-+by/m)+(c+ dy/m)|=¢ [(a+c)+ (6+4)Vm) 
=(a+c)— —(b+d)s/m=(a—b/m)+(c—dr/m) 
=$ (a-+by/m)+4(c+dy/m). 

Also ¢ ((a-+-ba/m) (c-+d4/m)]= 4{(ac-+bdm)-+ (ad + Be)v/m] 
== (ac-+bdm)—(ad+-bc)4/m=(a— b4/m) (c— da/m) 
=(¢(a+b+/m)) ($(c+-d/m)). 

Hence ¢ is an automorphism of K. If a@Q, then as an ele- 

ment of K it canbe written as a+04/m. We have 
¢(a)=¢(a-+ 04/m)=a—04/m=a. 

Thus ¢ leaves every element of Q fixed. 

Hence, by the result of Ex. 5 if «+f4/m is a root of p(x) in 
_X, then ¢ (a+ 84/m)=a—4/m is also a root of p(x) in K. 
Ex. 8. Show that the polynomials x*+-3 and x®-+4x-+-1 have same 
‘splitting field over Q, the field of rational numbers. [Meerut 1974} 

°§6. More about roots. 

Derivative of a polynomial over a field. Definition. 

Let A(x) =ay+-a,x+ gx? +... +g. x"? +-anx" be a polynomial 
over a field F. Then the derivative of Sx) denoted by f ‘@), is 
defined as the polynomial 

f(x) = 01 +2a9x+...+ (= 1) Gnrx8-*-- nagx"— in F[x). 

Note. Here by 2 we mean 1+1, by » we mean 1+1+.. ‘upto 
n times, The field F is arbitrary. It may be a field of finite charac- 
teristic or it may be a field of characteristic zero or infinite. If F 
is a field of finite characteristic p, then the derivative | 
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of the polynomial x? is pxP-'=0 xP-!=0. Recall that p=1+1+1 
t...upto p times=0 because the characteristic of the field is p. 
Thus we see that even the derivative of a non-constant 
polynomial can be zero if field F is a field of finite characteristic. 
Theorem 23 Let F be a field and let f(x).€ F(x) be such tnat 
S'(x)=0. Prove that aa 
(i) If characteristic F=0, then f(x)=a € F i.e., f(x) is a cons- 
tant polynomial. : 
(di) If characteristic F=p0, then f(x)=g (x?) for some poly- 
nomial g(x) & F[x] i.e., f(x) isa polynomial in xP. 
(Kanpur 1970) 
Proof. Let f(x)=a,+a1x-+a,x*+...+-4)x!-+-...+-a,x" be a 
polynomial over'a field F. | 
We have f'(x)=a, + 2asx-+...-biayxi-!-L... + na_xem?, 
{t is given that f’(x)=0=zero polynomial. Therefore 
Q + 2agx+...-iajx!— +... +-nagx"=0-+40x+... +0271, 
By definition of equality of polynomials,-we get ' 
a,=0, 2a3=0,..., ia,=0,..., na,=0. 
Case (i). Characteristic F=0. 
We have ia;=0 
' > @j+4;+...upto f times=0 
> order of a, regarded as an element of the additive group 
of Fis <i 
=> order of a; is finite . 
=> a;=0, because in a field of characteristic 0 each’ non-zero 
clement is of infinite order and zero is the only element 
Of finite order 1, 
Thus a;=0, a3=0,..., a;=0, .., @,=0. 
“ S(x)=a) & F = f(x) is constant. 
Case (ii). Characteristic F=p+0. 
In this case each non-zero element of F is of order p and the 
zero element of.F is of order 1. 
From the theory of groups we know that ifais an element 
of order p, then a"=e = p is a divisor of m. 
Here e=0, the identity of the additive group of F. 
Now ia;=0 
=> either a;=0 or if a;0 then p should be a divisor of i 
> either a;=0 or if a;40 then f=Ap where X is some positive 
integer. as 
Therefore in this case the term x! will occur in S(x) only if it 
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is of the form (x2), ‘Thus f(x) will be a polynomial in x’. 
‘Theorem 24. “For any f(x), g(x) & F[x) and anya © F 
() (fa)+8@)V=f' @)+2') 
(ft) (a fe) sa fe) 
(sit) EF(x) g(x) )'=S" (x) a(x) +S) 8'(x)- 
/S: Proof. i) Let f(x)=a-+a1x+02%"+-.. +Gnx" 
‘nd: , .g (x)= by + b,x +bgx®+.. + bmx™. 
Without Joss of generality, we.can take n > m. 
We have f(x)-+8(x)=(4y+bo)-+ (ai+ br) x+(aa-+bs) x®+... 
+(Qm+5m) X*+ (Ama +0) x**?+.. -+(dn+0) x", where — 
Gm+1-.-, 4, are all zero if =m. 
“Now [ f(x) +9(x)!' =(a1+b:)+2 (as+bs) Hs. 
et M(Amt bm) x83 + (+1) Amy x" +.. praax). 
Now if a, b © Fand k is any integer, then k (a+b)=ka+kb. 
[ f(x) -+9(x)) 
==[a,+2asx+.. eb manx™)+(m+1) Om+1 xm. +d, xX" 
“$+ (bi +2bex... bmx] 
‘=f'(x)+8'(2). 


(ii) Let fix) =a,+- xox". Lyx" 

we have af(x)=ad9+-aa,x%+ aagx? +03. 0Gnx". 

- [a fi (x)]' =4a,+2 (ads) x+.. +a (aan) xe-t 
m0 41+ 2asx-+...--Nnax”] =a f’(x). 

(iii) Since the product of f(x) with g(x) is a linear combina- 
tion over F of powers of x, therefore by virtue of results (i) and 
(ii) it is sufficient to prove thé result (iii) for products of two — 
powers of x. Let f(x)=2x', g(x)=x* where r and s are positive 

; integers. 
We have f(x) e(x)=x' x*=x'ts, Therefore 
LS) a(®)Y (r+ 8) xrtert rar tsn} xr tent 
s(n xt?) xP-Ext (ax? =f'(x) a(x) +S/(%) 8'(x). 
- Condition for multiple roots. 

Theorem 25. The polynomial f(x) = F{x] has a multiple root 
if and only if f(x) and f'(x) have a nontrivial (that is, of positive 
degree) common factor. (B.H.U. 1987; Madurai 88) 

Proof. Before proving the main theorem let us first pros an . 
jniportant result namely : 

—— «FF () and g(x) in F[x) have a non-trivial common factor in 
-K{x] where K ts some extension of F, then they must have.a_non- 
trivial common factor in F[x). iG 

: . Weshall prove this result by contradiction. Suppose f(x) and 
g(x) have a non-trivial common factor in K(x] but they have no : 
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non-trivial common factor in F(x]. Then fix). and g(x) are rela- 
tively prime as elements in F(x). Therefore there exist two poly- . 
nomials a(x) and 6(x) in F[x) such ‘that 

a(x) f(x) +5(x) g(x)=1. 

Since K 2 F, therefore a(x), b(x), f(x), g(x) can: ‘all be taken 
as polynomials i in K[x]. 

- Therefore a(x) f(x)+5(x) g(x)=1 implies that f(x) and g(x) 
are relatively prime as elements ia X[x)..Note that if f(x) and g(x) 
have a common factor of positive degree then this factor must 
divide 1 which is impossible. Thus we get a contradiction. Hence 
fx) and g(x) must have | ‘@ nontrivial common factor in. F(x). 

Now we-come to the proof of the main theorem. By virtue 
of the result we just proved we can ‘assume without loss of 
generality that the roots of f(x) all lie in F (otherwise extend F 
to K the splitting field of f(x)). 

Now suppose that « is a multiple root of f(x) of multiplicity 
m> 1. Then (x—a)" is a divisor of F(x). Therefore 

. S(x)= (x—«)" q(x). We have 
S'(x)=[—a)ny a(x) + (x— a)" g(x) 
=m (x—a)™—! g(x)+(x—a)™ g'(x) 
_ (Note that if m > 1, then the derivative of 
- (X¥—a)™ is m (x—a)""] . 
=(x—«) r(x), Since m > 1. 

Thus (x—«) i is a common factor of f(x) and f ’(x). So Kx) and 

SJ'(x) have a non-trivial common factor. 


Converse. “Suppose that f(x) and - f’(x) have a non-trivial 
common factor. | :Then to prove that f(x) has a. multiple. root. 

Suppose that f(x) has no multiple root. 

_ Let the roots'pf Six) be a, @,..., %n where the o,’s are all dis: 
tinct. ‘Without 108s: ‘of generality we can assume f(x) to be monic.. 
Then Sx) aa) (¥—as).. (x—a,). Therefore 


Feay= (2 aan: @—a).. (an) 


where the bar. — renee the term is omitted. 
Our claim is that no root of f(x) is a root of f(x), for . 
Sf’ @J= a (ai—@)40 .. 
- jet 


SINCE. a1, ...5:Cn are all distinct. Now if f(x) and f (x) have a non-. 
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trivial common factor, then they have a common root which is 
‘ any root of their common factor. Therefore f(x) and f’(x) have 
no common root implies that they have no nontrivial common 
factor. Thus we have proved that if f(x) has no multiple root, 
then f(x) and f’(x) have no non-trivial common factor. . 
Hence if f(x) and f(x) have a nontrivial common factor, 
then f(x) must have a multiple root. This proves the other side of 
the theorem. . 
Theorem 26. If f(x)EF{x] is irreducible, then: : 
(i) ‘If the characteristic of F is 0, f(x) has no multiple roots. 
(ii) If the characteristic of F is p#0, f(x) has a multiple root 
only if it is of the form f(x)=8(x?) for some g(x)eEF[x). 
| (B.H.U. 1987) 
Proof. Suppose f(x) has a multiple root. Then by theorem 25, 
f(x) and f’(x) have a non-trivial common factor in F[x] Since 
f(x) is irreducible in F[x]}, therefore its only non-trivia] factor in 
F[x] is f(x). Thus f(x) is a factor of f(x). Now if f’(x)<40, 
then deg f’(x) is less than that of f(x) and so f(x) cannot be a 
factor of f’(x). Therefore f(x) | /’(x) is possible only if ST'(x)=0. 
In characteristic 0 this implies that f(x) is a constant, which has 
no.roots; in characteristic p30, this forces f(x)=g(x?) for some 
e(x)eEF[x]). 
Theorem 27. If F ts afield of characteristic p#0, then the 
polynomial 


xP" —xeF[x], 
forn > 1, has distinct roots. 
Proof. Let f(xyaxP"—x. Then f "(x)= p xP" ages 
Now by peF, we mean 1+1+1-+...upto p times. Since F is 
of characteristic p, therefore‘the order of 1 as an element of the 
additive group of F is p Therefore p=1+1+...upto p times=0. 
Hence p"=0. Therefore SI'®=-1. 
Now we see that f(x) and f’(x) have no nontrivial common 
factor. Therefore by theorem 25, f(x) has no multiple roots. 
Theorem 28. If F is of characteristic 0 and if a, b are algebraic 
over F, then there edists an element c& F (a, b) such that 
F (a, b)=F {c). (Meerat 1973, 78) 
r 


If F ts of characteristic 0 and if a, b are algebraic over F, then 
F (a, b) is a simple.extension of F.- (Guru Nanak 1988) 
Proof. It is given that the elements a and b are elgebraic 
over F. Let f(x) and g(x) be the irreducible polynomials over F 
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satisfied by a and b respectively. Let deg f(x)=m and deg g(x)=n. 
suppose E is an extension of F in which both f(x) and g(x) split 
completely. Since f(x) is irreducible and characteristic F=0, 
therefore by theorem 26 all the roots of f(x) are distinct. Simi- 
larly all the roots of g(x) are distinct. Let a), ds,...,@m be the 
roots of f(x) and dy, bs,..., ba be the roots of g(x). Forthe sake 
of convenience let us put a=a, b,=6. 
If jA1, then 6,5,=6. Therefore if in E, we have 
ay+Abj=a+Ab, i=], ..., m, j=2,..., 0M, 


then MoS, b, which is a unique element of E. 


Thus for each pair of values of i and j provided j+1, the 
equation a;+Abj=a-+Adb has only one solution in E. By putting 
i=],...,m, j=2,...,, the equation a;--Ab;=a+Ab can take only 
a finite number of forms.. Thus there are only a finite number of 
elements of £ such that 

@:+Abj;=a+Ab, where i=1,...,m, j=2,..., 4. 

Now F has an infinite number of elements since characteristic 
F=0. Each element of Fisin £E. Therefore we must have an 
element yE&F such that 

ai+yb;4a-+yb for all i and for all 41. 

Let c=a+yb, Since a, 6, y © F (a, 6), therefore c&F (a, 5). 
We shall prove that F(a, b)=F(c). 

Since cE F(a, b) therefore F(c)¢ F(a, 5). 

Now it remains to prove that F(a, b)CF(c). 

For this we shall prove that both a and 6 are in F(c). 

Now B satisfies the polynomial g(x) over F. The polynomial 
g(x) over F can also be regarded as a polynomial over F(c) be- 
cause FG F(c). Let us put F(c)=K. Let h(x)=f(c—yx). Since 
cEkK, and y © F > y & K, therefore A(x) isa polypemiel in K[x]. 
We have 

h(b)=f(c—yb) 
=f(a) [“" c=a+ yb] 
=0, since a is a root of f(x). 

Thus 5 satisfies both the polynomials g(x) and A(x) in K(x]. 
Therefore x—6 is a common factor of g(x) and A(x) in some ex- 
tension Eof K. (Note that K=F(c) € F(a, 6b) © E. Hence E 
is an extension of K]. We shall prove that x—5 is the greatest 
common divisor of g(x) and A(x) i in K[x]. -Let 6;4b be another 
root of g(x). Then 
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h(b))=f{c—yb;) ae 
: #0, since by our choice of y, c—yb, for j+1 avoids all 
roots a of f(x). 
(Note that gto eatybse for all i and for all 71). 
Therefore 5, is not a foot of h(x). Thus any factor of g(x) in 
_E{x) other than x—6 is not a factor of A(x). 
= _. Also g(x) has all its roots distinct. So (x—5)’, where r> 2, 
is not a divisor of g(x). Hence x—6 is the greatest common divi- 
sor of g(x) and A(x) in some extension ‘E. of K. Since g(x) and 
h(x) have a non-trivial common factor over some extension of K, 
therefore they net 8 have a non-trivial’ common factor over K. [See 
initial remark in the proof of theorem 25). Consequently they 
saat have 4 non-trivial greatest common divisor over K'- which 
must -be a divisor ofx—b But the degree of x—5 is 1. Therefore 
x—6 itself is the greatest common divisor of g(x) and. h(x) in 
K(x]. 
Hence be K=F(c). . : 
Now ¢, y, b&F(c) > c—ybEF(c) > aGF(c). 
Thus both a, 5 are in F(c). We have’ 
a, bE F(c) => F(a, b) © Fe). 
Finally F(a, b) GF(c), F(c) © F(a, b) > F(a, b)=F(c). 
This proves the theorem. 
Theorem 29. Any finite extension of a field of characteristic 0 
{s a simple extenston. [B.H.U. 1987; Madurai 88] 
Proof. Let K be a finite extension of. a field of characteristic 
0. Then K is an algebraic extension of F and can be obtained by 
adjoining a finite number of algebraic. elements of F. Let 
K=F(m, Agyeony Sn). 
We are to prove that there i is an element ceK’ 
such that K=F(c). _ 
We have K=F(a1, @3,...5 na, Gn=1> &n) 
=(F (1; Hey.» +s3n—a)) (Gn—15 On) ; 
=(F(21, %2)..-) a2) (d) where 
AE(F (a1, 95...5'Gn—a)) (Kn-1, %n) 
SF (Oy, Oay-.cb On) Ma) =K. 
{We have. applied theorem 28 by taking 
F= =F (%1,..., &-g) and &,1=4, &,=5] 
: = F(a, Agyoeey Kandy da). ’ 
By repeated application of theorem 28, in the manner shown 
above, we shall get after a finite number of steps 
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K=F(c) where c@F(c)=K. 

Hence K is a simple extension of F. 

Separable element. Definition. An element ain an extension K 
of F is called separable over F if it satisfies a polynomial over F 
having no multiple roots. 

Separable extension. Definition. An extension K of a field F 
is called separable over F if each element of K is separable over F. 

[Meerut 1981, 82, 83] 

Perfect field. Definition. A field F is called perfect if all finite 
extensions of F are separable. 

Theorem 30. Show that any field of chargcteristic 0 is perfect. 

Proof. Let F be a field of characteristi¢ 0. The field F will 
be a perfect field if evéry finite extension of F is separable over F. 
Let K be any finite extension of F. Then to prove that K is sepa- 
rable over F. Let a@K be arbitrary. Then XK will be separable 
over F if ais separable over F i.e., if a satisfies a polynomial over 
F having-no multiple roots. 

Let (K: Fj=—n. , 

Then a-satisfies a non-zero polynomial in Fix], of degree at 
most n.. [See theorem 7). 

‘Suppose a satisfies fEFIaI. Then fla)=0. By the unique 
factorization theorem for polynomials over a field the poiynomial 
J(x)EF[x) can be expressed as 

—— f(%)=4i(%) aa(x) ...4m(X) 
where q(X),.. +»Qm(X) are irreducible elements in F[x). We have 
| JI(a=0 
=> 91(@) 91(2)...9m(a)=0 
=> qi(a)=0 for at least one i between 1 and m 
=> a satisfies an irreducible polynomial g(x) in F(x). 


Since characteristic F is 0 and qi(x)€F{x] is irreducible, there- 
fore q(x) cannot have multiple roots. (See theorem 26] 
Thus a satisfies a polynomial over F having no multiple roots. 
Hence F.is a perfect field. 
§ 7. The Elements of Galois Theory.. 


Let p(x). be a polynomial in F(x] where F is any field. In this 

section we shall associate with - p(x) a group calléd the - Galois 

‘~ group of p(x). This Galois group will turn out to be a certain - 
permutation group of the roots of the.polynomial. — 

’ - “In this section we shall assume that all our fields’ are of 

characteristic 0. Then we can make free use of theorems 28 and 
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29. However most of the results will be true for an arbitrary field 
f.e., they will also be true for ficlds having finite characteristic. 
Therefore we shall prefer to mention in the statement of the theo- 
rem whether the field is of characteristic 0 or an arbitrary field. If 
we write the words ‘any field’ then the result will also be true for 
finite characteristic fields. 

Automorphism of a field. Definition. 

A oné-one mapping o of a field K onto itself is called, an auto- 
morphism of K if ae 
o(a+6)=o0(a)+0(b) and o(ab)=o(a) o(b) for all a, bEK. 

Two automorphisms o, and oz of K are said to be equal if 

01(@) == 0,(a) ¥ ack. 

Thus o, and o2-will be distinct if o,(a)02(a) for some ele- 
ment a in K. : 

Note. Ifo is an automorphism of a field K, then 

(i) o(0)=0, (ii) o(—a)=—o(a), 

(iii) of(l)=I, (iv) o(—l)=—1, 

(v) If a0, then o(a~')=[o (a)]~. 

To prove these results see the corresponding results on iso- 
morphism of rings. Automorphism is nothing but a special type 
of isomorphism. , 

Group of automorphisms of a field. 


Theorem 31. Let A(K) be the collection of all automorphisms 
of afield K. Thenit can be easily seen that A(K) is a group with 
respect to the operation known as composite of two functions. 


Proof. Let A(X) be the collection of all automorphisms of a 
field K. Then A(K )={f: fis an automorphism of K}.. 
We shall prove that A(K) is a group with respect to composite 
of mappings as the operation. . . 
Closure property. Let J, 8=A(K). Then f; g are one-one 
mappings of K onto itself. Therefore g f is also'a one-one mapping 
of K onto itself. . 
If.a, b be any two elements of K, we have 
A(8f) (ab)=8 [ flab))=g [ fa) f(b)|=z { Aa) gL fb)} 
=[(gf) (a)} [(gf ) (4)}. 
Also (gf ) (a+6)= [ flat b))=8 { f(a) +-/(d)) 
=8 [ f(a)]+8 [ Mb)=(ef ) (a)+(gf ) (b). 
xf is also an automorphism of K. Thus A(K) is closed 
with respect to’ composite composition. 
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Associativity. We know that composite of arbitrary mappings 
is associative. Therefore composite of automorphisms is also 
associative. 


Existence of identity. .The identity function J on K is also an 
automorphism of K. Obviously J is one-one onto and if a, b&K, 
then I(ab)=ab= (a) 1(6), and .a--b)=a+b=M(a)+K). 

Thus J@A(K) and ‘if fe A(K), we have I f=f=f I. 

Existence of inverse. Let fEA(K). Since f is a one-one 
mapping of K onto itself, therefore f-! exists and is also a one- 
One mapping of K onto itself. We shall show that f-} is also an 
automorphism of K. | 

Let a, b&K. Then 3 a’, b’&XK such that ¢ 

f(a)=a' < f(a')=a and f-"(b)=b' < f(b')=6. 

We have f-'(ab)=f— [ f(a’) fON=f7 [ fa’b’‘y=a'b' 

=f-(a) f-"(b). 

Also f(a-+-b)=f" [ fla’) JO =f? [fla +b) =a' +8! 

=f-"(a)+f~"(6). 

*, f-! is an automorphism of K and thus f@A(K) => 
f-'GA(K). Therefore each element of A(K) possesses inverse. 

Hence A(X) is a group with respect to composite composition. 


Fixed field. Definition. Let G be a subgroup (or simply a 
subset) of. the group of all automorphisms of a field K. Then the 
Sixed field of G is the set of all elements a@K such that 

o(a)=a for all c&G. 
_ The above definition of fixed field will be sensible only if we 
are able to show that all elements a © K such that o(a)—a for 
all c&G actually form a subfield of K. We have the following 
theorem : 

Theorem 32. Let G be a subgroup of the group of all auto- 
morpulens of afield K. Then the fixed field of G isa subfield of - 
K. (Meerut 1987; Banaras 70] 

Proof. Let G be a subgroup (or simply a ne of the group 
of all automorphisms of a field K. Let 
H={ae&K : o(a)=a ¥ o&G}. 

To prove that H is a subfield of K. 

Obviously H is not empty because at ‘least 0 and 1 are in H. 
We have o(0)=0 and o(1)=1 for all ceG. . 

Let a4, bE H. Then o(a)=a, o(b)=3, for all cEG. For. any 
o&G, we have o(a—b)=o(a)— o(b)=a—b. 

‘Thus a,bGH > a—be H. 
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Further let a@H,04bEH. Then o(a)=a, o(b)=b for all 
cEG. Also 0b = b-' exists. For any o@G, we have 
a(ab-")=0(a)o(b-') 
=[o(a)] [o(b)}“? {Note that under an isomorphism 
ae o(b-?)=[0(6)""] 


Thus aEd, 0+bEH => ab GH. Hence H is a subfield of K. 
Group of automorphisms of a field K relative to a subfield F 
of K. 

Theorem 33. Let F be a subfield of the field K. Let G(K, F) 
be the set of those automorphisms of K which leave every element of 
F fixed. In other words the automorphism f of Kis in G(K, F) if 
and only if f(a)=« for everyaeGF. Prove that. G(K, F) ts a .sub- 

group of the group of all automorphisms of K. 
[Banaras 1970; Meerat 77) 

Proof. First we see that G(K, F) is not empty because at 
least the identity automorphism J of Kis in G(K, F). .Since./ is 
the identity mapping of K, therefore (a)=a for every «EF. 

Now let J, ZEG(K, F): Then 

S(«)=« for every «EF and g(a)=« for every «EF. 

If «G@F be arbitrary, we have 

(ef) («)=sf f-(a)) 
| =8(«) ( fla)=a > f-'(a)=a] 
=<. 

Thus gf'&G(K, F). 

Since g, fEG(K, F) = gf-'EGiK, F), therefore G(K, F) isa 
-Subgroup of the group of all automorphisms of K. 

Definition. Let F be a subfield of the field K. Then the group 
of automorphisms of K relative to F, written as G(K, F), is the set of 
those automorphisms of K which leave every element of F fixed. 

_. Note 1. G(X, F) is a subgroup of the group of all automor- 
phisms of K. If «@K be such that ceF, then f(«)=« for all 
fEG(K, F). Therefore the fixed field of G(X, F) must contain F. 

_ Note 2. Let Kbea field containing the. field of rational 
numbers Fy. Let G be the group of all automorphisms of K. Then 
the fixed fie'd of G is a subfield of K. Now every subfield of K 
must contain Fy because F, is. the smallest subfield of K. Therefore 
‘the fixed field of G must contain Fp. From this we conclude that 
if c@ Fy, then o{a)=a for all c@G. Thus every rational number 

is left fixed by every automorphisin of K. 
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_ ‘Theorem 34, If K is a field and if oy, 49-4 
automorphisms of K then it is impossible 
@, Gz,.... Qn not all 0, in K such that 
@10;(U)-+-dgoq(u)+-.. +-Gnon()=0 for all uek. 
(Meerut 1974, 81, 83; Kanpur 86). 
Proof. It is given that o1, o9,..., on Are, distinct automorphisms 
of K. Suppose we can find elements a, aa, ...d,, not all 0,in K . 
such that 


.» On are distinct 
to find elements 


@10;(t) fa yox(u)-+ vee $Gnon(“)=0 ¥ UEK. (1) 
| Among all relations of the type (1) we can find a relation 
which has as few non-zero terms as possible. After renumbering 
let this minimal relation be ' 
ok @,01(u) + @z09(u) + .. -+4mon(u)=0, ---(2) 
where @), G2, ..., dm are all different from 0. If m=1, then the | 
relation (2) reduces to . | 
a,0,(u)=0 ¥ ueK 
=>4@0;(1)=0, since 1@K 
=  a.1=0, since o,(1)=1 
> a4=0. 
But according to our assumption a,~0. Hence we mut have 
1. ¢€ 

‘Since the automorphisms o, and om are distinct, therefore 
there exists an element c@X such that o;(c)=om(c). | 

Now cK, u@K > cuEK. Therefore the relation (2) will 
hold good for‘cu. Thus we get 

@,0,(¢u)-+-a302(cu)+.. ~+amom(cu)= =0 ¥ week 
=> a01(¢c) o;(u)-+a20.(c) ole) + -+4mon(C) on{u)=0 | 
oy ueX. ...(3) 
[each o is an automorphism of K] 

-Multiplying (2) by «,(c) and subtracting from (3),.we get | 

As{o3(¢)—or€c)} o2()+...4+-anlom(C)—oy(c)Jom(u)=0. —_...(4) 

Let b,;=a; (o:(c)—0;(c)] for i=2, ..., m.. 

Since a, o(c), o1(c) are all in K, therefore each 6; isin K. 
Further bn=am[om(c)—0,(c)]#0, because'am30, and 
om(¢)—o;(c)#0. Therefore from (4), we get | . 

bs00(4)+-...+-3mom(u)=0 for all we X. ...(5) 

_ The relation (5) has mz—1 terms. Since bn0, therefore from 

2G) we see that it is possible for us to find a relation of the type 

(1) having less than m non-zero terms. This. contradicts the 
assumption that (2) is a minima) relation. ‘ 
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Hence our initial assumption is wrong. This proves the 
theorem. 

Theorem 35. Suppose K is a finite extension of a field F. Then 
show that G(K, F) is a finite group and its order, o (G (K, F)) satis- 
fies the relation o(G (K, F)) < [K: F). 

. (G.N.D.U. Amritsar 1988; Vikram 76; Madurai 88) 

Proof. Suppose [K : F]=n and let u;, tt,..., Un be a basis of 
the vector space K(F). et 

Suppose we can find n+1 distinct automorphisms aj, 02...) ons 
ii1 in G(K, F). Consider the following system of homogeneous. 
linear equations inn+1 unknowns x), X¢,..., Xe: and With coeffi- 
cients in K: 

1 (4) X1-++-02(t1) Xo-+... ee Xnz=0 
- 04(U3) X1-+ G2(te) Xg+... bongs (Ue) Xn41=0 


o3(ur) X1-++09(u;) Xo+... bona (ui). Xny1=0 


O1(tln) X, + 02(Un) Xe+... tongs (Un) Xn41==0. 

Since in the above system of linear homogeneous equations 
the number of equations is less than the number of unknowns, 
therefore this system must possess a non-trivial solution (not all 0) . 
%1=Q,, X3=g,..., Xn41—Gn4, in K. Therefore we have, 

G10; (41) + Ggo9(uj) +.. pase aes -.(1) 
. for i=], 2,.. pa 

Let ¢ be an arbitrary element of K “Since {ut,.. .» Un} isa basis 
of K over F, therefore we can find o,..:, %nG@F such that 

$= yl +... + alla. 

Now 03(t)= 0, (a3 +... + onthn) 

=01(%1) 03(1))+...+ o1(0%m) a(t) ['° 0; is an automorphism] 

=0101(41)+...4-0n01(Ua) [°° 0: GG(K, F) > o; leaves every 

_ element of F fixed... Note that [ay woes nF) 
Thus vi(t)=a10;(t1)+.. »+$&n01(Un). 
Similarly o9(f)=0,09(u,)-+.. -+&no2(Un) 


a 


Onar(t) =, 0n41(U1) +... + %nonga(Un). ; : 
Multiplying both sides of these equations by ay, Qas.. +» Ong 
respectively and ene we get 
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Q10,(t)+...+-Ong10n41(t) , ; 
=O [A10-6t) +... + Angronss(th)]-+ ... foal Qi 0i(Up) +... 
: +4 n419n41(Un)) 
=00-+...-+-¢,0, by virtue of the system of equations (1) 
==. en, 
7 Thus we see that if o;,..., ong: are distinct automorphisms. of 
K, then it is possible to find 41;..-) Qn41 in KX, not all 0, such that 
Q10;(t)+...+On410n11(1)=0 ¥ tek. 
By theorem 34 this is not possible for us. Hence there cannot 
be n+-1 distinct automorphisms in G(K, F). . 
Similarly we can prove that there cannot be 2+2,.2-+-3,...- 
distinct automorphisms in G(K, F). Hence o(G(K, F)) <n. 
Elementary symmetric functions of the elements of a field. 
Definition. Leta, %,..., an be m elements of afield F. Then 


YVr=O%+aq+... tan 2 a 


y2= Py Ay ay 
i<j 
— Ys= Taya ysery 
N fejak 


eooe- eve 


n=O, Ao Ky... Xp 
are called elementary symmetric functions of «, Bay eery One 
It can be easily seen by direct calculation that 
(x—«) (x—ae)... (x—en) | 
- XA — yp XI-! + yoxn-B— ygxn-84 ... + (—1)9 y,,. 

Normal extension of a field. Definitior. .4 finite extension K 
of a field F is said to be a normal extension of F tf the fixed field 
Of GK, F)isF. | (Meerut 1981, 82, 83, 84P) 

From the definition.of normal extension it is obvious that if 
a is any element of K which is not in 7, then We must have some 
automorphism o in G(K, F) such that o(a) a. . 

Theorem 36. Suppose K is a finite.extension of a. field -F of 
characteristic 0 and H is a subgroup of G(K, F). Let Kn be the fixed 
field of H. Then . : - . “ 

(1) [Kz KyJ=0(H). (2) H=G(K; Ky) 

Proof. Let A(K) be the group of all -aytomotphisms. o1 the 
field K which is a finite extension of the field F. / It is given that 
Ky, is the fixed field of H whichis a subgroup of bik: F). Therefore 


a 
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Ky=(0ek: o (x)= x for all oGH}. 
Now XK isa finite extension of F and Ky is a subfield of K 
| containing F. Therefore X is a finite extension of Ky te., (K: Kx] 
is finite. By theorem 35, we have G(K, Kz) isa finite group and 
0 (G(K, Ku)) <(K: Ku). (1) 
Further G (K, Kz) is a subgroup of A (K) and 4 is alsoa sub- 
group of A(K). We have 
coGHacol(yy=yv ye Ky © » [see def. of Ky) 
=> o © G(K, Kn). 
“ HG&G(K, Ky) 
=> His-a subgroup of G(K, Ky) 


_ = 0 (Ff) < 0 (GK, Ky)). +e(2) 
From (1).and (2), we get a 

o (H)'< 0 [G (K, Ky;)] <[K: Ky] (3) 

>0(H) <[K: Ky] ».(4) 


Now in order to prove that o(H)=[K: Ky] it remains to 
 plove that o (H) > [K: Ky]. 
Let o (H)=h and [(K :-Ky)=m. 
Let H={o1, 09;..., o4} Where o is the identity automorphism 
of X.. Note that H being a subgroup of A(K) must contain its 
identity. 
Since X is a finite extension of Ky which is of characteristic 0, 
therefore by theorem 29, K is a simple extension of Ky. Therefore 
there exists an element a@K such that K=Ky (a). This a must 
therefore satisfy an irreducible polynomial over Ky of degree 
m=[K: Kv! and no non-trivial polynomial of lower degree. 
(see theorem 7]. 
Let a, a¢,..., a, be the elementary symmetric functions of the 
elements o; (a), o2(4),..;, 0, (@2) © K. Then 


ee. ho. 
m= 3 (a)-+-03 (@)+...-+on (a)= = a1 (a) 


, ta 2 oy (a) 0; (a) 
vig ee | 


bey 


Op} (a) 03 (On. “Oh: (ay. 
.. We clains that each «,; is invariant under every o & Ae Let 
abe any-element of H. Consider the A products oa, c03,..., cop.’ 
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All these are elements of H because His a group. Also all these 
are distinct. Because co;=00,, | 
> o;=0, (by left cancellation law in Hj 

. G01, Gog, ..., oo, are nothing but the 4 elements of H placed 

in some order. We have 
o (a1) =o [01 (4) +-02(4)-+...-+.04(a)] 

=o [o; (4)]-+o (02(4)]+...+o [on (2)] [°° ois an automorphism} 
=(c0;) (a)-+(c03) (a)+...+(c0n) (a) 


= z o; (a), since oo},..., co, are nothing but the 4 elements of 1 


placed in some order 
CT oe : 
Further Nees = 2 (a) oy (a) 


= Ae o (a; (a) o; (a)] (.' ois an automorphism} 
= 2 o [o; (a)] o oy (a)) | {°. ois an automorphism) 
<j 
= 2 (c0;) (a) (c0;) (a)=as. 
i<j. 


Similarly we can show for as, a4,..., o%4. Since each «, is in- © 
variant under every o & H, therefore by the definition of Ky each 
a & Ky. Consider the. polynomial 

p (x)=[x—o, (a)] [x—oe (a)]...[x—o, (a)] . ...(5) - 

XI — eh -T tox h-B— (1) oy, 

We see that p(x) is a non-zero polynomial over Ky of degree 
h. Note that «,..., %, @ Ky. Also from (5) we see that o, (2)=a 
is a root of p (x). Note that o, (a)=a because‘c; is identity auto- 


morphism. 
_ Thus we see that a satisfies a non-trivial polynomial over 


| “ Ky of degree h. Since a cannot satisfy a non-trivial polynomial 


over Ky, of degree lower than m, therefore we must nave 
h>m 
=> 0(H) > (K: Ky). |  446(6) 
From (4) and (6), we get o (H)=[K : Ky]. . 
Putting o (H)=[K : Ky] in (3), we -get 
o (H) < 0 (G (K, Kx)) < 0 (A) 
=> 0 (H)=0 (G (K, Kn)).. 
_ Now H is a subgroup of G (K, Ky). 
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Therefore 0 (H)=o0 (G (K, Ky)) implies that H=G(K, Ky). 
Corollary. Let K be a normal extenston of afield F of charac- 
* teristic 0. Then (K: F]=0 (G (K, F)). (Meerut 1988) 
Proof. Since K is normal extension of F, therefore the fixed 
‘ield of G (K, F) is F itself. Also X is a finite extension of F be- 
<ause a normal extension is necessarily a finite extension. 
Now in the proof of the above theorem take H=G(K, F) 
itself. Then Kj,=the fixed field of G(K, F)=F. Therefore we get 
the result 0 (G (K, F))=[K: F]. 
Note. Write the complete proof of this corollary by replacing 
H by G (K, F) and Ky by F in the proof of the above theorem. _ 
‘Now we shall prove a very important theorem which charac- 
terizes normal extensions of a field of characteristic 0. Before 
stating the main theorem we want to prove the following subsidiary 
theorem which we shall use in the proof of the main theorem. 
Theorem 37. Let K be the splittiug field of f (x) in F [x] and 
-let p (x) be an irreducible factor of f x) in F |x]. If the roots of 
P(X) are a,..., &, then for each i there exists an automorphism o; in 
G (K, F) such that o; («,)=a). (Jabalpur 1986) 
Proof. It is given that K is the splitting field of f(x) © F[x] 
and p (x) is an irreducible factor of f (x) in F[x). Since p(x) is a 
factor of f (x), therefore every root of p (x) is also a root of f(x) 
atid so every root of p (x) must be in K. Leta, 0; be any two 
roots of p (x). Let Fi=F (a) and F,’=F (a;). Since p (x)EF [x] 
is irreducible, therefore by corollary to theorem 21, there is an 
isomorphism 7 of F, onto F,’ such that 
o(a,)=a, and % (a)J=a ¥ « © F. 

- Since F, is a superfield of F, therefore f(x) & F [x] can be 
considered as a polynomial over F,. We claim that X is a splitting 
field for f (x) & F, [x] because no subfield of K, containing F, and 
hence F, can split f(x). Similarly K is .a splitting field for f(x) 
considered as a polynomial over F,’. By theorem 22, there is an 
isomorphism | o; of K onto K (thus an automorphism of K) coincid- 
ing with ¢.on F;. 

Now 5) = F (a)=fi 
> oF (a1). (m) =a. ) [ab (a1)=as) 
Also since a; coincides with % on F,, therefore o(a)=0¥aEF. 
Consequently o, & G (K, F). 
This proves the theorem. 
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Theorem 38. K is a normal extension of a field F of charac- 
teristic 0 if and only if K is the splitting field of some polynomial 
over F. (G.N.D.U. Amritsar 1990; Madurai 88) 

Proof. Suppose K isa normal extension of F. Then K is 
necessarily a finite extension of F. Also characteristic F is 0. 
Therefore by theorem 29 K is a simple extension-of F. So there is 
an element a in K such that K=F (a). The- group G (K, F) is of 
finite order say of order z. Let 1, o2,..., 0, denote all the distinct 
elements of G(K, F). Also let o, be the identity of G(X, F) i.e., o; 
be the identity automorphism of K.. . 

Let a}, a3,..., & be the elementary symmetric functions of the 
elements a; (a),..., on (a2) E Kte., = 


n 
m= DS a; (a) 
jel 


to > Oj; (a) oj (a) 
i<j 


en=0; (@) oe (@)...0% (a). 
It can be easily scen that each a, is invariant under every 
oc & G(K, F). 


Therefore each a; is in the fixed field of G (K, F).. But K is ¢ 
normal extension of F implies that F is the fixed field of G (K, F). 
So each a; © F. Consider the polynomial - | 

P (x)=[x— 0, (a)} [x—o (a)]...[x— on (a)] over K. »(1) 

We have p (x) =x" — ax 4+ (— 1) ay. 

Since each a, & F, therefore p (x) & F [x]. 

From (1), we see that K splits p(x) @ F (x] into a product of 
linear factors. Also from (1) we see that o:(4)=a is a root of P(x) 
in K. Since a generates K over F, therefore a can be in no proper 
subfield of K which contains F. Thus X is the splitting field of 
p(x) over F, This proves the ‘only if? part of the theorem. 


Now we shall prove the ‘if’ part of the theorem. Suppose .£ 
is the splitting field of the polynomial f(x) GF[x]. Then to pro: .: 
that XK is a normal extension of.F. Certainly X is a finite extension 
of F because every splitting field is a finite extension. 

Let [K: F]=n. We shall prove the result by induction on 2. 

fo start the induction we see that if[K: F]=1, then K=F 
and certainly F is a normal extension of F, 
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Now assume as our induction hypothesis that if X, is the 
splitting field over F, of a polynomial in F,[x] and if [Ki : il<a, 
then X, is a normal extension of F;. 

Now let [K : F]=n>1. K is the splitting field over F of f(x) 
in F(x]. If f(x) splits into linear factors over F, then K=F and 
consequently [K: F]=1. So, assume that f(x) has an irreducible 
factor p(x)@F[x] of degree r > 1. Since characteristic F is 0 and 
p(x) is irreducible, therefore p(x) cannot have multiple roots. 
Further p(x) is a factor of f(x) and K is the splitting field of f(x). 
Therefore p(x) has a full complement of roots in K. Let a, a)... 

., «GK be the r distinct roots of p(x). 


Since p(x) is irreducible over F and deg p(x)=r,. therefore 
[F(:) : Fj=r. 
We have [K : F\=[K: F(a,)] [F(@:) > F] 
' [K: F] _n 
> [K: Faeyr Fl F <M. | | 

Now K is also the splitting field of f(x) considered as a poly- 
nomial over F(«:). 

Since [K : F(«:)] <n, therefore by our induction hypothesis 
K is a normal extension of F(a). 

Let 6EK be left fixed by every automorphism in G (K, F). If 
we prove that 6 is in F, then F will be the fixed field of G (K, F) 
and K will be a normal extension of F 

We have 7 

o&G (K, F(a:)) 
<> o leaves every element of F(«:) fixed 
=> o leaves every element of F fixed [°° FGF(o:)] 
> o&G (K, F) 
=> o(8)=8 [. by our assumption 6 is left fixed by 
every automorphism in G (K, F)]. 

Thus we have o(@)=6 for all c&G (K, F(a:)). 

Therefore 6 belongs to the fixed field of G (K, F(«,)). 

But K is a normal extension of F(«,) means that F(a;) is the 
fixed field of G (K, -F(@s)). Therefore @ isin F(a). So we can 
write 

Ox Ag Agar Agar?--... +Ap_a «,’-? where Noserry Ap EF ...(2) 

[See theorem 5] 

Now by theorem 37, for each i=1, 2,..., r there is.an auto- 

morphism o; of K, 0:&G (K, F), such that o,(«,;)=«;. Since @ is left 
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fixed by every automorphism in G(K, F), therefore o,(6)=20. Also 
Xo, Nise, AaGF 
> oi(Ap)=Aj, oi(Ay)=A1,..., 1(Aro1) =Apass 
Operating o; on both sides of (2), we get 
HB) a4 (Ag Ayeer Ager? 2. Arca 0°74) 
> B=07(A) +04(A1) o1(a1)-+ of As) (0:(a3)}®-+... : 
} | oi(Ara1) [oi(or) 
> Ody + Aya Agest Ap arceyl? 
> Apnrai? +E A,_ got)? 2 4 we bAjsar+(Ag—6)=0 
; for i=l, 7 Ber r. »«e(3) 
Since a, ag,..., a, are all distinct, therefore from (3) we see 
- that che polynomial 
© YX) eAy ax Apex! 2h. FA (Ag—8) 
in K[x], of degree at most r— 1, has r distirct roots o:, a9...) dr. _ 
This can be possible only if all the coefficients of q(x) are 0; in 
particular 4,—9=0 which gives 6=),. So.4 is in F. | 
Hence X is a normal extension of F. 
The proof of the theorem is now complete by induction. 
Note. The above theorem is very important. It tells us that 
if K is the splitting field of some polynomial f(x) © F[x] where 
characteristic F is 0, then K is a normal extension of F. The con- 
verse is also true. 


‘Theorem 39. Let K be a normal extenston of a field F of 
characteristic0. If T isa subfteld of K containing F, thenT isa 
normal extension of F if and only if 

AT)CT ¥ c&G(K, F). 

Proof. Since XK is a normal extension therefore K is a finite 
extension of F. Let 7 be a subfield of K containing F: Then 7 
is also a finite extension of F which is of characteristic 0. There- 
fore by theorem 29, T is a simple extension of F. So there is an 
element a in 7 such that T=F(a). 


‘Only if’ part of the theorem, Suppose o( 7)C7T¥ c&G(K, F). 
Then to prove that 7 is a normal extension of F. 

Since X isa normal extension of F, therefore G(K, #) is a 
finite group say of order #. Let 01, 03,..., og be all the n elements 
of G (K, F) and let o, be the identity of G(X, F). Since 

aGT and o(7)CT ¥ cE&G(K, F), 

therefore o,(a), o3(a),..., on(@) are all in 7. Consider the polyno- 
mial P(x) =[x—o;(@)] [x—o4(a)]...[%—o9(a)] 
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over T. Expanding we get 


P(X) = xP — yx"? eg? — ,.. + (— 1)" Gy Where a1, a3)0005 On 
are elementary symmetric functions of the elements 
: “ex(a), oa(a),.. 9 on(a) 

of T. It can be easily seen that a, a3,...,% are each invariant 
with respect to every c@G (K, F). Therefore each «; for i=},... 
..., 2 must be an element of the fixed field of G (K, F). Since K is 
a normal extension of F, therefore the fixed field of G (K, F) is F. 
Thus each «; is in F and so p(x)GF[x). From the form of p(x) we 
see that 7 splits the polynomial p(x)e F[x] into a product of lin- 
ear factors. Also o,(a)=a is a root of p(x) in T=—F(a). Since a 
generates T over F, therefore a can be in no proper subfield of T 
which contains F. Thus Tis the splitting field of p(x)&F[x]. 
Therefore by theorem 38, 7 is a normal extension of F. 


. ap ‘part of the theorem. Suppose TJ is a normal extension of 
F, Then to prove that o(7)CT ¥ oGG (K, F). 


Since 7 is a normal extension of F, therefore G (7, F) is a 
finite group say of order m. Let ¥1, 2,...,35m be all the m elements: 
of G(T, F) and let ¥ be the identity of G(T, F). Since a= T= F(a), 
therefore 4,(a), $2(@),-.., #m(a) are all in 7. Consider the polyno- 
mial q(x)=[x—4,.(2)] [x—2(a)]...[x—pm(a)] over T. Expanding 
we get q(x)=x"— Bx™-!-+- Bax™-2—.,. -+(—1)” Bm where B1, Bay..-sBm 
are elementary symmetric functions of the elements 4,(a), 
fa(a),..., $m(a) of T. It can be easily seen that each 8; is invariant 

with respect to each ¥ in ‘G(T, F). Since T is a normal .extension 
-° F, therefore each 8; must be in F. Consequently 9(x)GF[z]. 
rrom the form of q(x) we see that g(x) has all its roots ia 7. Also 
¥(a)=a is a root of q(x) in T and hence.in K. 


Now let o be any element of G(K, F). Since o is an automor- 
phism of K leaving every element of F fixed and a is a root of 
q(x) EF[x] in K, therefore o(a) is also a root of q(x) in K. Since 
all roots of g(x) are in T, therefore o(a) must be an element of 7. 
Now T=F(a). If (J: Fj=r, then t@7 can be written as 

t=Np-+AiQ+-... Ap a’? where Ao, Ax,..., raiEF. 

We have o(t)=0(Ap+Aia-+...--A,-o3 a’a}) 

=0(Ag)-+ (Ai) 0(@) +... (Ar_1) [o(a)}"~? 

=Ao-+A10(a) +... + Arar [o(a)} . 

[".. ° o leaves every element of F fixed] 
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c=an element of T since o(a)ET 
and Apo, A;,..., AUETIF. © ; 
Thus for every c@G (K, F) and for every te@7, we have 
o(t)=T. Consequently o(7)CT ¥ cE&G (K, F). 


Galois group of a polynomial over a field. 


Definition. Let f(x) be a polynomial in F(x] and let K be its 
splitting field over F. The Galois group of f(x) is the group G(K, F) 
of all those automorphisms of K which leave every element of F 
Sixed. (Meerut 1989) 


Note. If X is an extension of a ficld F, then an automorphism 
of K which leaves every element of F fixed is also called an F-auto- 
morphism of K. If K is a normal extension of a field F of 
characteristic 0, then K is the cplitting field of some polynomial 
J(x) io F(x]. The group G (K, F) of F-automorphisms of K is also 
called the Galois group of K over F. 


Theorem 40. The Galois group of a polynomial over a field is 
isomorphic to a group of permutations of its roots. 


Proof. Let f(x) be a polynomial over the field F. Let K be 
the splitting field of f(x) over F. Then Kis a normal extension of 
F. Therefore the Galois group G (K, F) of f(x) is of finite order 
(K : F]=n, say. Let oj, o2,..., on be the n distinct elements of 
G(K, F). Suppose f(x) has only m distinct roots in K. It is possible 
that f(x) may have multiple roots. Let S==:{a;, a2,..., %m} be the 
set of m distinct roots of f(x) in K. Let P be the set of all those 
permutations on S which change only those elements of S which 
are not ia F i.e., which leave every element of F (if it is any) fixed. 
If g1, gs are two elements of P, then g,g2 will also be an element 
of P because gig: will also leave every element of F fixed. Thus P 
is closed with respect to product of permutations. Therefore P is 
a subgroup of the group of ail permutations on S. We shall prove 
that the group G(K, F) is isomorphic to the group P. 

Let o@G(K, F). Let o* be the restrictionof oto Si.e., o*(a)= 
o(a) ¥ aeS. Ifa is a root of f(x) in K, then o(«) is also a roo: of 
J(x) in K [ses Ex. 5 Page 514]. Therefore c]ES=>o(a)=0* (WES. 
So o* isa function from Sto S. Further o* is one-one since o is 
one-one. Since S is a finite set, therefore c* is one-one implies 
that o* is also onto. Thus o* is a permutation on S. Since o leaves 
every element of F fixed, therefore o* wiilalso leave every element | 
of F fixed. Thus o*&P, 
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“Now let 4 be a mapping from G (K, F) to P defined as 
b(c)=o0* ¥ o © G(K, F). 


# is one-one. Let a1, o, & G (K, F) be arbitrary. Then 
b (ai)=y (o2) 
> o,*=¢9* 
> o* («) <= 0* (a) ¥aeEeSsS 
=> 01 (x)=09 (a) Ya ES. 

Now K=F (a1, a, ..,@m). Therefore each element of K is 
obtainable as the result of a finite number of operations of addi- 
tion, subtraction, multiplication and division performed on the 
elements of F and on q,..., %. But 01, og are automorphisms of 
K. Each of them leaves every element of F fixed and each of them 
maps every element of S identically. 

Hence 1 (a)=a (aX) YaeES 

> 01 (B)=02 (8) ¥ BE K 
> o1=02 > ¢ iS one-one. 

yy isonte. — 

Let g be any ‘element of P. Then g is a permutationon S lea- 
-ving those elements of S fixed which are in F. Now suppose 
there exists an automorphism o of K which leaves every element 
of F fixed and which maps each element of S in the same way as g 
maps it. Since each element of X is obtainable as the result of a 
finite number of operations of addition, subtraction, multiplication 
and division performed on the elements of F and on aj,..., am, 
therefore the automorphism o of K will be completcly determined. 

Also the restriction of o to S will be g. Thus 

&8© P>40 G&G {K, F) such that (c)=. 
Hence ¢ is onto; 
pf preserves compositions. Let 1, 02 & G (K, F) be arbitrary. 
Then | 
W (e102) =(0,02)*, the restriction of 0102 to S, 
But ¥ « & S, we have 


(o109)* re 7 [by def. of o*} 
= 0, [og (« 
=o; [o3* (c)] [by def. of o*] 


=04* [og* (%)J=2(o1* o9*) (a). 
& (0302)*= 0; *o*, 
ee (o102)=0,* o3*=y(0,) (a9). 


Hence y is an isomorphic mapping from G (K, F) onto P. 


Extensiou Fields and Galois Theory 539 


Therefore G (K, F) is isomorphic to P. 

Now we come to the fundamental theorem of Galois theory. 
It sets up aone-to-one correspondence between the subfields of 
the spliting field K of f(x) & F[x] and the subgroups of its Galois 
group & (K, F). 

Fundamental theorem of Galois theory. 

Theorem 41. Let K be a normal extension of a field F, of cha- 
racteristic 0. Show that there is a one-to-one correspondence between 
the set of subfields of K which contain F and the set of subgroups of 
G (K, F). Further, if T is any subfield of K which contains F, then 

(1) [K: T]=0 (G(K, T)), and (T : F]=index of G (K, T) in 

G (K, F). (Meerut 1989) 

(2) T is a normal extension of F if and only if G(K, T) isa 

normal. subgroup of G (K, F). 
(3) If Tis a normal extension of F, then G(T,.F) is isomor- 
phic to G (K, F)/G (K, T). 
(Nagarjuna 1978; Meerut 80, 81, 82, $3, 84P, 85, 86, 87, 90, 91; 
Madurai 88; Indore:70; Agra 86) 

Proof. For any subfied 7 of K which contains F, let G(K, T) 
be the group of all those automorphisms of K which leave every 
element of T fixed. We have 

o & G(K, T) = o leaves every element of T fixed 

=> o leaves every element of F fixed, since FCT 
>o € G(K, F) 

Thus G (K, T) & G(X, F). Since both G (K, F) and G(K, T) 

are subgroups of the group of all automorphisms of K, therefore 
G (K, T) G G (K, F) 
= G (K, T) is a subgroup of G (K, *). 

Thus for any subfield 7 of K which contains F we have found 
a subgroup G (K, T) of G (K, F). Let us now define a mapping 
y from the set of subfields of K which contain F into the set of 
subgroups of G (K, F) by the formula 

$b (7 )=G (K, T) for every subfield 7 of K which contains F. 

% is onto. 

For any subgroup H of G (K, F), let Ky denote the fixed field 
of H i.e, let Ky={x GK: 0 (x)=x ¥ o © H}. 

Then Ky is a subfield of K. Also 

cG H>c GG(k, F) {. HC G{k, F)) 
>o(a)=e ¥a ee F, 

Thus if o is any element of H, then o (a)=a ¥ « & F. There- 

fore F © Ky and so Ky is a subfield of K containing F. 
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We have +5 (Ki)==G (K, Ki) [by def. of #) 
= H [by theorem 36, since X is a finite exten- 

sion of F and H is a subgroup. of G (K, F)) 
% is onto. ; 


. is one-one. Since K is a normal extension of a field F of. 
characteristic 0, therefore K is the Splitting field of some polyno~ 
mial f(x)GF[x]. If Tis any subfield of K which contains F, then 
K is also the splitting field of J(x) regarded as a polynomial over 
T. Therefore by theorem 38, K is a normal extension of 7. There- 
fore, by the definition of normal extension the fixed field of - 
G(K, T)is T. Thus Ken, n=T. —h 

Now let 7), Ts be any two subfields of K which contain F. 
Then $(7,)=(T2) 

=> G (K, T,)=G (K, Ts) [by def, of #]. 

=> the fixed field of G (K, 7,)=the fixed field of G(K, 72) 

> Kak, 7,) = Ke (x, 7.) 

> h=—l, . [v Kec,n=T) 

=> i is one-one. 

Thus ¢ gives us the desired one-to-one correspondence. 

Now we shall prove the: last three parts of the theorem. 


(1) If Tis any subfield of K containing F, then as proved 
above, K is a normal extension of T. Therefore by corollary to 
theorem 36, we have o (G(K, T))=[K: T}. 

Since X is a normal extension of F, therefore 

- O(G (K, F))=[K: F] . | 

=[K: 7] |T: F] (by theorem || 

=0 (G(K, T)) [T: F). 

6 UP: Fl= ote z Fp =index of G (K, T) in G (kK, F). 
(2) Let 7 be a subfield of K containing £. Then 7 is a normal 
extension of F 
if and onlyifoi 7) C T¥ cEeG (K, F) [by theorem 39} 
ie., if and only ifo“) EE Tv te Tand¥ cEG (K, F) 
ie., if and only if 7 [o(t)J=o(t) ¥t ET, ¥ Gc SG (K, F) 
and ¥ 7G G(K, T) 
[Note thatr © G(K,T) oe r(t)=t ¥ te T] 

ie., if and only if o-! [7 [o(t))]=07! [o(t)]) ¥ te T, . 
¥o 6G G(K, Fy and ¥ 7 & G (K, T) 
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ie., if and only if (o-' ro) (}=t ¥ te T, ¥ o © G(K, F) 
| and ¥ + © G(K, T) 
Le., if and only if o-! + o © G(K, T) ¥ coG& G(K, F) 
and ¥ +r © G(K, T) 
[Note that 0-17 o © G (K, T) = (07! 7 a) (t). 
. =t¥teT] 
i.e, if and only if G (K, 7) is a normal subgroup of G(K, F) 
(by def. of normal subgroup]. 
(3) If T is a normal extension of F, then for any c@G(K, F), 
we have 
a(T) CT 
>o(theETyvtieTl. 
Therefore c induces an automorphism o* of T defined as 
o* (t)=o0(t) ¥ te] T. : 
Since o leaves every element of F fixed, therefore o* also 
leaves every element of F fixed. So c* must be in G (T, F). 


If o1, op © G(K, F), then ¥ ¢ & T, we have 
(a1 o4)* (t)=(o, o2) (1) 
= [oz (¢))=0; [c2* (2))=0;* [c2* (1)] 
=>(0,* o9*) (t). - 
(0, o2)*=0,*09*. 
From this we conclude that the ‘mapping ¢ of G (K, F) into 
G(T, F) defined as ¢ (c)=o* for all o © G (K, F)is a homomor- 
phism of G (K, F) into G(T, F). The kernel of this homomor- 
phism consists of all elements o in.G (K, F) such that ¢ (c)=0* is 
the identity of the group G (7, F). . The identity of the group 
G (T, F) is the identity map on T. Therefore the kernel of ¢ is the 
set of all o & G (K, F) such that t=c* (t)=c (?) for all tT. 
But o (t)=¢ ¥ ¢ © T if and only if o © G (K, T). Therefore the 
kernel of ¢ is exactly G (K, T). Now by the fundamental theorem 
on homomorphism of groups the image of G (K, F) in G (T, F) 
under the mapping ¢ is isomorphic:to‘the quotient group. 
G (K, F)/G (K, T). 
Now the order of the group G (K, F)/G(K. T) 
__0(G(K, F)) | 
“0 (G(K, T)) © 
=the index of G (K, T) in G (K, F) 
=(T: F], by part(1) of this"theorem _ 
=0 (G(T, F)) - (by corollary to theorem 36 
since T is nurmal over F] 
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Thus the image of G (K, F) in G(T, F) is isomorphic to a 
group of order o(G(7, F)). Since the image of G(K, F) in G(T, F) 
is a subgroup of G(T, F), therefore it is all of G(7, F). Hence the 
quotient group G(K, F)/G(K, T) is isomorphic to G(T, F). 


Solved Examples 


Ex. 1. [f Kisa field and S a set of automorphisms of K, prove 
that the fixed field of S and that of 3, (the subgroup of the group of 
all automorphisms of K generated by S) are identical. . 

Solution. Let S be a set of automorphisms of a field K and 
S be the subgroup of the group of all automorphisms of K genera- 
ted by S. Let L, and Lz be the fixed fields of S arid 5 respectively. 

_ To prove that L;=Z,. 
Wehave aGLy => o(a)=a ¥ cE5S 
> a(a)=a ¥ cES 
[.' SCS => every cES is also in S$] 
=> acl. 
L.cly. 

Ifo isan automorphism of K, then o(a)=a <> o-} (a)=a. 
Consequently if o(a)=a, then o(a)=a where n is any integer. 
Note that o*(a)=c [c(a)]=o(a)=a and So on. | 

Now let a@Z, be arbitrary. Then o(a)=a ¥ oGS. 

Let f be any element of 5. Since § is a subgroup of the group 
- of all automorphisms of K generated by S, therefore f can be ex- 
pressed as a product of positive and negative integral powers of a 


finite number of elements of S. Let f=o,?! 02/2... om?" where 
151.0, OnE S and pr,..., Pm are any integers. | 


We have f(a)=(01”...0,™) (a) 

SAL Oty, OmES > o/(a)=—a for. all i=1,..., m). 

Thus aEL; > flaj=a ¥ fE 3 => acl; Ht 

IiGL. Hence Ly=Ly. a 

Ex. 2, Let K be an extension of the field of rational numbers F. 
Show that-any automorphism of K must leave every “element of F 
fixed. 

Solution. Let o be any automorphism of K. Tf) P is any inte- 
ger we claim that o(p)=p. 

' Case 1.. pis O-In this case. 7) =0(0}=0=p. 

Case 2. ' pis.a positive integer. 

We have p=l+l +1-+.,.upto p times 
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> ofp)=o(1+1+1+...upto p times) 
=o(1)+o(1)+...upto p times 
=1+1+...upto p times: ~ [ of(lj=1] 
=D), : = 

Case 3. pis a negative integer, say p=—q 
where q is a positive integer. 

‘We have o(p)=0(—g)=oc ((—1)+(—1)+...upto g times] 
=o (—1)+o0(-—1)+...upto qg times=(—1)+(—1)-+...upto g times 

[.° o(—1)=—o(1)=—1] 
= —q=Pp. . 

Now let «@F i.e., let « be any rational number. Then a==im/n 
where m and n are integers and 140. If a is any automorphism 
of K, we have 

o(«)=o(m)n)=o(mn=")c a(t) o(n-!)=m [o(n)}~ 
=mn-=m|[n=«. 

Hence o leaves every element of F fixed. 

Ex. 3. Let F be the field of rational numbers and let K == F(21/3) 
where 21/8 ts the real cube root of 2. Show that the only automor- 
phism of K is the identity automorphism. Is Kanormal extension 
of F? . 

Solution. K is an extension of the field of rational numbers 
F, Therefore any automorphism of K will leave every element of 
F fixed. We have K=F (219)= {ago 213-4 ag (21/3)? : ag, ar, 
tae F}, F : 

Let o be any automorphism of K. 

Since 21/8 © K, therefore o (2!/*) @ K. We have 

[o(2"/*)}?=[o (2/)} [o(21/4)] [o (21/8)] : 
mo (21/8, 21/5,21/8) [** o is an automorphism 
=o [(21/5)3]==6(2)—=2, since 2 © FF. 

Thus [0 (24/3)}8=2 oe ao 

=> o(21/°) must also be a cube root of 2 lying-in K.. - 
But there is only one real cube root of 2 and K is a subfield 
Of the real field. Therefore we must have o (2)/8)=21/3, | 

Now let o9+-a; 2"? +a (21/8)? be any element of K where a, 
%1, %q are rational numbers. We have ae 
(| Oftgt oy 21/8 tag (218)2) arg (aoa 27/8--ag 21/3 21/8) 

=0(%9)-+¢ (01) o(2'/8)to (a2) of 249) o (21/8) . ae 

Og tay 28+ ag 21/8 21/3 foe oy ay, ag are rational numbers] 
© tty bo 2/3 -fas (21/3)2, : 
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Hence o is the identity automorphism of K. 

Since identity automorphism is the only automorphism of K, 
therefore the group G(K, F) consists of only one element i.e., the 
identity map / of K. If a@X be arbitrary, we have /(a)=a. There- 
fore the fixed field of G (K, F) is not F but is K. Since the fixed 
field of G(K, F) is not F, therefore Kis not a normal extension 
of F., 

Ex. 4. Let K he the field of complex numbers and EF. be the 
field of real numbers. Show that K is a normal extension of F. 

(Mecrut 1985, G.N.D.U. Amritsar 90) 

Solution. We have K={a+ib : a, b are real numbers}. 

K is an extensjon of F. The elements 1, ¢ of K form a basis’ 
of K over F. Therefore {K : F]=2 and K is a finite extension of F, 
Let us compute G(X, F). Ifo is any automorphism of K, then | 

- Lo Poff) o(i)=o(7.i)=o(i?)=0(—1)=—o (1)=—1. 

. If o is any automorphism of K, then 

(o(f)}?=—1 => oiJ=tY—leti, 5” 

Now Iet o be any automorphism of K and let c& G(K, F) 
i.e., o leaves every real number fixed. If a+-ib is any element of X 
where a, b are real numbers, then 

o (a+ib)=0 (2)+< (i) o (b) 

=a+ib . [‘ ofi)=+iand a, b&F => o(a)=a, o(b)=5). 

Thus if cEG(K, F), then we must have o(a+ib)==a+- ib. 

Now it can be easily seen that each of these possibilities, 
namely each of the mappings 

o, (@+1b)=a+Jb and oz (a-+ib)= sab 
defines an automorphism of K, 1 being the identity automor- 
phism and a2 complex-conjugation. 

Therefore the group G(K, F) consists of two elements a, o2. 
Thus o iG(K, F))=2. Now let us find the fixed.field of G (K, F). 
The fixed field of (K, F) necessarily contains F. . Let a+ibe 
the fixed field of G(K, F). Then we must have 

o(a+ib)= a+ib ¥ c&G (K, F) | 

>o,(a+ib)=a+ib — ('" o2€G (K, F)) 

= a—ib=a+ib > 2ib=0 = b=0 => a;ib=a > atibeF. 

Thus the elements of F ate the only elements of K which 
_ belong to the fixed field of G(K, F). Hence: the fixed field of 
G(K, F) is exactly F. Consequently K is a normal extension of F. 

Ex. 5. Let x32 be apolyromial over the field F, of rational 
numoers, 
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(a) Find the splitting field, K, of x®—2 over Fo. (Meerat 1980, 81) 
(b) Prove that the Galois group of x®—2 over F, ts isomorphic to 


Ss, the symmetric group of degrée 3. (Meerut 1980, 83, 84) 
(c) Find the elements of the Galots group of x®—2 over the field 
of rational numbers. | SS (Panjab 1961; Aligarh 66) 


Solution. (a) F, is the field of rational numbers and x—2 
is a polynomial over F,. The roots of the polynomial x®—2 in-the 
field of complex numbers are*2?/°, 21/8w, 23/8w* where 2!/* is. the 
real cube root of 2 and w is an imaginary cube root of unity. We 
claim that K=F, (2/3, w), is the splitting field of x5—2 over Fy. 
We have x8 2=(x— 248) (x—2'8w) (x—2"/8w%), 

Since 21/3, 23/8, 2'/Sw* are allin F,(2!/2,w), therefore Fo(24/,w) 
splits x®8—2 as a product of linear factors. 

As proved in Ex. 1, page 512, the splitting field of x*°—2 over 
F, is of degree 6. If we know that [Fo (2/3,w) : FyJ=6, then 
F,(28, w) will be the splitting field of x°—2 over Fy. . 

Now (Fo(2'/®, w) : Fol=[Fo(24®, cw) : Fo(2/*)] [Fo(245),: Fo). 

The minimal! polynomial over F, belonging to 2'/5. is x?—2. 
It is a polynomial of degree 3. Therefore [Fo (2"/5)-: Ej=3. 

‘Since w & Fy (2'/%), therefore w cannot satisfy a polynomial 
of first degree over Fy (2'/5). But w satisfies the polynomial 


x*-+-x+1EF, (22/5) [x]. 
Therefore Xx] is the minimal polynomial of w over ‘F,(2"). 
So [F,(2'/3,:6) 2 F(Z) = degree of x8+-x-+1=2. 
. » [Fo(208, wi) 3 F.J=2x3=6. 
Hence, ne opi ig the splitting field of x?—2 over F). 
(6) Kis \the splitting field of x—2 © Fix) over Fo. If 
GK, Fo) igthe, alois- ‘group of x*—2 shi F,, thea . 
o(GiK: F,))= [K: Fo)+6. 
.The roots of x®—2 in K are a=23/*, B=2' Bw, y==2'/ Fu) 
The group G(K, F,) is isomorphic tu a group of periantations 
on the set {«, B, y}. 


| 


Since 0(G(K, F,)) is.6, iecetore the dofresponding group of 
permutations on the set-{«, 8, y} must also'be of order 6, But S; 
‘is the only group of permutations on the set {a, B, % which is of 

order 6. Hence G (K, F,) is isomorphic to Ss. 


(c) Let G(K, Fo) be the Galois group of. e—2 over Fy. There 
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are six distinct eleme.ts ia the group G(K, Fo) since.o(G(K, F,))=6. 
Let S={a, B, y} be he set consisting of the roois of x®—2 in K. 
+ Let e238, B=2'/8y, y=22/8y%, Let P be the set of those permu- 
_, tations on S which do not change those elements of S which are 
“in Fo. There is a one-to-one correspondence between the elements 
of the set P and the elements of the group G(K, Fo). Since S has 
no element which is in F,, therefore there are six _pérmutations 
.on S which do not change those elements of S which: are in Fy. 
These are J, (a B y), (« y B), (« By; (33 y)» (y«). Thus. these are 


CG dG eo): 
pads a'G bd 


If c@G(K, F,), then o leaves every element of F, fixed. The 
field K is generated by «, B, y over F,. .Further o maps a root of 
x®—2 onto a root of x*—2. Therefore o will be completely deter- 
mined if we know under o the images of any two of the three ele- 
ments «, 8, y. If a;, og,...406 are the six elements of G(K, F,), then 
they will be determined by the following six sets.of images : 


( ): ( ; (; a) °(5 ay (e > y ae B 


These can also be written as. 
yA ha) OD Pe) RY 
(os ain) > 191/3,, anes *121/8,,3 91/8 ). 
(BUS, 22% 23 Ry 23° 91/8) 
. Cre. U3 ). ie 218, :) > (Bhs 2 91/3, ) 

Since K=Fy (21°, w), therefore o@G(K, F,) will be comple- 
tely determined if we know the images of 2°/ and w under c. Under 
each. of the automorphisms 1, Og,...508 we have already given the 

DUS. 1/8—y) _ 22/8y 
images of 2'/3, Now o(w)=or | 575 an) “om a= ais =, 
2 18gy 28cm) 2M8qy__ 

: oy(w) = vee as a") ae 21%, 
*~ anti): SG, o4(w) = *=05(w)=04(w). 
There fore. O1, Ogy.-.,08 are given by 


ee . Ds: ow 1/3 a 
{2 =)» (rise <) . 122/83 ‘) ° 


pus w 2S wt {28 wy 
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§ 8. Construction with Straight-Edge (Ruler) and Compass. 
Constractible namber.. Definition. A real number « is said to be 
a constructible number if by the use of ruler and compass alone we 
can construct a line segment of lengtha. We assume that ‘we are 
given some fundamental unit length. | (Madurai 1988) 
From our knowledge of high school geohietry we know that 
with the help of ruler and compass alone wé-can draw a straight 
‘line perpendicular to a given line through a given point. Also we 
. can draw a straight line parallel.to a given line through a given 
point. From this we can easily show that if real numbers «, f 
“are constructible, then the real numbers «-Lf, 48 and «/f. (if 80) 
are also constructible. Thus if W is the set of all constructible real 
numbers, then W is a subfield of the field of real numbers. Since 
1EW, therefore p= W, where p is any integer. [Note that if p is. 
a positive integer, then p=1+1-+1+...uptop times. Further if 
p=-—q where q is a positive integer, then. p= —( I+1+.. -ppto q 
times)]. Now if p and 0-4q are any two integers, ‘thea 2 is cons- 


tructible and so ie W. Thus each rational number is constructi- 


ble and so W contains Fy the field of rational numbers. 

Note. Throughout this section the words (construct, construc- 
tible, construction) will always mean by ruler and compass, Further - 
the allowable steps of construction: corresponding to the ruler 
and compass alone, are 

(a) Drawing of a straight line wisoue? two points. 


{Use of ruler] 
(b) Drawing of a circle with any point as centre and any line 
segment as radius. [Use of compass) 


(c) Determination ofa point or points as the intersection of 
(i) Two lines, (ii) A line and-a circle, (iii) Two circles. 

Theorem 42. Let Fy be the field of rattonal numbers. The ‘real 
number o. is constructible if and only if we can find real numbers 
: Aa: Agy--- » An such that A;? & Fy, As* Se F, (Ai), As* e fy (1, Ae),-+: 
An? <= Fy (A, Naseer » An—1)s and such thata € Fo (Ar; Ag, .-- » An)» 
Or 

A real. ‘uniber « is constructible tf and only if we can. imbed a 

in a field obtained from the field of ratlonal numbers by a Sintte; 
number of quadratic extensions.. 

Proof. Suppose F is any subfield of the field of real numbers. 
The set of all those points (x, y) in the real Euclidean plane both 
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of whose coordinates x and y are in F will be called the plane of F. 
Any straight line joining two points in the plane of F has an 
equation of the form ax+-by+c=0 where a, 5,c are all in F. 
Also the equation of any circle whose centre is a point in the 
plane of F and whose radius is an element of F is of the form 
x®+y®+-ax+by+c=0 

where a, 6, care allin F. Such straight lines and circles are 
called lines and circles in F. 

If two straight lines in the plane of F intersect in the real 
plane, then, the coordinates of their point of intersection are 
again in F because the process involves only the solution of two 
linear equations. On the other hand if a straight line and a circle 
in the plane of F intersect in the real plane, then the determina- 
tion of the coordinates of their-points of intersection leads to the 
solution of a quadratic equation in one unknown with coefficients 
belonging to F. Thus the coordinates of these points of intersec- 
tion cither belong to F or to a quadratic extension of the form 
F(+/y) where y is a positive member of F but is not the square of 
a member of F. [It should be noted that if y is a positive member 
of F, then F (4/y)=F if y is the square of a member of F and 
F (+/y) is a proper extension of F ify is not the square of a 
member of F. In the former case [F (vy): F)=1 and in the later 
case [F (4/y) : F}=2. 

Finally, the intersection of two.circles in F can be realized as 
that of a line in F and a circle in F. For example if two circles in 
F are x*+-y?+-4,x+5,y+e,:=0 and x°+-y*+ax+bay+c,=0, their 
intersection is the intersection of either of these with the line 
(1-43) x+-(b1—5s) y+-(C1—cs)=0 which passes through their 
common points. Thus if two circles in the plane of F intersect in 
the real plaue, then their point of intersection is either in the 
plane of F or in the plane of F (4/y) for some positive y in F. 


From the above discussion we conclude that lines and circles 

of F lead us to points either ini F or in quadratic extensions of F. 
Suppose in place of being.in F, we are now in F (4/7) for some 
quadratic extension of F. Then lines and circles in F(o/y1) inter- 
sect in points in the plane Of F(+/71. ya) where ys is a positive 
member in F(+/y:). Thus a point is constructible from F if we 

can find real numbers A,,..., A, sach that Ay? & F, As" ©. F (As), ” 
As" G F (Aap As)s.-05 An? © FQy. » An-s), and such that the point 
is in the plane of F(A),..., As). Also from our knowledge of high 
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school geometry we know that if a positive real number y is 
constructible, then +/y is.also constructible. Therefore if Aj,...,x 
are real numbers such that A,? & F, Aq? © F (A), As? © F(A;; As), 
siey An® & F(Aj,..., An-t), then a pojnt.in the plane of F(A,..., An) 
is constructible from F. Hence a point is constructible from F if 
and only if we can find a finite number.of real numbers )j,..., An 
such that | 

(1) [F(a1) : F]=1-or 2, " 

(2) [F Oy pA) EF (Atyeoes Mea] or 2 for i=1, 2,..., 2 
and such that our point lies in the plane of F (ry... » An). 


Now wé know that. every number belonging to the field F, of 
rational numbers is constructible. Therefore in the above discuss- 
icn if we take the field Fy in place of the field F, then we conclude 
that a real number « is constructible if and only if we can imbed 
a in a field obtained from F, by a finite number of quadratic ex- 
tensions of Fo. 

This completes the proof of the theorem. 


Theorem 43. [fa real number «. is constructible, then « lies in 
some finite extension K of the field of rational numbers of degree 
which is some power of 2. 

(Meerut 1987; Delhi 1970; Dibrugarh 67) 


Proof. Let Fo be the field of rational numbers. We know 
that if a real number « is constructible, then « can be imbedded 
in a field obtained from Fy by a finite number of quadratic exten- 
sions. Thus if a real number « is constructible, then we can find 
rea] numbers 4;, A¢,..., An Such that 

Ai2E Fo, As®?EFo (Ar), As®EFy (Ary Ag), 
An®G Fo (Ar, Ags---y Ana), and such that «EF, (Ar,..-5 An)» 

Wehave [F, (1): F,J=1’ or 2. 

Also [Fo (Ajy..+5 Ai) ° F, (Agy..ey Ain) J=1 or. 2 

for i= 1, 2,00, 7. 

Now a@Fo (A1,..., An)» We have 

(F, 0 (A1,.-- » An): Fi] 
=[Fo (A1,.. “9 An)? ‘Fo (A1,.. sey An—1)] [Fo Cie: ‘3 Anat) : 
Fo (Aty.005 Anca)J.-- (Fo (Ane Aa) 2 Fo (A1)) (Fo. (Ax) : Fo). 

Since each term in ‘the product is either | or 2, we get that 

[Fo (Aas-00» An) 4 Fo)=2° 
where r is some non-negative integer. 
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Thus «GF, (a1, :, As) Which is a finite extension of Fo and 

has degree a power of 2.) | 

' Theorem 44. If the real number «. satisfies an irreducible poly- 
nomial over the field of rational numbers of degree 'k, and if k is not 
a power of 2, then « is not constructible . (Kanpur 1986) 

Proof. Let F, be the field of rational numbers. Suppose « is 
a constructible real number. Then there is a finite extension K of 
Fy such that «@X and such that (K : Fo}=2" where r is some non- 
negative integer. Since Fo (a) is a subfield of K containing Fy, 
therefore by theorem 2, [F, («) : Fy] is adivisor of [K: Fo]=2". 
Therefore [F, («) : F,] must also be some power of 2. Thus we 
conclude. that if « is constructible, then [Fy («)': Fo) must be some 
power of 2, Now it is given that a satisfies some irreducible 
polynomial of degree & over, F,. Therefore : 
" [Fo («) : Fy]=k. 

Since & is given to be not a power of 2, therefore « cannot be 
constructible. This proves the theorem. 

' Note. The above theorem gives us a very important criterion 
of non-constructibility. . 


Solved Examples 


Ex. 1. Show that the polynomial 8x°—6x—1 is irreducible over 
-the field of rational numbers. (Meerut 1987; Gara Nanak 90) 
Solution. Let f(x)=8x*—6x—1. Then 
f(x—1)=8 (x—1)?—6 (x9—1) —1 = 8x8 -24x2+ 18x—3. 
Obviously f(x) is irreducible. over the field of rational numbers if 


and only if f(x—1) is irreducible over the field of rational num- 
bers. 


Now f(x—1)=8x?—24x?+18x—3 is'a polynomial with inte- 
ger coefficients. Also 3 is a prime number such that 3 divides each 
of the coefficients of ‘{(x—1) except the coefficient of x* which is 8. 
Also 32-is not a divisor of the constant term which is —3. There- 
fore by Eisenstein’s criterion of irreducibility f(x—1) is irreducible 
over the field of rational numbers, Hence f(x) is irreducible over 
the field of rational numbers. . 

Ex.,2. Show that it is impossible, by straight edge and compass 
alone, to trisect 60°. “(Meerat 1980, 81, 82, 84, 85, 87, 88, 91; 

‘Kanpur 80; Madurai 88) 

Solution. Suppose it is possible to trisect 60° by straight-edge 
and compass alone. Then the length a=cos 20° would be cons- 
tructible. We have the identity 
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cos 364 cos? 6—3 cos 0. 
Putting 6=20° in this identity, we get 
cos 60°==4 cos* 20°—3 cos 20° 
or 4=40°—32 [cos 60°=4, cos 20° =a] 
or 803 —6a—~1=0, 

Thus the real number a is a root of the polynomial 8x°—6x—1 
over the field of rational- numbers. Now 8x°—6x—1 is an irredu- 
cible polynomial over the field of rational numbers. The degree 
of this polynomial is 3 which is definitely not a power of 2. 
Therefore by theorem 44, is riot constructible. Hence our 
initial assumption is wrong. Thus it is not. possible to trisect 60° 
with straight edge. and compass alone. 

Ex. 3. Show that it is impossible by straight. edge and compass 
alone to duplicate the cube. 

(Meerut 1981, 83, 87, 89, 90; Dibrugarh 67) 

Solution. We are to show that it is not possible by straight 
edge and compass alone to construct a ctibe whose volumie is 
twice that of a given cube. Without loss of generality, let us 
suppose that the given cube is the unit cube. Then we are to 
show that it is not possible to construct a length « such that 

a3=2 or a8 —2=0, 

Now a5—2 is an irreducible polynomial over the field of 
rational numbers. The degree of this polynomial is 3 which is 
certainly not a power of 2. Therefore, by theorem 44, if the real 
number « is a root of this polynomial, then « is not constructible. 

Ex. 4. Show that it is impossible to construct a regular septa- 
gon by straight edge and compass alone. 

(Meernt 1984 P, 87; Madarai 88) 

Solution. The sum of the exterior angles of a regular polygon 
is equal to 27. Therefore each exterior angle of a regular septagon 
is equal to 27/7. If it is possible to construct a regular septagon 
by straight edge and compass alone, then the length a=2 cos 2n(7 
is constructible. — i 

Let @=2n/7. Then 70=27 or 40=—27—36. 

sin 40=sin (2a —30)—= —sin 30 


or 2.2 sin @ cos 0 (2 cos® 6—1)+(3 sin 0—4 sin® é)=0 
or sin 0 [8 cos* 0—4 cos 0-+-3—4 (1—cos* ae 
or 8 cos® 6+-4 cos? 0—4 cos @—1=0 


[ sin 00 if jut] . 
or (2 cos 0)®-+-(2 cos 5 0)*—2 (2 cos 6)— —1=0, 
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Therefore 2.cos (2n/7) is a root of the equation . | 
x9-+-x®—2x—1=0. Thus «=2 cos 27/7 satisfies the polynomial 
x?-+2°—2x—1. But this polynomial. is irreducible over the field 
of rational numbers. Its degree is 3 which is not a power of 2. 
Therefore « is not constructible. Hence it is not possible to cons- _ 
truct a regular septagon by straight-edge and compass alone. 

Ex. 5. Show that the regular pentagon is constructible. 

Solution. A regular pentagon will be constructible if it is 
possible to construct a length &=COS 27/5. We have 


cos 2" cos 5 5 (180)°=cos 72°=sin 18°= =itvs. 


Since V/5 sa/ (1?+-2°) is constructible, therefore «= hw 


is constructible. Hence it is possible to construct the regular 
pentagon. | 

Ex. 6.. Show that the regular hexagon is constructible. 

Solation. A regular hexagon will be constructible if it is 
possible to construct a length a=cos Gm 008 5 . Now } is 
constructible. Therefore the regular hexagon is constructible. 

Ex. 7. Show that it is not possible.to construct a square whose 
area ts equal to that of a given circle. 

Solution. Without loss of generality we can assume that the 
radius of the given circle is unity. Then the area of the given 
circle is 7. So we are to construct a length « such that 

=r or a«—r=0. 

Since 7 is transcendental, therefore it cannot be the root of 
an equation whose coefficients belong to the field F, of rational 
numbers. Thus Fy (7) is not algebraic over F, so that F, (7) is of 


infinite degree over Fy. Thus w and so also +/z are not 
_constructible. 


§ 9. Solvability by Radicals. Consider the polynomial 
x2-+4+-3x+-4 over the field of rational numbers F,. Using the quadra- 


tic formula for its roots, we see that its roots are 3[—3+4/(—7)]. 
Thus the field F= Fy (4/72) is the splitting field of x?+3x+4 over 


F,. Consequently we may say that there is an element y=—7 in 
F, such that the extension field F,(w) where w*=y is such that it 
contains all the roots of x?-++3x+4. 

Definition. Suppose F is a field and p(x) is a polynomial in 
F[x]. Ther p(x) is said to be solvable by radicals over F §f it is 
possible to determine a finite sequence of fields 
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=F(w), F,= Fy, (2) =F (wis 00g) >s+09 Fy, = Fy-1(wx) 
<3 F(wy,...,wk) 


— such that w," & F, wil®E Fi, ..., wel € Fray 
such that the roots of p(x) all lie in Fr. 
It is. obvious that 
FCA,CFAC.. Fy. 


Remark. If K is the splitting field of p(x) over F, then p(x) 
is solvable by radicals over F if it is possible to find a sequence of 
fields as in the above definition such that KC Fx. 

Also it can be proved that if p(x) is solvable by radicals over 
_ F, then we can find a sequence of fields 
deg lees ig hla CF p= Fe—a(wn) 


where w," & F, wal? & Fy,...,we'® © Fray 
F;, containing all the roots of p(x) such that F, is normal over F. 
From the classical theory of algebraic equations, we know 
that the equations of second, third and fourth degrees over the 
field of ‘rational numbers can be solved by radicals. If p(x) is a 
given polynomial over a field F, then we want to know whether 
it is solvable by radicals or not. For this purpose we shall give a 
criterion for the solvability by radicals of a polynomial p(x) over a 
field F in terms of the Galois group of that polynomial. But first 
we need a result about the Galois group of a certain type of 
polynomial. 


Theorem 45. Suppose that the field F’contains all n‘* roots of 
untty ( for some particular n) and suppose that a is a non-zero ele- 
ment of F. Let x"—aGF[x] and let K be tts splitting field over F. 

Then 
(1) K=F (u) where u is any root of xa. 
(2) The Galois group of x"—a over F is abelian. 


Proof. (1) We know that the nth roots of unity are given by 
cos (2ra/n)+i sin (2ra/n)=e*r"!/", where r=0, 1,...,"—1. 

It is given that F contains all ath roots of unity. Thereyore, 
in particular, F contams a=e**//n, Note that «"=1 but «"41 for 
0 <sm<n. sn | 

If u © K is any root of x°—a, then we claim that w, au, «u, 

., él are all the roots of x"—a. That they are roots is obvious. 
Also no two of these are equal because . 
alusadu | where 0 <i<j<in 
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> (a/—a/) u=0 9 
saol-w=0 [‘*. w cannot be 0) 
=> efenad | 
=> a/-!=1 where 0<j—i<n. 

But this is impossible since «"41 for O<inain. Therefore n no 
two of the roots u, at,...,°~u are equal. Thus u, au, a®u,...,0°—"u 
are n distinct roots of x?—a which cannot have more than n roots. 
Therefore u, au, «2u,..., 0°14 are all the roots of x"°—a. Since 
acéF, therefore all of u, ou,..., eu are in F(u). Thus F(u) splits 
x»—a. Further F(u) is the smallest field containing uand F. There- 
fore no proper subfield of F(u) which contains F also. contains u. 
Hence no proper subfield of F(u) can split x"—a. It follows that 
F(u) is the splitting field of x"—a and thus 
' K=F(u). 

(2) Let G(K, F) be the Galois group of 

SI(x)=x"—a& Fix]. . . 
Let o, 7 be any two elements of G(X,.F). Then o, 7 are automor- 
phisms of K=F(u) leaving every element of F fixed. '|Since ueK is 
-a root of f(x), therefore both o(u) and 7(u) are roots of f(x). [See 
Ex. 5 page 514]. Then we must have o(u)=a'u and 7(u)=e/u for 
some i and j. 
Now o7(u)=0(7(u))=0(a/u)=0(a/) o(u) 

=a o(u) [.° Wek > o(a/)=a/). 

=dalusa!tiu, 

Similarly zo(u)=o!tu, 

Thus or and vo agree'on u and on F and consequently they 
agree on all of K=F(u). It follows that or=7o and so the Galois 
group G(K, F) is abelian. 


Remark. The above theorem implies that if F has all nth 
roots of unity, then by adjoining one root of x*—a to F where 
a&F, we obtain the whole splitting field of x*—a and accordingly 
this must be a normal extension of F. | | 

‘Before going through the remaining part of this section stu- 
dents are advised to revise the concept of solvable groups given 
in § 13 of chapter.3 on Groups (continued). 


Theorem 46. Let F be afield of characteristic 0 contatning 
all nth roots of unity for every integern. If p(x)G@F[x] is solvable 
by radicals over F, then the Galois group over F of p(x) isa solvable 
group. , (G:N.D.U. Amritsar 1986) 
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Proof. Let K be the splitting field of p(x) over F and let 
G(K, F) be the Galois group of p(x) over F. It is given that p(x) 
is solvable. by radicals over F. Therefore by the definition of 
solvability of a polynomial by radicals, there exists a sequence of 
fields ~ 


| FER =F) GPa Fi (we) G... GF Fe-a(on) 


where whe F, wl 8EF,..., PLT —4 Pay and where 
KCF. Without any loss of generality we may: regard F, as & 
normal extension of F. (See our remark on page 553]. Since Fx 
is a normal extension of F, thercfore F;, is alsoa norma! extension 


of any intermediate field. Thus F; is a normal extension of each 
Fi. ~~ ; 


By our remark after theorem 45, each F; is@ normal extension 
of F).1. Also since F; isa normal extension of Fj, therefore by 
the fundamental theorem of Galois theory it follows that G(Fx, Fi) 
is a normal subgroup of G (F;, F;.,). Now consider the chain — 

G(F, F)DG(Fe, Fi)DG(Fr, Fa)2..-2 . 
G(Fx, Fr-1)2(e). .(Q) 


We have just mentioned that each subgroup in this chain is 
a normal subgroup of the preceding one. Since F; isa normal 
extension of F;.,, therefore by the fundamental theorem of Galois 
theory the Galois group G(Fi, Fi-1) of F; over Fi-1 is isomorphic 
to the quotient group G(Fx, Fi-1)/G(Fx, Fi). But by theorem 45, 
G(F;, Fi-1) is an abelian group and the isomorphic image of an 
abelian group is also an abelian group. Therefore each quotient 
group G(Fi Fi-1)/G(Fi, Fi) of the chain (1) is abelian. Hence by 
definition of a solvable group, the group G (Fx, F) is solvable. 


Now. K is the splitting field of p(x) over F and so Kis a 
normal extension of F. Also KCF,. Therefore by the fundamental 
theorem of Galois theory G(Fx, K)is a normal subgroup of G(F:,f) 
and G(K, F) is isomorphic to G(Fx, F)/G(Fi, K). It follows that 
G(K, F).isa homomorphic image of G(F,, F) which. is a solvable 
group. But every homomorphic image of a solvable group is also 
a solvable group. [See corollary to theorem 3 page 242). There- 
fore'the group G(K, F) is solvable. Since G(K, F)is the Galois 
group of p(x) over F, therefore the proof of the theorem is com- 
plete. 


Note 1. The converse of the above theorem is also true : 
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If the Galois group of p(x) over Fis solvable, then p(x) is solva- 
ble by radicals over F. 

Note 2. fheorem 46 and its converse are true even if F does 
not contain roots of unity. 

In the end of this section we shall give the famous theorem 
of Abel in connection with the solvability by radicals. First we 
shall explain the meaning of the general polynomial of degree nn 
over a field. 

. Let F(a, ..,@n) be the field of rational functions, in the n 
variables j,...,@2 over. The particular polynomial 
D(x)=x"+a,x"-+...-+G, over the field F(@,...,@n) is called the 
general polynomial of degree n over the field F. We say that it 
is solvable by radicals if it is solvable by radicals over the field 
F(@1,...,4n). It can be easily shown that the Galois group of the 
polynomial p(x)=x"-+-a,x"-'+...+a@, over F(a,,..., @n) iS Pn, the 
symmetric group of degree n. 

Theorem 47. (Abel’s theorem). Zhe general polynomial of 
degree n > 5 is not solvable by radicals. (1.A.S. 1975; Meerut 91) 

Proof. Let F(a;,...,an) be the field of rational functions in 
the n variables @,,...,@,. Then the Galois group of the polynomial 
p(x) =x" +a, x" -+... +a, over F(a,,...,da) is Pn, where P, is the 
symmetric sroup of degree m. By theorem 5 page 244, P, is not a 
solvable group when n > 5. Therefore by theorem 46, the poly- 
~ nomial p(x) is not solvable by radicals over F(a,...,@n) when 
n> 5. 

' §10. Finite Fields. 

Finite field. Definition. 4 field having only a finite number of — 
elements is called a finite field. lf pis a prime number, then the 
ring I, of integers modulo p isa field. This field has p elements 
and so it is an example ofa finite field. We know that the charac- 
teristic of a field is either zero or a prime number. Suppose F is 
a finite field having x elements. Since F is a group of order” with 
respect to addition, therefore by a corollary to Lagrange’s theo- 
rem we have 1+1+1+-...upto m times=0, So the characteristic of 
F cannot be zero. Hence the characteristic of a finite field is 
always a prime | number. 

Theorem 48. Let F be a finite field with q elements and sup- 
pose that F@K where K is also a finite field. Then K has q° ele- 
ments where n=[(K: F]. (Meerut 1989) 
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Proof. Since F is a sub-field of the field K, therefore K can 
be regarded as a vector space over the field F. The number of 
elements in the set X is finite. So the vector space K(F) is defini- 
tely finite dimensional. Let the dimension of the vector space 
K(F) ben. Then[(K: Fl=n. Let {B:, Be,...,.Ba} be a basis of the 
vector space K(F). Then every element in X can be uniquely 
expressed in the form @,8;+de83-+...+@n8, Where a1, Qe,....@n are 
allin F. Then the number of elements in X is the number of 
4:81 + asBo+...-+-anBn asthe a;, Go,..., Qn range over F. Since F has 
q elements, therefore each of then coefficients a’s can have q 
values. So K must have g" elements. 

Theorem 49. Let i be a finite field. Then F has p™ elements 
where the prime number p is the characteristic of F. 

(Meerut 1972; Nagarjuna 79, 80; Banaras 71; 
I. C. S. 89; Madurai 88] 

Proof.. Since F is a finite field, therefore the characteristic of 
F is a prime number, say, p. Now Fis a field of characteristic p. 
Therefore F contains a sub-field F, isomorphic to the field I, of 
integers modulo p. The field I, has p elements. Therefore the field 
F, has also p elements. Now F is a finite field and F, is a subfield 
of F. Let [F : Fo)=m. Then, by theorem 48, the number of ele- 
ments in F=p™. 

Theorem 50. If the finite field F has q=p™ elements, then every 


a&F satisfies the relation at=a. (Meerut 1981, 82P) 
Proof. Let a&F and a-—0. We have 0?=0. Therefore a=0 
satisfies the relation a?=a. : 


Now let a&F and a0. The non-zero elements of the field F 
form a group withjrespect to multiplication. The identity element 
of this group is | and the order of this group is g—1. Therefore 
by a corollary to Lagrange’s theorem, we have 

at-'=1 for all a0 in F. ..- (1) 

Multiplying both sides of (1) by a, we get a’=a. 

Thus we have av’=a ¥ aGF 

Corollary. Uf the finite field F has g=p™ elements, then. the 

polynomial x"—x in F(x] factors in F(x) as 
, xI—x=T] (x—A). 
s4eF. . 
— (Meerut 1980, 82P, Banaras 71) 

Proof. As proved in theorem 50, we have a’=a ¥ a & F. 

Therefore every a.in F sutisfies the polynomial x‘—x © F(x]. 


7 
“x 
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Hence by factor theorem x—A is a divisor of x¢—x for all A & F. 
Let a;, ds,...,@q be the g elements of the field F. Then the 
product (x—4a,) (x—az)...(x—ag) is a divisor of x?—x, being a 
product of relatively prime polynomials each dividing x7—x. Now 
(x— a1) (x~-as)...(x—@g) is a monic polynomial of degree q and ‘it 
is a divisor of the monic polynomial x¢—x of degree g. Therefore 
we have a 
- xXI—xe(X—G1) (X—Ag)...(X—Gg)= UT (x—A).. 
ie ‘ . 5 AGF 
Theorem 51. Any, two finite fields having the same number of 
elements are tsomorphic. | 

— (Meerut 1987; Nagarjuna 79, 80; Kanpur 88) 

Proof. Let F bea finite field of characteristic p. Let the 
number of elements in F be equal to g=p". First we shall show 
that F can be regarded as the splitting field of the polynomial 
x7—xeI,[x] where I, is the field of integers modulo p. 

Since F is a field of finite characteristic p, therefore it ‘con- 
tains a subfield F, isomorphic to the field I,. So, without any 
loss of generality, we can regard F as anextension of the field I. 
Since the field F has gq elements, therefore by theorem 50, we 
have a’=a ¥ a& F. SoeveryainF satisfies the polynomial 
xi—x & I,[x]. Since the degree ‘of the polynomial x?— x is q, 
therefore it can have at most g roots in any extension field of I,. 
But we have just shown that all the q elements of the field F are 
the roots of x7—x. Therefore we have ag ere Thus 

S 
the polynomial x?—x © I,[x) splits in the field F. But this 
polynomial cannot split in any smaller field for that field would 
have to have all the’ roots of this polynomial and so would 
have to have at least g elements. Note that the roots of this 
polynomial are all distinct. [See theorem 27 on page 520). 
Consequently F is the splitting field of x-—xEI,[x]. : 

Now.suppose that F* is any other finite field having q=p" | 
elements. Then as shown above F* is also the splitting field of 
x*—xEl,[x]. But any two splitting fields of x7—x © I,[x] must 
_be isomorphic. . [See corollary to theorem 22 on-page 512) 

Hence \F*aeF,. 3 

_ Theorem 52. For every prime number p and every positive 
integer m‘there extsts a field having p™ elements.. _ . 
(Banaras 1972; Meerut 77, 80, 81; G.N.D.U. Amritsar 87; 

Madarai 88) 
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Proof. Since p is a prime number, therefore I,, the ring of 
_integers modulo p, is a finite field of .characteristic p. Consider 


the polynomial x?” —xel,[x]. Let K be the splitting field of 


this polynomial. In K let F={a © K:a?"=4}. Then F is a 
subset of K and it consists of those elements of K which 


are the roots of xP"_x. But by theorem 27 the roots of the 


polynomial x?" x are all distinct and so this polynomial has p” 
distinct roots in the field K. Therefore the set F has p™ elements. 
We now claim that Fis a subfield of K. Let a, GF. Then 


a?” =a and bP” =5, Since-the characteristic of the field K is P; 
' therefore (a-£b)P" = aP "+P" =atb. Thus a, beEF > a+beF. 


Also (ab)P” =a pm bP” ab, Therefore a, bE F> aber. 
Similarly we can show that if a@F and 06 ¢& F, then a/b & F. 
Consequently F is a subfield of K and so F itself is a field and. it 
has p™ elements. Thus we have shown that for every prime 
number p and every positive integer m. there exists a field F 
having p”™ elements. | 


Theorem 53. For every prime number p and every positive 
integer m there is a unique field having p™ elements. 


(Banaras 1972; Mecrut 83, 87; Andhra 77) 

Proof. As shown in theorem 52, for every prime number p 

and every positive integer m there exists a finite field having 
p™.elements. [Give the proof here]. Also by theorem 51, any two 
finite fields having the same number of elements are. ‘isomorphic. 
Hence for every prime number p and every positive integer m 

there exists a unique field having p” elements. This field is some- 
times called the Galois field GF [p™). ‘(Andhra 1977) 


'- Definition. Let w be an nth root of unity. If sis the smallest 
positive integer such that w'=1, we shall say that s is the order of 
ow Uf the order of w isn we shall call wa primitive ath root of 
unity, 

The following theorem will completely. describe the structure 
of the multiplicative group of the Galois field GF [p"). In. the 
proof of this theorem we shall use one result about abelian groups 
which we give in the form of the following Lemma. 

Lemma. In an abelian group the product cy¢s.. Cr of elements 
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c; whose orders are powers pi! of distinct primes has order exactly 
pi%tps®?, Pr Crh 
The easy proof of this lemma has been left as an exercise for 


the reader. Show that the order divides h, but fails to divide A/p: 
for any i. i 


Theorem 54. The multiplicative group of non-zero elements of a 
Sinite field is cyclic. (Madurai 1988; G.N.D,U. 86) 


Proof. Let F be a finite field having g elements. The non- 
zero elements of F form a group of order g—1 with respect to 
multiplication. The identity element of this group is 1. Therefore 
we have a?-'=1 for all a0 in F. Thus each non-zero element in 
F is a (q—1)th root of unity, in the sense that it satisfies the equ- 
ation x?-!=1. Let Fy denote the set of non-zero elements of F. If 
we find an element a © F, such that the order of a as an element 
of the multiplicative group F,-is g—1, then Fo will turn out to be 
a cyclic group. [See theorem 5 on page 173 in the chapter 2 of 
Groups]. To achieve this aim let us write q-1 as product of 
powers of distinct primes 


g—1=pi"ps"*...p,°" (0 < pr: < pe <...< pr). 
For each i, pi® is a divisor of gq—1. Therefore the roots of 
xP=1, where P=p;*!, are all roots of x7-!=1, hence all lie in F. 
Let us put O=p —! Then of all the P=p,* distinct’ roots of 


the equation x’=1, exactly. Q=pi*! —i satisfy the equation x?=1. 
Therefore F contains at least one root c=c; of x’=1 which does 
not satisfy x®=1, Then c;EF is such that ¢/=1 but c2Al. 


Therefore the element c; has order P=p, in the multiplicative 
group of non-zero elements of F.. By the above Lemma the pro- 


duct c,¢z...¢, is an: element of order p,°!p.°?.. p,“*=q—1. Thus 

" 1Cg...¢, is the required element of order q—1 of the multiplicative 

group of non-zero elements of F. Hence the multiplicative group 
of non-zero elements of F is cyclic. . 

Theorem §5, E:s+y fintte field of characteristic p has an auto- 

morphism acar. (Meerut. 1981, 90) 


Proof. Let F be a finite field of characteristic p. Let ¢ : FF 
“such that é(a)=a? ¥ a & F. 
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- is one-one. Let a,be F. Then 
(a) =6(b) > a? =b? a? -b? =0 © 
=>(a- b)f =0 [Note that in a field of characteristic p, we have 
, (a—b)? =a? —b?] - 
=a~b=0>a= b=>is 1-1. 


6 is onto, Since the set Fi is Anite; therefore > is one-one 
=> 0 is also onto. 


> preserves addition and multiplication: Let a, be F.Then 
—$tb)= (a +5)? | 


=a? +b? [Note that in a field of characteristic 
p, we have (a+b)? =a? + i 
 =(a) +9(b). 7 | 
_ Also (ab) = (ab)? =a?b? =o(a)o(b) a7 
Hence 6 ts an aiitomonphisn of the field F. 
Corollary. In a finite field of characteristic Ps every element has ° 
@p . roat. ; : : 
pl Theorem 56. If F is a finite field and a 40,8 #0 are re siemens | 
| of F then we can find elements a and b in F such that 
,. 1+0a? +Bd? =0 _ [Madurai 1988, Meerut 80, 82] 
' - Proof. Case 1. Suppose the characteristic of F is 2. Then F has 2” 

; elements and every element x in F satisfies x?" =x. [See theorem 50]. 
_.' Thus every elements in F is a square of some elements in F. In particular - 
‘.,a7! =c* for some ce F. Talking a =c and b=0, 
~ .Wehave — eo. ev 
an 1+aa? +B5? =14+0c* +B0=1+007'4+0=1+1=0 
, > \. Note that if the characteristic of F is 2, then 1+1=0. 

"Case 2. eHpposs the characteristic of F if a prune number p other 
' then 2. Then F has p” elements. Let W, ={l+ax? x F}. Let us find 

the number if distinct elements i mu W,,. For this purpose we should check 

that how often 1+ 0.x? =1 +0, y? We have- 


FN. Dox S10 y?. | 
| 7 = ox? =a y? . 
Do Pay fe oO] 

4 Ve xe=ty 
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Thus for x #0 we get from each pair x and —x one element i in W, and 

for x =0, we get le ,,. Consequently W, has 

p™-1_ p” +1 

i ae | 

distinct elements. Similarly we can show that Wa = {Bx2:xEeF } has 


P 


1+ 


” +] 
; — distinct elements. Thus W/,, and Wp are subsets of F and each of 


~ them has more than half the elements of F. So the intersection of W, and 
Wp cannot be empty. Let dew, 1) MW. 


Since dé W,,, Therefore d =1+0.a7 for some a € F. Further since 
den, therefore d =-B b? for some be F. Thus there exist a,b F such 


thatl+aa? =-Bb? >1+aa? +Bb? =0. 


. Exercises 
1. (i) Define a field extensions and the degree of a field extension. 
Find the degree and a basis of Q (V2, V3) over Q where Q is the 


field of rational numbers. {Merrut 1980, 81, 82, 84P, 88, 89] 
Ans. Degree is 4 and a basis is {1, V2, V3, V2 V3}. 

(ii) Determine the degree and a basis of the field of complex 

numbers over the field of real numbers. [Meerut 1980, 82P, 83] 


2. Prove that every complex number i is algeuraic over the field of real 


numbers. 
3. Find the relation between the fields Q (V2) and Q (3+V2) where 0 is 
the field of rational numbers. [Meerut 1977] 
} 


Ans. Q (V2)=Q (3+V2). 


4. Let Q denote the field of rational numbers, K=Q(V5), L=K(V7). 
Prove that [ZL : K] =2 and [K : Q]=2. What do you conclude about 
[L:Q]? | Ans. [L : O]=4 

5. Define splitting field of a polynomial show that given any non-zero 


polynomial f(x) over a field K, then any two splitting fields of f(x) 
over K.are isomorphic. [Meerut 1976,77] 


6. “ Find the splitting field x* —lover the field Q of rational numbers. 
es 1978, 81 82P, 84, 90] 
Ans. Q (i). 


\ 
. \ 
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10. 


11. 
12. 


13. 


14. 


15. 


Write the spitting fields of each of the following polynomials over 
the field Q of rational numbers. 


| (@x? 4, Gi) x? +4, (iil)x? -2,@v)x>-L [Meerut 1979] 


Ans. (i) Q, (ii) Q (A), (iii) Q(V2), (iv) 9.03 9). 


Let F be the filed of rational peda Determine the degree of the 


‘Splitting filed of the polyoma x! —lover F. Ans. 6. 


Show that the polynomials x? +3 and x? —x+1 have the same 
splitting field over F, the field of rational numbers. [ Meerut 1985] 


Define. splitting field of a polynomial over a filed. Determine the 


splitting field of x* —2 over the field of rational numbers. What is 
the degree of this splitting field? [Meerut 1978, 85] 


Ans. Splitting field is Q 2" sf i) and its degree is 8. 


_ Ifa, B are constructible real numbers, prove that a +B,a —B oB and 


a. / 8 (B #0) are also constructible. [Meerut 1977] 
Prove that the set of all-constructible real numbers form a sub field 


of the field of all real numbers. [Meerut 1976] _ 


(i) = All non-constructible real numbers are irrational and all 
irrational numbers are non-constructible. Find fault with this 
statement. 


(ii) Give two irrational numbers, one of which is constructible a : 


the other non-constructible (by straight edge and compass). 


{Meerut 1980] 
Which of the following angles are constructible and which not ( 


constructible ? {Meerut 1977, 79] 
Ans. 15° is constructible while 10° and 1° are not constructible. 


If a field F has q elements, then F is a splitting field of x? — x over 
its prime sub field. ‘ [Meerut 1976, 79, 80] 
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Number Theory _ 


§1. Introduction. The theory of numbers. mainly deals 


with the properties of natural numbers 1, 2, 3, 4, ..., also called 
the positive integers and more generally with those of the integers 
soey —4, —3, —2, —1, 0, 1, 2,3, 4,.... The set of integers is 
denoted by Z and the set of positive integers or natural numbers 
by ZtorbyN. Thus Z={..., —3, —2, —1, 0, 1, 2, 3;...} and 
Z* or N={Il, 2, 3, 4, ...}. We shall first mention ‘the basic 
properties of integers and their elementary consequences. 


§2. Two basic binary operations on the set of integers. 


There are two basic binary operations (i) addition denoted: by . 


‘-+-” and (ii) multiplication denoted by ‘.’ on the set of integers Z. 
Ifa, b & Z, then a+6 is called the sum and a.b or more simply 


written as ab is called the product of a and b. The basic properties. 


of these two operations are as given below : 
Ay. Closure for addition i.e., at+beEZ¥abeZz. 
A2. Commutativity of addition i.e., a+b=b+a ¥ a,b © Z. | 
As. Associativity of addition i:e., a+(b+e)=(a+b)-+e 

; ¥a,bceEZ. 
A4. Existence of identity for addition. There exists. ‘a unique 

integer ‘0’ such that a * : 
a+0=e=0+a v¥vaeEZ. 

_~ This integer 0 is called the additive identity. 


As. Existence of additive inverse of each integer. If a & Z, then © 


there exists a unique integer —a © Z such that 
—a+ea—0=2a+(—a), | 


The integer —a is called the negative or the additive inverse of © 


the integer a. 
Mi. Closure for multiplication i.e., ab & Z for all a, b & Z. 
M2. Commutativity of multiplication i.e,, ab=ba ¥abEZ, 
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- Ms amine of ‘nultiplication i.e., 
- (ab) c=a (be) ¥ a,b,c & Z.- . 
My. Existence of identity for multiplication. There exists a unique 
integer ‘1’ such that 
la=a=al ‘¥ae Z. 
The integer 1 is called the multiplicative identity. 
Difference of two integers. The- difference of two integers a 
and b denoted. by_ ‘g—b’ is defined as 
a “a—b=a+(—d). ie ae 
§ 3. Some elementary consequences of the properties of 
addition and multiplication on Z. 
1. Cancellation law for addition. If a,b,c e Z, then 
a -at+tb=at+c => b=c, Se 
2. Cancellation law for multiplication. If a, b,c & Z and axt0, 
‘then ab=ac > b=c. 
3. Distributive law. Ifa, b,c & Z, then a+) =ab-+ ae 
4. a0=0 for all a © Z. 
§. Fora,b © Z,a=b => —a=—b. 
6. —(—a)=a foralla & Z. 
7. —0=0. 
8. —(a+b)=—a—b ¥ a,b EZ. 
9, For alla, b & Z, a (—b)=—(ab)=(—a) b. 
10. (—a)(—b)=ab foralla,be@ Z_ | 
11. For a,b € Z, ab=0 = a=0 or b=0. 
As a consequence of it, for a, 6 & Z, 
ab+0 < a0 and 60. | 
§ 4. The ordering of the integers. . There-exists a subset Zt 
of Z, called the set of positive integers and also denoted by N, 
having the following two properties: * . 
O1 The law of trichotomy. Ifa © Z, then one and only one of 
the: following ii is true : ; 
(i) @ © Z-, (ii) a=0,. Gi)” —aec Zt, a 
O.. Ifa; 6 & Z, then a+b & Z+ and.ab @ Z+. From QO; and 
* On, it is easy to see thatO @ Z+ and 1 © Zt. Note that if 
1l¢ Zt, then.140 > —1 © Zt, by O:. | oe 
-Ndw by O2, -lEeZe(-l)(-DEZoie : Zt, 
which is a contradiction. Hence 1 must. belong to Zt. 
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In view of the definition of Zt, an integer a is said to be. 
positive if ae Z*+ and is said to be negative if —a © Zt. 
Obviously a is positive iff —4a is negative. 

Thus the set of i integers -is partitioned into three exhaustive 
and mutually disjoint subsets namely; the set of positive integers 
Z*, the singleton {0} and the set of negative integers Z-. - 

Order relations on the set of integers. Definition. Jf a, 5 EZ 
and a—b © Z+, then we say that a is greater than b and write 
a>b. Alternatively we say that b is less than a and dad 
b<a, 


If a<bora=b, we write a < < 5, 
and if a> bor a=b, we welled bs 


Obviously, a is positive iff a > 0 and a is negative iffa < 0. 
Also if a © Z, then one and only one of the following i is true : 
| ae Z*, a=0, —ae Zt 
Le, a>0,a=0,a < 0. 
§ 5. Some important properties of the order relations on Z, 
1. Ifa, b & Z, then one and only one of the povowine is true : 
a> b,a=b,a < b. 
2. Transitivity of the order relations. ‘If a,b,c Ee Z, then 
(i) a<bb<csace; 
and (ii) a> bb>cs>a>ec. 
3. Ifa,b,c © Z, then . 
(i) a<b>ate < b+c and a—c < b-c 
(ii) a>b > ate> b+¢ and a—c > b—e. 
4. Ifa, b,c & Z, then 
: (i) a>b,ce>0> ac > be; 
and (ii) a> b,c <0 = ac < be. 
5. Ifae Z, aX0, then a?=a. a>0. 
§6. Well ordering principle. 
Least and greatest integers in a subset of Z. Let S be a non-. 
empty subset of Z. If there exists an integer m eS such - that 
x > m for all x & S, then m is said to be the smallest” or. the 
least integer in S. in such a case we . say that S has a least 
member. . 
If there exists an integer n © S such that x< n n for all 
x & S, then a is said to be the greatest integer in S. 
The. well-ordering principle states that every non-empty subset of 
the set of positive integers has a least member. 
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: - From this principle it can be easily seen that 1 is the smallest 
positive integer and if k @ Z+, then there exists no integer a such 
thatk <a < k+1. 


§ 7. Principle of mathematical induction. {First form. Let K | 
be a subset of N such that (i) 1 © K and (ii)n © K > n+1 € K, 
then K=N. 

‘Second form. Let K be a subset of N such that (i) 1 Ee K 


and (ii) k @ K for all & satisfying 1 << kK < none K, then 
K=N. 


§ 8. Absolute value or modulus of an integer. Definition. 


' The absolute value ‘| a |’ of an integer a is defined by 
lala] a when a > 0 
—awhena <0. . 
Thus, except when a=0,|a|€ Zt ie. |a@|>0. Also 
[@|=0 iff a=0. = 
For example, 
(i) | —3|=—(—5)=5, (ii) |8|=8, (iii) [0 |=0. 
It can be easily proved that ¥ a, b & Z, we have 
(1) |a|=| —a|. 
(2) | @|=| | iffe=+b. 
(3) |@ =a. | 
(4) -la|<a<fal. 
(5) | ab|=ja|.| |. 
(6) |atb| <|aj+| 5]. 
(7) Force Z+,-c <agcs|al< 
 §9.. Divisibility in the set of integers. 


’ Divisors.. Definition. Let a, b be two integers and ae if 
there exists an integer c such that b=ac, then we say that a divides 
6 or a is a divisor. of b or a is a factor of b or b is a multiple of a. 

When a is a divisor of b, we write, ‘‘a|b”. Thisis read as 
‘a is a divisor of 5’. If a is a divisor of 6, then 6 isa multiple of 
a and we also write it as v= =M(a). Here M(a) i is read as ‘integral 
- multiple ofa. 
 .If.ais not a divisor of b, then we write ‘ax.6’ which is read 
a8 ‘a is not a divisor of 5’. 
For example, — 


(i) 2| 8 since 8=2.4, where 4 & Z. 
(ii) —4 | 16 since 16=(—4).(—4). | 
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(iii) a | 0, for all a © Z and a0, since O=a.0. 

Thus 0 is a multiple of every integer or every non-zero integer — 
a is a divisor of 0. 

(iv) 344 i.e. 3 is nota divisor of 4 because there exists no 
integer g such that 4=3g. © 

Thus division is not everywhere defined in Z. 

Proper and improper divisors. 

We have a. 1=(—a).(—1)=a for every a&Z. 

Therefore for every integer a0, -+1 and +a are always 
divisors of a. These are called i improper divisors ofa. If @ has 
any divisors other than these, then they are called proper divisors 
of a. For example the only divisors of 7 are +1 and +7 and so 
7 has no proper divisors. On the other hand ° 8 possesses proper 
divisors. Besides +1 and +8, +2 and +4 are also divisors of 8 
and these are Proper divisors of 8. 

Some elementary properties of divisors. 

1. a|b>5=0 or |a| <]4|. 
2 alb<+a|—b, —a|b,—a|—band[a|||b|. . 
3. For every a@Z and a0, we have a | a because we can write 

a=1.a where 1&Z. 

4. The relation of divisibility in the set of integers is transitive 

i.e., 
a|bandb|c>alc.. 

5. @|bandb|a>a=+b. Two non-zero integers a and 5 are 
known as associates if we have a|6 and b|a. The only 
associates of a are -La. : 
Ifa | b then a | (b+¢) iff. | c. 
a|banda|c > a| (6x+cy) for all x, yez. 
a|banda|c>a| be. | 
Units. Definition. Jf a, b&Z and ab=1, then a or b is called 
aunit. The only units in Z are 1 and —1. 
§ 10. The Division Algorithm. The theorem known as divi- 
sion algorithm is of great importance in the development of num- 
ber theory. 

Theorem. - /f a is any integer and b0, then there exist unique 

integers q, r such that 
_ a=bq-+r, where OV<r<|i b |. 

Proof. Consider the set S={a—bx ; xeZ}. Since a=a--b.0 

where 0G Z, therefore at least a&S and thus S is not empty. 


ye Pnn 
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If 6 < rae b< ai then 
[a <- | a| <a : | 

=> sie |a| > Oie.,a—b. | a | is non-negative. 

Now a—b. | a | © S because | a | & Z. 7 

Therefore if 5<0, then S contains at least one non-negative 
integer i.e, a—-b.|a|. 

If b>0 i.e., if 5>1, then 

- b(-la) <-|a|< 
> a—b.(—|a ») > 0.. 

‘Now a—b.(—|« @ |) Ky because —lale Z. . 

Therefore if b>0, then S contains at least one non-negative — 
integer 
_s. i. e:,a—b. (—|@ 2 |). 

Thus whether b>0 or b<0, the set S always contains non- 
negative integers. Therefore by the well-ordering principle the 
non-empty subset of S consisting of non-negative integers has a 
least member. Let r=a—bq where qe@Z, be the smallest non- 
negative integer belonging to S. Since r is non-negative, therefore 
O<r. We claim that r<| 6 |. 

To fulfil our claim first we show that r—|5| eS whether 
b>0 or 6<0. If 5>0, then r—| 5 |=r—b=a—bq—b 
=a—(q+1) beES since (g+1) & Z. If b<0, then r—| 6 |=r—(—6) 
=a—bq+b=a— —(q—1) 5ES since (g—1) € Z. 

Now 60. Therefore r—| 6| <r. If r> | 6 |, then r—| 5 |>0 
i.e.,r—| 6 | is non-negative. Thus if r>| b |, then r—| 6 | is a non- 
negative integer belonging to S and r—|b|<r. This is against the 
choice of r as the smallest non-negative integer & S. Hence we 
must have r < | 6 |. 

Thus there exist integers q and r such that 

*, r=a—bq . 7 
_he., a=bg+r and 0<r< 
' Now to show that the integes q, 7 are unique. Suppose we 
should find another pair g’ and r’ such that" 
=bq’+r', 0<r'< | 5 |. 
Then by'+r' =bq+rob q-g=r-r 
> b| (r—r’). 

Without any loss of generality we can assume that r > r’. 

Then 
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O<r< |b| and O<r’ <|b| > O<r—r'<|d|. 

Therefore r is a divisor - r—r’' is possible only if r--r 0 
Therefore r’=r. 

Now putting r’=r in bq’ + eps, we get 

bq'=bq 

=> q' =4, applying cancellation law, since 0. 

Thus r’=r and q'=q, and therefore.q and r are onan: This 
completés the proof of the theorem. 

Remark. If a, 5 are positive integers, then there exist unique 
integers q andr such that 
a=bq+r, 0<r<b. 

Some illustrations of division algorithm. ; 

(i) Suppose a= 16, b=5, then we can write Is=>: 3+1 whee - 
0<1 <|5|/ie., 5. 

(ii) . Suppose a=17, b=—3, then we can write 
17=(—3).(—5)+2, where 0<2<|—3 |. 
| (iii) Suppose a=—724, b= =7, then we can write 
| 247. (—4)-+4 where 0<4< 17|. 

Some —— ‘Ifa, b-€ Zand 640, then the relation 
ie =bq+-r, where O<r<|b| — 
establishes ale of division. 
| Here a is called the dividend, b is called the divisor, q is called 

the quotient and r is called the remainder. 

If the remainder r=0, then we have a=dq i.e., 5 | aor 
a=M (6) i.e., a is an integral multiple of 5. 

Even and odd integers. Let a be any integer and b=2: Then 
by division algorithm, =2¢+r, 0<r<2. In this case the possible 
values of r are'0 and 1. 

If r=0, then a=2g and a is called an even integer. . 

Ifr=1, then a=2q+1 and a is called an odd integer. 

§ 11. Greatest common divisor. Definition. . (Andhra 1989) 
ss Leta and b be two integers not both zero i.e., at least one of 

‘them is not equal to zero. Then the greatest common divisor (G. Cc. D.) 
of a and bisa positive integer d such that 

(i) a | a and d | b Le., d is a common divisor of a and b 
and (ii) if, for an integer c, c | aandc | b, then c|d i.e., every 
common divisor of a and b is a divisor of d. 

If d.is the greatest common divisor of a and 6, then sym- 
bolically we write d=(a, b). Thus (a, 5) will be read as G.C.D. oo 


—6B Modern Algebra | 


a and b. The greatest common divisor is sometimes also called the 
highest common factor (H.C.F.) 

For example, 

(i) 1,2, 3, 4, 6 and 12 are common divisors of 24 and 60. 

(ii) Out of these each of 1, 2, 3, 4 and 6 is a divisor of 12. 

Hence 12 is the greatest common divisor of 24 and 60. Sym- 
bolically, 12==(24, 60). + 

’ Since we insist that the greatest common divisor. be positive, 
therefore (a, b)=(a, —b)=(—a, b5)=(—a, —b). In other words 
(a, b)=(|a|,| |). Thus (60, 24)-=(60, —24)=12. 

The following results about greatest common divisor of two 
integers are quite obvious : 
(a, b)=(6, a). 
If d=(a, 5), then d > 1 and is unique. 
(a, a)=a. 
(a, b)=a <= a| b. 
. -(a, O)=| al. 
Greatest common divisor of more than two integers. 
Definition. Let {a1, @2,...,@n} be a finite set of integers, not all 
zero. If there exists a positive integer d such that 

(i) dis a common divisor of aj, a2,..+,Qn 
and (ii) each common divisor of a,, a2,...,4n is also a divisor of d, 
then d is called the greatest common divisor of a1, 42,..-,4n._ Symbo- 
lically, we write . 
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; d=(a, 2,+++,Qn)- 
For example, (—32, 16, 24, 20)=4.. 
_ Existence and uniqueness of greatest common divisor. 
Theorem. Every pair of integers a and b, not both zero, has a 
unique greatest common divisor (a, b) which can be expressed in the 
form 
@ b)=xa--yb, for some integers x and y. 
(Nagarjuna 1990) 
Proof. Uniqueness of GCD. First we shall prove that if the 
greatest common divisor of a and b exists, then it is unique. If 
possible, let d; and d2 be greatest common divisors of a and 8. 
Then by definition of greatest common divisor, we have 
d; | d, and dz | ai , 
=> 4d, and d2 are associates 
=> d=ads. 
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Since d, and d are both positive, we must have @2=5d;.' This 
- proves the uniqueness of greatest common divisor if it exists. 

Now we shall prove the existence of greatest common divisor. 

Consider the set S={sa+tb : s, t © Z}.. Since one of aord 
is not zero, say a0, therefore by taking s=1, t=0, we see that 
a. S. Therefore there are non-zero integers in S. . If m=sa+ tb 
is in S; then —m=(—s) a+(—2) b is also in S. Therefore S con- 
tains positive integers. Let d be the smallest positive integer 
belonging to S. Since d & S, therefore d has the form d=xa+yb 
where x, y are some integers.. We claim that d=(a, b) i.e., d is 
the greatest common divisor of a and b. 

To justify our claim we shall first prove that if m=sa+tb is 
any integer belonging to S, then dis a divisor of m. 

By division algorithm, we have 

m=dq+r whereO <r<d 

> sa+th=(xa+yb) q+r [°° m=sa+th and d=xa-+yb] 

> r=a(s—xq) a+(t—yq) b 

=> r GS since s—xq and t—yq are integers. 

_ Since 0 <r < dis the smallest positive integer belonging to 
S, therefore we must have r=0. Then we get m=dg. Therefore 
d is a divisor of m, ¥ m © S. . 

Now we can write a—la+0b where 1,0€ z. Therefore 
aeéS. Similarly we can write b=O0a+1b. Thereiore b eS. 
Hence d | a and d| 6. 

Now suppose that 

c{aandc|b. Thence | (xa+yb) ie., eld. 

Therefore dis the greatest common divisor of a and 5 i.e., 
d=(a, b). | 

Also we have shown that 

d=xa+yb for some x, y G Z. | 

This completes the proof of the theorem. 

Note 1. If d=(a, 5), the integers x, y © Z such that 

=ax-+by are not unique. 
For, if d=ax-+by, then d=a (x—b)+5) (y+a) 
i.e, ~ d=ax;+by,, where x3=x—b, yy=y+a. 

Note 2. If d=(a, 5), then force € Z, c=ax-+by if and only 
if d | c. 

For example, suppose if possible, we want to find xyEeEZZ 
such that 15=6x-+12y. 
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" Wehave (12, 6)=6=d antic2:15, | 
Since 6 is not a divisor of 15; it is not. possible to write 
. 15=6x-4 12y, where x,y E Zz. 


-§ 12. "Construction of G.C.D. by repeated use of division 
algorithm. 


Theorem 1, if abe Z, 640 and ambq+r,0 < r<|b|, then 
(a, b)=(b, r). ; 
~ Proof. Let (a, 6)=d).and (6, r)=db. 
Now © (a, B)=d; > ai | a. and a; |b 
. + => ad |(@—bq) where g & Z 
> d|r. [°° a—bg=r] 
Thus d, | band d; [ri.e., d; isa common divisor of 6 and r. 


But d2=(b,r) i.e., dz is the greatest common divisor. of 5 and r. 
‘So by definition of G.C.D., we must have 


dy | do. .(1) 
Similarly Starting with (5, r)=d2, we can prove that 
d2'| dj. »+-(2) 


From (1) and (2), we have . 
dy | dz and d; | d; 
=> dj; and d2 are associates 
> dh=tdy. | 
Since d, and dz are both positive, we must have da=d\. This 
proves the theorem. 


Euclidean Algorithm. "-Buclidean algorithm enables us to find 
“the actual value of the ‘greatest common divisor d of two given 
niet a and b and also to find integers x and y such that 

| d=xatyb. 

Let a,b be two integers such that at -least one of a, b is 
non-zero. 

_ Case 1. If a=0, then (a, 6)=| d |. 

If b=0, then (a, b)=| a |. 

Case 2. If a40 and 540, then since (a, 5)=(|a|, | 6 |), 
therefore without loss of generality we can assume that both a 
“and b are Positive integers By repeated use of division algorithm, 
we e have the following finite chain of divisions : 

a=batri, Oc<n<b 
b=ngtr, O0O<n<n 
n=rgstr, O<?3 <r. 


@ee 
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Th-2=Fkat Gette, OSH < Phot 
Tet Heder tteet, 0 < rh Sk 
‘Since 6 > r; > r2 > 13...and only finitely many integers lie 
between 0 and b, therefore somer must be zero i.e., the above 
process must terminate with a remainder of zero. If the process: 
terminates in the (k-+1)" Step i.e., rx41==0, then we get 
Peat=Feqkar ie., rk. | Tk1- 
Therefore r,=(rx—1, rx), where r; is the last non-zero remain- 
der in the above process of repeated divisions. 
Now by theorem 1 above, we have : . 
(a, b)=(6, ri)=(r1, r=... = (reat, T= Phe | 
~ Hence the last non-zero remainder r;, is the G.C. D. of the 
given integers a and b. 
Example 1. Find (26, 118) ~ express it. in the form 26x +1 18y, 
where x and y & Z. 


- Sol. By repeatedly applying the process of division algorithm, 
we get 


118=(26).4414, v1) 
26=(14).1-+12, | we-(2) 

=(12).1+2, (3) 
oe 2).6+0. (4) 


Hence the last non-zero remainder 2= = (26, 118). 


< hey from the last but one equation, we get 
2=14—12.1=14— 12. -0(5) 

a equation (2), we get 
12=26—14. 1=26— 14, 

Putting this value of 12 in (5), we get 

2=14—(26—14)=2. (14) —26. .»(6) 
From equation (1), we get 14=118— ~ (26). 4. Putting this ‘alee 
of 14 in (6), we get . 
2=2 {118—(26).4]—26=2. (118)—9. (26). 
Hence (26, 118)=2 and if 2=26x+118y, then x=—9, y=2. 


Example 2. By using the Euclidean algorithm, find the greatest 
common divisor d of the numbers 1109 and 4999 and then find inte- 
gers x and y to satisfy d=1109x+4999y, ‘(Osmania 1988) . 
Sol . By repeatedly applying the process, of division algorithm, 
we get 
Ue, 4999 =(1109).44+563 wa(1) 
~ 1109 =(563).1+546 o00(2) 
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- $63=(546).1+17, (3) 
546=(17).32-+2, | w.(4) 
17=(2).8+1,- (5) 
2=(1).2+0. »(6) 


Hence (1109, 4999)=the last non-zero retuainder in the above 
‘repeated divisions=1. 

Now substituting backwards, we have 
1=17—(2).8 [by (5)] 
=17— Aber ea 32].8, substituting for 2 from (4) 
=(17).257—546. 

=(563—(546).1]. vo 546.8, substituting for 17 from (3) 
=563.257 — 546.265 

=563.257 —[1109—(563).1].265, substituting for 546 from (2) 
== 563.522—1109.265 

=[4999—(1109).4].522—1109. 265, 

ree for 563 from (1) 


+=24999,522—1109.2353. 
Hence (1109, 4999)= 1 =1109.(—2353) +4999.(522) 
= 1109x+4999y, where x= —2353, y=522. 
Example 3. Find the G.C.D. of 275 and 200 and express it in 
the form m.275-+-n.200. (Osmania 1990, 91) 
Sol. By repeatedly applying the process of division eon 
we get 


275 = =(200).1+475, (1) 
200=(75).2+-50, w..(2) 
75=(50).1 +25, (3) 
50=(25).2-+40. (4) 


Hence (275, 200)=the last non-zero remainder in the above 
repeated divisions=25.. 
Now substituting backwards, we have 


25=75—(50).1 [by (3)] 
=75—[200—(75).2].1, substituting for 50 from (2) 
=75,3—200.1 
== [275 —(200).1].3—200.1, 1, substituting for 75 from (1) 
=275.3—200.4 


=(3). 275+(—4). 200. 
Hence (275, a 25 =(3).275+-(—4). 200 so. that m=3, 
n=— 4, 
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Example 4. If a= —427, b=616, find (a, b) and express it in 
the form (a, b)=ax-+- by. 
Sol. Since (a, 6)=(|a|,|6|), therefore in order to find 
(—427, 616), we shall find (427, 616). . 


We construct Euclidean algorithm for 427, 616 : 


616=(427).14-189, (1) 
427 =(189).2+49, | .s(2) 
189=(49).3+-42, (3) 
49=(42).1+7, (4) 
42=(7).6+0. (5) 


Hence (427, 616)=the last non-zero remainder in the above 
repeated divisions=7. ; 


Now substituting backwards, we have — 


7=49—(42).1 [by (4)] 
=49—[189—(49).3).1 . [by (3)] 
=(49).4—189 7 
= [427 —(189).2].4—189 ..[by (2)) 
=(427).4—(189).9 
=(427).4—[616—(427).1].9. [by (1)] 


= (427).13 +-(616).(—9). 
Hence (—427, 616)=7=(—427).(—13)+(616).(—9) 
=ax-+-by, where x=—13, y= —9, 

§ 13. Relatively prime integers. 

Definition. Two integers a and b are said to be relatively prime 
if their greatest common divisor is | i.e., if (a, b)=1. 

If (a, b)=1, we also say that a and b are co-prime or prime to 
each other. If a and 6 are relatively prime, then aand 5 haveno | 
common factors except | or ~1. For example, — 

(i) 4, —9 are relatively prime integers since (4, —9)=1. 

(ii) 8, 14 are not relatively prime integers since (8, 14)=2, | 

If a and 6 are relatively prime, then applying the result of the 
theorem proved in § 11, we immediately get the following very 
important result. eo % aia on 

Theorem 1. Two integers a and b are relatively prime if and. 
only if we can find integers x and y such that ax-+by=1. °° -—. 

Proof. First. suppose that a and 6 are relatively prime. Then 
(a, b)=1. Therefore by theorem of § 11, we have. ~ 

1=(a, 5)=ax+by for some integers x and y. 


14 2 Modern Algebra 


: Conversely suppose that 
ax+by=1 for some x, yEZ. Then to prove that (a, b= 1. 
Let (a, b)=d. | 
Then d=(a, b) > d| a,d|b 
=> d|(ax+by) - 
Since the greatest common divisor is to be positive, we must 
have d=-1. Hence (a, b)=1 and so a and Bb are relatively prime. 
Note. If (a, b)=d, then by the above theorem 
a b\_, 
@d dj" . 
Theorem 2. Jf (a, b)=1 and (a, c)=1, then (a, bc)=1. 
Proof. Since (a, b)=1, therefore there exist x1, y1 © Z such 
that 


axi+by,=1 
or" , by;=1—ax,. (J) 
Again (a, c)}=1 => there exist x2, yxeZ such that 
ax2+cy2=1 
or cy2=1—ax2. . +s4(2) 


From (1) and (2), we have ; | 
(by1) (cy2)=(1 —ax;) (1 ee 


or (bc) (Wiy2)=1—@ (%1-+-%2)+42x1x2 
or @ (%1+-%2—@X1%2) +(be) (y1y2)=1 
or ax3+-bey3=1, where x3==x1-+%2—ax1%2 


and y3=yiy2 are some integers.. 
Thus there exist x3, y3@Z such that ax3-++-bcys;=1. Hence by 
theorem 1 above, we have (a, bc)=). | 
Note 1. The converse of the above hieoreaas is alec true i.e., 
(a, bec)=1 > (@, 6)=1 and (a, o=1. | (Andhra 1990) 
Note 2. By applying theorem 2 above, we can - Prove, by 
_induction that 


(a, b)=1 => > (a, b*)=1, where neEN. 
Theorem 3. ' I (a, b)=d, then (ka, Hs [k|d, for every non. — 
zero integer k. 
| Proof. ‘Let (ka, kb)=d;, . 
_ Since (a, b)=d, therefore there exist x, peek such that 


d=ax+by yy’: tS 
> kd=(ka) rahi +1) 
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Now d\=(ka, kb) > d,| ka and d; | kb 
=> dy | [(ka) x-+(kd) y] 


> dj | kd, using (1). * 4.(2) 
Media d=(a, 6) > d| a,d|b- 
=> kd|ka,kd|kb [. k40] 


=> kd is a common divisor of ka and kb.. 


But.d, is the greatest. common divisor of ka and kb. _ So by 
definition of G.C.D., we have i 
kd | dj. 
From (2) and (3), we have dj=-+-kd. 
Since d and d; are both positive, therefore d;=| k | d. 


Note. If (a, 5)= eras .a=Am, b=Bm, m>0, then by the 
above theorem (A, B)= 


Theorem 4. If two integers a and b are relatively prime i.e., if ' 
(a, 6)=1, thena| be >alc. 4 (Nagarjuna 1990) 

Proof. Since a and } are relatively prime, therefore there 
exist integers x and y-such that 


ax-+-by=1 
=> cax+cby=c, | (1) 
Also it is given that a| bc. Therefore there exists g@Z such 
that . 
be=ga. »-(2) 
From (1) and (2), we have : 
c=cax+gay be ale from (2), be=ga] 
=a (cx+ay)=aq, where cx+-qy=9, EZ. 
Hence a | c. 


§ 14. Least Common Multiple. os 


Definition. Leta and b be two. non-zero integers. The least 
common multiple (L.C. .M. Z of a and bis s the unique OHNE: integer 
m such that . 

(i) a|m,b|m a re 
and (ii). a|s,b|s>m|s. | (Andhra 1989) 

_If mis the. L. C.M. of ¢ a ‘and by. then symbolically we write 
m=fa, 5]. : . 

For example, [9 —6] ie. LCM. of 9 and— ~6=18, . 
“[16, 12J]—=48.--> - 

The following results about L.C.M. of two integers are quite 
obvious : o 
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1. (a, }=[—a, 6)=[a, —1}=[—a, —B]=11 2}, |] 50 
_2. If (a, b)=d and (a, b]=m, then d | m. | 
If (a, b)=d and [a, b]=m, then dm=| ab |. (Andhra 1989) 


Solved Examples 


Ex.1. Ifa|b6 and.a|c, then a|(bx+cy) ¥ x, yEZ. 
Sol. We have a | 5 > b=as for some sEZ. 


Also a|c = c=at for some teZ. 
Now bx+cy=(as) x) y=a(sx-+ty) where sx+ly = Z. 
a| (6x-+cy). 
_ Ex.2. Ifa|b and b<0, then|b| >| a|. 
Sol. We have a|b > b=ac for some cE&Z. 
Since b40, therefore c40 and consequently | c | > 1 
Now b=ac => | b |=| ac |=|.a|.| ¢ |. 
Further |c|] > 1>|al.f[e|> la] 
>|b|> al. 
Ex. 3. Ifa|bandb| a, then a=+b. 
Sol. Since a| 5 and 6 | a, therefore neither a=0 nor b= +0. 
Now a| 5b > b=ac for some cEZ. 
Also b |.4 > a=bd for some d&Z. 
Now (ab). 1 =ab=(bd) (ac)=(ab) (cd). 
Since ab0, therefore by cancellation law, we gét l=cd 
=> ejitherc=1,d=1 or, c=—l,d=—1 © 
=> eithera=b or a=—b. [Note that a=ba] 
Ex. 4. The relation of divisibility ‘in the set of integers is 
reflexive, transitive but not symmetric. 


Sol. The relation is reflexive. For every a @ Z, we have 
a=al where 1@Z. Therefore a | a for all a&Z. Hence the rela- 

tion is reflexive. 

The relation is not symmetric. We have 2 | 8 but 8 | is is'nod a 
divisor of 2. . Therefore this relation is not symmetric. 

The relation is transitive. i.e.,. a |b and b|c>a | c. 
We have a| b = b=ax for some xEZ. 

_Also ble => e=xby for some yed. 

., From these, we get 
.c=sby=(ax)y [% b=ax] 

=a (xy), where xyEZ,. 
“ale. 
Hence the relation is transitive. 
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' Ex.5. If(a, b)= =d, a | ¢, by| Cc, then prove that ab | ea 
Sol. Since (a, b)=d, ‘therefore d= =xa+-yb for some nee x 


andy . 
7 ) > ed=exay-chb. | (1) 
Also a|c = c=ad where A is some integer Pre 
and b | c > c=bp, where jx'is some integer. 


Now putting cb, in the first term on the R.H.S. of (1) and 
c=a) in its second term, we get 


cd=buxa-+-adyb=(ux-+ay)ab, where pray = Z. 
*. @b| cd. © 


Ex.6. Ifd>0,d|a,d{3, (5 Se 3)= 1, show that (a, b)=d. 
pom fe (Andhra 1989) 
Sol. Let (a, b)=d,.. 

It is given that d| a.andd|b. Since d,_has been assumed to 


be the greatest common divisor of a and b, therefore we must have 
d| d. --e(1) 


Also (j ; y= => there exist integers x and y such that 


1m) 6) 
> dxa+yb. 4.(2), 
Now d:=(a, b) > d; | aand d, | b 
> dq | (xa+-yb) . 
“=> d; | d, using (2). | 03) y 
From (1) and (3), we have dj=-+-d. 
But d, and d are both positive, therefore dist. 
Hence (a, b)=d. 
_Ex.7. If (a, 6)=1, show that (ab, a—b)=1 or 2. 
(Nagarjuna 1988) _. 
Sol. Let (a-+-b, a—b)=d. 
Then d | a+-b and d| a—b a 
=> d| {(a+b)+(a—b)} and d | {(a+b)—(a—2)} 
> d| 2aand d|2b 
=> dis a common divisor . 2a and 2b. 
But (a, 5)=1 > (2a, 2b)= — 
=> 2 is the saa common divisor of 2a and 
25. 
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Now d is a ccmmon divisor of 2a, 2b and 2 is the greatest 
common divisor of 2a, 25. | | 
by the definition of G.C.D., we must have d|2 which 
implies that d=1 or 2.. 
Ex. 8. . If d=(a, b) and d=ax-+by prove that % y are rela- » 
tively prime. 
Sol. We have desta, b) = d|aand d | b 
. => a=dk,, b=d ko, where ki, k2EZ. 
Now d=ax-+-by > d=(dk,) x+(d k2) y 
=> d=d (k; x+k2 y) 
> l=k; x+ke y. 
Hence by theorem 1 of § 13, x and y are relatively prime. 
Ex.9. Ifa|c,b|cand (a, b)=1, then prove that ab|c. 
__ Give an example to show that a | c,-b | c need not imply that ab | c. 
Sol. We have a|c > c=a ki, hez 
and b| ¢ = c=b ko, knEZ. he 6 
Now (a, 5)=1 = there exist x, y@Z such that . 
ax+by=L. «+(1) 
axc-+-byc=c, multiplying hoth sides of (1) by c 
> axbke+byaky=c ['° c=ak, and c=bk2) 
=> ab (xk2+yk)=c 
=> c=(ab) g, where q=x k2+yk1 © Z 
> ab|c. 
Example to show that a | c, b | c need not imply that ab | c. 
We have 2 | 12 and. 4| 12, but 2x 4=8 which is. not a divisor — 
of 12. 
Ex. 10. Prove that (a, bc)=1 => (a, 6)=1 and (a, j=l. 
(Andhra 1990) 
Sol. We have (a, bc)=1 => there exist x, yeZ such that . 
/  Ls=xa+y (bc) ; 
=> l==32+(yc) b, where x, yreEZ 
‘=> a and 6 are relatively prime ag theorem 1 of § 13) 
_2>@, dol. , 
Again 1=xa-+y (6c) 
=> 1=xa+(yb) c, where x, yoEZ 
=> aand c are relatively prime 
=> (a, c)=1. 
Hence (a, bc)=1 => (a, 6)=1 and (a, c)=1. 
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Ex. 11. If (a, 6)=d and (a, b)=m, then dm=| ab |. 
‘Sol. Case I. Let a>0, b>0. 
We have sia b) > d|aandd|b 


ab. 
> 5, a are positive integers. 


Now ab is a common multiple of a, b and m is the least com- 
mon multiple of a, b.. So we have m | ab. 


B 2 is a positive integer, say, k. 
Since m=[a, b], therefore a | mand bm and consequently 
m m ee 
a and B are positive integers. 
Now 2k = o(F) i and b= (@) & 
=> k is a common divisor of a, b. 


But di is the greatest common’ divisor of a,b. - 
.. we must have k | d. wee) - 


SinceS and & are poSitive integers, therefore we have 
a (6 
b|b (5) and a a(;) 
; | fa ab\ 
=> b|(@) ana a |(7) 


=> = is a common multiple of a and b. 


But m is the least common multiple of a and b. 


we must have m | (F) 
> =m, where g is some positive integer. 


“ a(®)aa (mq) 
=> ab=m (dq) 


ee ia 


=> k=dq, where kat is a positive integer 
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Since both & and d are positive integers, therefore from (1) 


and (2), we conclude that 
k=d. 
—=d and hence ab=dm. 
— Case.2, Let 240 and 60. 

Then | ab |=| a|.| 5 |. 
Since | a| > 0, | 5| > 0, therefore by case 1, we have 
|a|.| b |=dm. 
“. dm=|ab|. | 
Exercises — 


1. Find (a, b) if 
@) a=2210, b=493. (ii) a=1128, b=33. 
(ii) a=—1337, b=501. (iv) a=3367, b= —3219. 


2. If @=138, b=63, write (a, b)=ax-+-by.. 

3. By using the Euclidean algorithm, find the greatest com- 
mon divisor d of the numbers 1819 and 3587 and then find integers 
x and y to satisfy d=1819 x+3587 y. (Osmania 1989) 

4. (i) Find the G. C.D. of 308 and 136 and express it in the 
form x(308)+-y(136). 

(ii) Find the G.C.D. of 858 and 325 and express it in the 
form m.858-+-n.325. (Osmania 1990) 
. 5. Find integers x, y such that 15=21x+15y, if possible. 

6. Prove that (a, s)=(b, s)=1 if and only if (ab, s)=1. 

7. If (a, b)=1 and (am, b)=d, then prove that d| mand 
d=(b, m). 

8. ~If (a, b)=1, prove that (a-+mb, b)=1 for allme Zz. 
_ Also prove the converse. 
_ 9. If ax+by=1, show that (a, b)=(a, y)=(6, »=(*, y)=1. 
10. If (a, b, c)=d, prove that ((a, b), ae 


Answers 
(i) 17. (ii) 3. iii) 1. (iv) 37. 
(a, b)=3= (—9). 138+11.(63). 
3. (1819, as = 17=1819.(71)+3587.(—36) so that x=71, 


ate al 


4. (i) (308, 136)=4=(—15). 308 -+(34). 136. 
(ii) 325) 13=11.858-+ (—29).325. 


y=—36. 


! 
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§ 15. Primes and Composite integers. a 
Prime integers. Definition. A non-zero integer p is called a 
' prime if it is/neither 1 nor —1 and if its only divisors are 1, —1, 
P, —?p. 

For example, 

(i) The integers 2 and —11 are primes, while 6=2.3 and 

—36=3.(—12) are not primes. 
(ii) The first 10 positive primes are 
2, 3, 5, 7, 1, 13, 17, 19, 23, 29. 
Note that by definition 1 is not prime. It is obvious that 
—p is a prime iff p is a prime. 

Note 1. 2 is the only even integer which is a prime. Every 
other even integer has 2 as a factor and so it cannot: be a prime.’ 
Therefore if p is a prime and p¥2, then p must be an odd integer. 

Note 2. If p is a prime and a is any integér, then either: p | a 
or (p, a)=1. 


Composite integers. Definition. Jf an integer a canbe written 
as a=bc, where b and c are integers such that |b| >. 1 and|c|>1, 
then a is called a composite integer. 

For example 6=2.3 where | 2! > 1 and|3]> 1. Therefore 
6 is a composite integer. 

Every integer a0, +1 is either a prime or a composite. 

If a is a positive integer, then a is a composite iff here ‘exist . 
two positive integers b and c such that 

=be, where] <b<al<c<a, 


Some properties of prime integers. 
Theorem 1. (Euclid’s lemma). 


_ If p is a prime and a, b are any integers, then 
p|ab => p|aorp|b. (Nagarjuna 1990) 
Proof. If p| a, then obviously the theorem is proved. So let 
' p be nota divisor of a2. Then to prove that p| b. Since p is a 
prime, therefore the only divisors of p are p and 1 out of which p 
is not a divisor of a as assumed by us. So l is the only common — 
divisor of p and a i.e., (p, a)=1. 
Now (p, a)==1 => there exist x, ye hice such that 
px-+ay=1 . 
=> bpx+aby=b. (1) 
Also it is, given that p | ab. Therefore there exists ge Z. quel 
that 
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ab=gp. (2) 
From (1) and (2), we have 
b=bpx-+-qpy=(bx-+4y) p= MP, where 
bx+-qy=q & Z. 
“. ?p | 5. 
- Hence p | ab = p|aorp|b. 
Corollary. If p is a prime and a,b © Z are such that 


Oca<p,0<b <p, 
then p cannot be a divisor of ab. 
Note. If p is not a prime, then the statement p|ab=>p|a 
- or p| 5 is not true. For example 6 | (16.3) i.e., 6 | 48 but 6 is nei- 
ther a divisor of 16 nor a divisor of 3. 
Theorem 2. Jf a prime number p divides the product Q1Q2...4n 
of certain integers, then p must divide at least one Of Qi, 225.005 Ane 
Proof. ‘We have p | (414243...@n). 
If p | a1, then the theorem is proved. If pis not a divisor of 
a1, then P is relatively prime to 4. Therefore . 
P | @1 (€203...4n) > P | (€203.-.4n)> | 
“Tf p @2, then the theorem is proved. If p is not a divisor of 
@2, then P. is relatively prime to a2. Therefore 
: P | 42 (@304...dn) > P | (4304.--Gn)- 
Repeating this process, it follows that, at least, p | a, if p does 
not divide any of a1, @2, ..., Qn-1- 
Theorem 3. If a is a positive integer greater than 1, then a has 
a prime factor. 
- Proof. We shall prove the theorem by induction on a. Let 
==2 which is the least positive integer > 1, Since2 is a prime 
and we can write 2=2.(1), therefore 2 has a prime factor 2. 
Thus the theorem is true for a=2. 
Now let a > 2. 


‘Assume as our induction hypothesis that the theorem is true 
for all positive integers k such that 1 << k <a@ and consider the 
. integer a. If a itself is prime, then a=a.I >a has a prime factor 
a and hence the theorem is true for a. 


If a is not a prime, then there exist integers b and c such that 
a=be where 1 << b<ia,l@<c< a. 
But by our induction hypothesis the theorem is true for ov 
integers k such that 1 <k<a. 
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Since 1 < b < a, therefore b has a prime factor. If p-be a 
prime factor of b, thea p|5. But b| a because a=be. Therefore 
by transitivity of the relation of divisibility on Z, p | @ ise., @ has 
a prime factor p and this completes the induction. 

Hence by mathematical induction every positive meer a > 1 


has a prime factor. : 

Now we shall prove the fundamental theorem of arithmetic. 
This theorem shows the importance of prime numbers. as_ the 
fundamental numbers out of which each positive integer greater 
than 1 can be obtained by multiplication in a unique manner. 

Theorem 4. The fundamental theorem of arithmetic or The 

Unique Factorisation theorem. Every positive integer a > 1 can . 
be expressed uniquely as a product of positive primes. 

(Osmania 1990, 91; Nagarjuna 89) 


Proof. Existence of prime factorization. First we shall prove 
that @ can be factored at least in one way as the product of posi- 
tive primes. We shall prove this result by induction on a. 

The least positive integer > 1 is 2. If a=2, no proof is needed, 
since 2 itself is prime. 

Now assume as our. induction hypothesis that the theorem is 
true for all integers k such that 1 < k < a and consider’ the _inte- 
ger a. If a is prime, we have finished the proof. Ifa is not prime, 
then a=be where 1 < 6 < aand1<c<a. By ‘our ‘induction 
hypothesis b and c¢ can be expressed as products of positive 
primes. Let b=pip2...p, and c—q1q2...qs where pj's and q)’8. are 
positive primes Then aaa Pr 9192---4i if a product of 
positive primes. 

Hence by mathematical induction every positive integer @ 
greater than 1 can be expressed as a product of rh primes in 
at least one way. 

Uniqueness of prime factors. Now to prove ‘that the factori- 
zation is unique. If possible let a second factorization of a as a 
product of positive primes be given by Vo 

a= Pi Pr2'.--Pi'. 

Then Pr ‘P2' Pe’ =PiP2---Pr9192 - Gs- 

- Now pi’ | (pi‘p2’...pr') > pr’ | (PiP2---PrQ192.-. Gs). 

Since p,’ is prime, therefore p,’ must divide at least one of 
Pi, P2y00-y Pry Uy +++) Ys» Since the product of integers. is commu- 
tative, therefore without loss of generality we can suppose that 


Pr’ | Pe 
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Since p,’ and p; are both positive primes, therefore 


| Pi’ | Pi > Pr = Pi. 
Then we get 


P1P2'Ps'.--Pi’=PiP2---PrI192---Fs ~ 


=> Pa’ Ps ..Pr! = P2P3-+-Pr9192» +s 
fs [by cancellation law] 
‘Applying the same reasoning to these equal products a finite 
number of times, we get f=s-+-r and also the equality of a prime 
factor in each product to some factor in the other product. Thus 
we have a unique factorization of a except for the order of the 
‘prime factors. 


Thus if a=p; po...Pmi==4192-.-Gn are two prime factorizations 
for a, we must have m=n and every p;=4q, for some j and every 
qy=Ppi for some i. 
_ Note 1. The theorem does not exclude the existence of equal 
primes and so it may be stated as 


a=p,"! p%2, «Pn, where 
1< p< po <...< Pn and where p’s are aaa primes and 
C1, 25...) y ALe Positive integers > 1. 
a The above representation of. a> 1 as a product of prime 
factors is called ‘prime factorization of @ in canonical form’ or 
‘prime power factorization of a’. : 

Note 2. If ais neither 0 nor +1 and a & Z, then by the 
_ above theorem | a|=pip2...p,. where pi, P2,..., Pn are primes. 
Therefore a=+ | a |=+(pipr..-pn). : 


Note 3. If a=p,%1p,"2.. Po*" and b=9,P'q,P2. «3 Gno™ are prime 
. faototisations of a and b in canonical form, ass a=b iff m=n, 
Pi=qi and a;=f; for i=1, 2,. 
Thus prime feastioations a every integer a > 1 is unique 
except for the order of the prime factors. 
_ Note 4. If dis the G.C.D. of a and ), then 


d=p,"™p,""2.._p,™r, where pi, P2y--+5 Pr 
are the common prime factors of a and b and for each i=.,..., 7, 
m, is the minimum of the exponents of p; in.a and 5. 


If M is the L.C.M. ohaena?, then 


3 Map pf"? ps, where pi, Day De : 
are all the prime factors of both a and b and for each i=],..., 8, 
m, is the maximum of the exponents of p; in a and b. 
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Example. Find the G.C.D. and the L.C.M. of a=5040, 
b=14850 by writing each of the numbers a and b in prime factori- 
zation canonical form. 

Sol. We have a=2*.32.5!.7! and b=2!.33,52.(11)!. 

.. G.C.D. of a and 6 i.e., (a, 6)=2!.32.5'=90. 

Also L.C.M. of a and 4 i.e. (a, b}=24.33.5?.7'.(11)! 

: ea es 
Theorem 5. The number of positive primes is infinite. 
(Nagarjuna 1990; Osmania 90) 

Proof Suppose there are only a finite ‘number of positive 
primes, say 7. Let S={p1, p2,-.., Pa} be the set of all primes. 

Now form the product a=p;.p2.p3...Pa and consider the 
integer a+1. Since a+1is a positive integer > 1, therefore it 
must have a prime factor. Butno p; © S is a divisor of a+! 
because when a+1 is divided by each p;, we have the remain- 
der 1. 

Thus a+1,.is a positive integer > 1 and has no prime factor © 
because according to our assumption the set S contains all the 
primes. But this is a cuntradiction. Hence our assumption is 
wrong and the number of positive primes is infinite. 

§ 16. The number of divisors of a positive integer. 

Theorem 1. To find the number and the sum of all the distinct 
positive integral divisors of a given positive integern > 1. 

Proof. By fundamental theorem of aritbmetic, let 

n=p,"!p2%2,..p,“r, where 

1 < pi < po <...< p, and where p’s are positive primes and 
01, &2, ..., &, are positive integers. 

Consider the product 

P=(1+pit pir+...+p17!) (1+ p2-+p2?+... +2”) 
- (1 +De+ PP .. + Pr). »(1) 

The general term of this product is | 

prP'pyP2., pit ’ 
where 0 < Bi < a, 0 < B2 < 4&3... <p < 


Obviously pi" p2P2.. Pr B: is a divisor of euea 2 Pr =n and 
conversely every positive integral divisor of m is equal to the value 
of some term in the product P given by (1). 
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Hence the number of. distinct positive -integral. divisors: of n 
<=the-number of terms in the product (1) 
21 ery) (12)... (par) 
Also the sum of all the distinct positive integral divisors of n 
'- =xthe sum of all the terms in the product P 


(= (222 eat 1_j oe) 

Al. ). P2—I et) (? Pr-l 7 
Notation. The number of distinct positive integral divisors 

of'a positive integer 7 is derioted by 7'(m) and their sum by o (n). 


‘Example. ‘Find the number of distinct positive integral anise’ 
and their sum for the integer 56700. 


Sol. Expressing i in prime: factorization eanonical —, we 
have 
_56700= 2.x 28350=22 x 14175=22 3X 4725=2? x 32x 1575 
=2? x 33 x 525=22 x 34x 175=2? x 34x 5 x 35 
=22 x 34 x 52x 7!, 
a —ip=2, pP2=3, P3= == 5, Pa=7 and a, ==2, a2= =4, a32=2, aga. 
. T(56700)= the number of distinct positive integral divi- 
sors of 56700; 


=(a1-+1) (@2-+1) (as-+1) (a4 +1) 
=(2+1) (4+1) (2+1) (1+1)=3xX5x3Xx2 
=90, 
Also o (56700)=the sum of all the distinct positive integral 
divisors of 56700 
Q2t1 yy 4t1y 6241 7+ 
~ 2-1 ° 3-1 * 5-1 * 7-7 
ste) Sal eh Ek 
ee ey eee nee | 
=7 X 121 X 31 x 8=210056. 


Theorem 2. Assume that n=p,“! p,*2...p," is a composite, 
where p; (i=1, 2,..., r) are distinct primes and exponents a1,..., 
are positive integers. Then the number of ways in whichn may be 
resolved into two factors is 4 (a:+-1) (a2+1)...(@+1) in casen is 


not a perfect square but 3((«1+1).. (H+ 1)+ 1) in case n is a perfect 
square. 


Proof. Proceeding as in theorem 1, each term of the 
nroduct 
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P=(I+pitprPe+...tpr) (+patpe? +... +2") 


(1 BD ene +p,*") 
is a divisor of 7. 

Case I. nis not a perfect square i. i. e., at least one of the ex- 

ponents a, (i=1, 2,..., 7) is an odd number. 
‘In this case corresponding to each way in whichn may be 
resolved into two factors, we have two distinct divisors of n. 
the required number of ways in which n may be col ee 
into two factors 
= 4.(number of distinct divisors of 7) 
= (@1+1) 2+1)... +0). 

Case II. 2 is a perfect square. 

In this case one way of factorizing n as a product of two 
factors is 1/n Xx 4/n and to this way there corresponds only one 
divisor «/n. After excluding this case, the number of ways of 
. festering n as a product of two factors is. 

4 [(ar+1) («2+ 1)...(%-+1)—1). 

But to this number of ways we have to add the one way 

ux 4/n, and hence the required number of ways of factorizing - 
=$ ((41+1) @2+1)...(¢+1) +1]. 
§ 17. Some more theorems on prime numbers. 
First we recall some notations. 
If n & N, then 2 !=n (n—1) (n—2)...2.1. 
If n © Z, then M (n) stands for an integral multiple of n. 
If x is any real number, then we know that there exists a 
unique n & Z such that 
n<ix<nt+l. 

The integer 7 is called the nero part of x and is denoted 
‘by J (x) or by [~]. 

For example J (AZ)=J (44)=4, 

7 (§)=0, 1(/7)=2, 1 (—3)=—4 

because —4 < —7/2 < —3. 

It should be noted that 

(i) 1(x) <x <I(x)4+1 
and (ii) /(x+y) 2 1 (x)+/(0). 

Theorem 1. Jf p is @ positive prime and a,b & Z, 
then (a+6)?=a? +5°+ M (p). 


oN 
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Proof. By binomial theorem, we have 
—@+b)pmart+PCy.art. b-++PC2.a?-2, b2-+... 
+°C,.a?-".B’ +... 4+-Cp-1.0.b°-! 4-5? 


—1 ; 
arb 5 PC,.a°-". br. -.(1) 
‘ ral 2 


Now rC, a? P=") (p= 2). (partly —D pl —r+l) is an intéger, 

Since p is prime and r<p, therefore no factor of r ! except 1 is 
a divisor of p. Also p cannot divide r | because p is prime and so 
p cannot divide any factor of r ! and hence:p cannot divider !. - 

r!is a factor of (p—1) (p—2)...(p—r+1). 

. C,=a multiple of p, for r=1, 2,..., p—1. 

Hence from (1), we have 

(a+b)? =a? +b? + M(p). 

Corollary. If p is a positive prime and ay, @2,..., aAEZ, 

then = (a, +42+...+Gn)P= ay? +42"+... +05? +M(p). 

This result can be easily proved by induction with the help 
of the above theorem. 

Theorem 2. Jf pis a prime number in the factors of n\, then to 
find | the highest power of pinn !. 

Proof. Since p is prime, therefore p will divide n ! if p divides 
at least one factor of n!. The muitiples of p in the factors of n! 
are p, 2p, 3p,..., {I (n/p)} p- 

*, the number of multiples of p in the factors of 2 ! 
=I (n/p). 

Similarly, the number of multiples of p? in the factors of nm! _ 

| =I (np), 
the number of multiples of p? in the factors of n !=/ (n/p?),..., and 

so on. 

Hence the highest power of p contained in 7 ! 


i)" (+ Bt 


Example. Find the highest power of 3 in 80}. : 
Sol. Here 3 isa prime. The number of multiples of 3 in the 


factors of 80 ! 
=TJ (80/3)=26, 
the number of multiples of 3? in the factors of 80 ! \ 
7 (80/3?)= (80/9) =8, 
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the number of multiples of 3? in the factors of 80! 
=f (80/3*)=/ (80/27) =2, 
the number of multiples of 3¢ in the factors of 80! 
=I (80/34) =J (80/81)=0: 
. Thus there are no multiples of 3°, r>4, in the factors of 80 I. 
Hence the highest power of 3 in 80 !=26+8+2=36. 


Solved ‘Examples 


Ex. 1. Jf p=2"*—1 is a prime, prove that nis a prime. 
(Nagarjuna 1990) 
Sol. Let 2 be not a prime. Then there exist positive integers 
rand s such that 
n=rs where lor<n, l<s<n, 
p=28—1=2"—1=(Q')—1 
=a'—1, where a=2" 


=(a—1) (at-!+-a5-2+...+a+-1). .(1) 
Now oe because a=2'>2. Also a—1=2'—I1<p be- 
cause p=(2')s—1. Thus a—1 is a positive integer such that 


1<a—1<p and from (1), a—1 is a divisor of p. 

Hence p is not a prime. But this is a contradiction. 

Hence n must be a prime. : 

‘Note. The converse of the above statement is not true. For 
example if we taken=11, then n is prime. But 2!!—1=—2047 
==23 x 89 and thus 2!!—1 is not prime. Hence 7 is prime does not 
necessarily imply that 2"—1 is Maa . 

Mersenne Numbers. | (Andhra 1989) 

The numbers of the form /@,=2"—1,+ where is a prime, are 
known as Mersenne numbers. All the Mersenne numbers are not 
prime. For example My,=2!'—1= 2047 is composite because 23 
is a divisor of 2047. 

Ex. 2. Prove that the product of r consecutive natural pambees 
is divisible by r!. (Nagarjuna 1990; Osmania 88) 


Sol. Let xEN and x, x+1, x+2,.. iy oo be r consecutive 
natural numbers. 
P=product of these r consecutive sietaral numbers 
| =x (x+1) (¥+2).. tetro1) 
(x+r—])! 
=“ 
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We have to prove that P is divisible by riie., we have to 
(x+r—1)! 
(x—1)!r! 

For this we have to show that the highest power of ‘every 
prime factor p contained in the product (x—1)!r! is not greater 
than the highest power of p in (x+-r—1) !. - 

Now we know that if a, 6 are any real numbers, then 

I(a+b) > M(a)+-1(b), where I(a) 

stands for the integral part of a. 


(=F) GF) 
1) > 1G} (F) 


ae 


Adding the above inequalities, we have 
x+r—1 +) I aoe 2) ] at) 
i p “ } - ercat pte 


«> [Cereal (Be ] 


“the highest power of p in (x+r—1)! > the highest power 

of p in the product (x—1)!r1. {See theorem 2 of § 17] 
Hence (x—1) ! r ! is a divisor of (x-+-r—1) ! and consequently r | 

is a divisor of x(x+1) (x-+2)...(x+r—1). 

Note. From the.above result we can immediately deduce that 
the product of any r consecutive integers is divisible by r !. 

Ex. 3. If n>2, show that n> — 5n?-+-4n is divisible by 120. 
(Osmanis: 1990) 


prove that is an integer. 


Sol. We have nS—5n34:4n= n (nb—5n?+4) 
. =n (n?—1) (n?—4)=n (n—1) (n+1) (n—2) (n+2) 
=(a—2) (a—1) 2 (n+1) (2+2). 

Thus if n>2, then n°—5n3+4n has been expressed as a pro-. 
duct of five consecutive natural numbers and so it is divisible by 5! 
ie.y 120. 

Ex. 4. If nis any natural number, prove that 

n(n+1) (n+5) is q multiple of 6 i.e., n(n+1) (n+5)=M (6). 
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Sol. We have n (n+1) (n+5)=n (n+1) [(n+2)+3] 
=n (n+1) (2+-2)4+-3n (n+ 1). 
Now n (n+1) (n +2) is a product of three consecutive natural 
numbers and so it is divisible by 3 ! i.e., 6. . 
n (n+ 1) (n+2)=M (6). .(1) 
Again n (n+1)i is a product of two consecutive natural num- 
bers and so it is divisible by 2! i¢.,2. Consequently 3, n (n-+1) 
is divisible by 6. 
3n (n+1)=M (6). 4 4ue(2) 
From (1) and (2), we have 
n (n+1) (n+2)+-3n (n+1)= M6) 
> n(n+1) (n+5)=M(6). 
Ex. 5. If nis odd, show that n (n2—1)=M(24). 
Sol. We shall prove the result by mathematical induction. 


Any odd natural number is of the form 2m—1 where m is 
any natural number. Let P(m) stand for the statement that 
(2m—1) [(2m—1)?—1] is a multiple of 24 where m is any natural 
number. 

To start the induction’ we have to show that Pom) is true for 
m=1. 

For m=1, (2m—1).{(2m—1)?—1]=(2—1) (12—1)=0 which is 
a multiple of 24 because we can write 0=24.0. 

Thus P(m) is true for m=1. 

Now suppose that P(m) is true for some natural number m 
ie., (2m—1) [((2m—1)?—1]=M(24) 

=> (2m—1) (4m2—4m)=24k, where k is some integer . 

=> 8m3—12m2+4m=24k. ---(1) 

Then to complete the induction we have to show that P(m+1) 
is also true i.e., 

(2m+-1) [(2m+1)*—1] is also a multiple of 24. 
We have (2m+1) ((2m+1)?—1] -.- 
=(2m-+1) (4m?+-4m)=8m3+ 12m?+-4mn 
= (24k + 12m2—4m)+12ni2+4m 
[".. from (1), Brn = 24k +12? 4 
=24m?+24k= 24(m?2-+k) which is a multiple of 24. 
Thus P(m) is true > P(m-+1) is true. This completes the 
induction. 
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‘Hence by mathematical induction P(m) is true for all mG N 
he. n(n?—1) is divisible by 24 for. all odd-natural numbers. 


| 1Ex.'6. Prove that n (n+ 1) Qn+1) is a multiple of 6 for every 
‘natural number n i.e., . 
ae _, 8 (F1) Ant) =MO). 


Sol. We haven (n+1) (Qn+1l)=n (n-+1) {(n+-2)-+(n— 1)} 
=n (n+1) (a+2)—(1—1) n (#41). 
Since n(n+1) (n+2) is a product of three consecutive integers, 
therefore it is divisible by 3 ! i.e., 6. 


n(n+1) (n+2)=M(6). 1) 
Again (n—1) 7 (n+1) is also a product of three consecutive 

integers. 
(n—1) n (n+ 1I)=M(6) —4ae(2) 


From (1) and (2), we have 
a (ntl) (n+2)—(n—1) 2 (n+ 1)=M(6) 
> (ntl) nt D=MO6). > - 
Ex. 7: If (a, 6)=1 then show that 
(a2, b2)=1. 
Sol. Let (a?, b?)=d. 
If d=1, then (a2, b?)=1 and the proof is souiplete. 
If.d>1, then d has a prime factor, say, p. 
Now p | dand d=(a?, b?) > p|dandd|a’,d|b . 
=> p | a? and p | 5? 
=> p | a and p | d, since p is prime 
> p | (a, b) 
=> p| 1 which i is impossible. 
_ Hence we cannot have d>1. 
. we must have d=1 i.e., (a2, b*)=1. 
Ex. 8. If (a, 6)=1 then show that te Bi og 
_ (a+, a?—ab+62)=i or 3. (Nagarjuna 1988) 
. Sol. Let (a+b, a®—ab+b*)=d. 
“Then d | (a+6), d | (a@#@—ab+b?) . 
=> d| (a+b), d| (a—ab+b?) 
> d|{(a+bP— —(a—ab + 5%)} 
=> “d| 3ab. 
new d| (a+6), 4 |3a6 = d| 3a (a+b), d| 3ab 
= d | {(Ga?+-3ab)— —3ab} 
> d | 3a. 
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Similarly d| (a+), d| 3ab > d| 3b (a+b), d| 3ab 
=> d | {(3ab-+3b?)—3ab} 
=> d|:3b2, 
Thus d is a common divisor“of 3a? and 362: as, |, 
But (a, b)=1 = (a2, b2)=1 a 
=> (3a, 3b2)=3. 
Now d is a common divisor of 3a?, 3b and the greatest comm- 
on divisor of 3a2, 32 is 3 implies that a| 3. Hence d=1 or 3. 


Exercises 


1. Write each of the following numbers ia canonical form 
(i) 4950, (ii) 29645, (iii) 28812. 
2. Fy writing each of the following sets of numbers in the cano- 
' nical form, find their G.C.D. and L.C M. 
(i) 2520, 4950, (ii) 3367, 3219, (iii) 1274, 3087, 1085. 
Find the highest power of 5 in 80 !. 
Find the number of divisors of 3675. (Andhra 1990) 
5. Find the number of divisors and the sum of the divisors for 
the following numbers : 
(i) 2000, (ii) 14553, . (iii) 21600, (iv) 8064, 
6. In how many ways can the number 7056 be resolved into two 
factors ? 
If n is a positive integer and no positive prime p < «/nisa 
divisor of n, then prove that n is a prime. 
8. Prove that n?—n is divisible by 6. 


~? 
° 


_ Answers 


1. (i) 2!x32xS?x11!. (ii) 5X 72X12 (iii) 2?x3'x 74, 
2. (i) 90, 138600 (ii) 37,7x13x37~x 87. 

(iii) 7, 2X3?X5xX PX 13X31. 
3. 19 . 4° 18. 


5. (i) 20, 4836 (ii) 24, 27360. 
(iii) 72, 78120 . (iv) 48, 26520. 
6. 23. ; | 


§ 18. Congruence of Integers. 
Relation of ‘‘congruence modulo mi in the set of integers, 
Definition. Let m be any fixed positive integer i. e.,m> 0, 
Then an integer a is said to be congruent to another. integer b modulo 
m ifm | (a—d), i.e., if m is @ divisor ofa—b. 
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Symbolically ‘ve write 
1=b (mod m). 
It will be read as “‘a is congruent to b modulo m”’. 


Thus a= (mod m) iffa—b=km for some. ‘integer k i.e., iff 
a—bisa multiple of m. 


If m is not a divisor of a—b, then we say that ‘a is not cong- 


ruent to b modulo m’ and we write a34b (mod m). 
For example, 
89=25 (mod 4) since 89—25= =64 and 4 | 64 
25=1 (mod 4) since 25—1=24 and 4 | 24 
153=—7 (mod 8) since 153—(—7)=160 and 8 | .160 
13=3 (mod 5) since 13—3=10 and 5 | 10. 


But ae (mod 5) since 24—3=21 and 5 is not a divisor 


of 21. 

Also note that m | a <> a=0 (mod m). 

Some properties of congruences. 

Theorem 1. The relation “congruence modulo m” is an equiva- 
lence relation in the set of integers. 

_. Proof. Let Z be the set of integers. If m is any fixed positive 
integer, then we say that a=b (mod m) if m|(a—b). We shall 
show that this defines an equivalence relation on the set Z. 

Reflexivity. Let abe any integer. Then a—a=0 and m | 0. 
Thus a=a (mod m) ¥ a&Z. Therefore the relation is reflexive. 
Symmetry. Let a, b&Z be such that a2=b (mod m). Then.we 
have | 
m | (a—b) > a—b=km for some kEZ 
=> b—a=(—k) m where —kEZ _ 
=> m|(b—a) => b= =a (mod m). 


Thus a2=6d (mod m) => b=a (mod m) and therefore the rela- 


tion is symmetric. 


Transitivity. Let a,b,c eZ be such that a=b (mod m), 

b=c (mod m). Then-we have 
m | (a—b) and m | (b—c) : 
> m|{(a—oj-+(b—c)} >:m | (a—c) 
=> az=c (mod m). 

Thus a=b (modm) and b=c (mod m) > a=c (mod m). 
Therefore the relation is transitive. 

Hence congruence modulo m is an equivalence relation on Zz. 


Number Theory —685 


Theorem 2. If a and b are two integers, then a=b (mod m) if 
and only if a and b have the same remainder when divided by m._ 
Proof. Suppose a and b have the remainders r,-and r2 respec- 
tively when divided by m. Then for some integers g, and q2, we 
have ‘ . 
=qm-+ri, O<ri<m 
and b=qum+r2, O<rn<m. 


Now suppose that a= (mod m). Then to prove that r;=r. 
We have a—b=m (41-92)-+r1—ro. . 
»  M—r2=(a—b)+m (ga—q1). : 
Now a=b (mod m) = m|(a—b). Also m | m (q2—41). 
m | {(@—b)+m (q2—91)} = m| (r}—12) 
> r—r2=0 [°. 0<r; —rea<m] 
> MSP. 
Conversely suppose that r;=r2. Then to prove that a=b 
(mod m). 
We have a—b=m (91—q2) +r1—r2 
iz =m (91—42), if ry=ro. 
. m|(a—b) > a=b (mod m). 
Theorem 3. Ifa is any integer, then az=r (mod m) where r is 
the remainder obtained on dividing a by m. 


Proof. Suppose r is the remainder obtained on dividing a by 
m. Then for some integer g, we have 
: ; a=mq-+r 
=> @—r=mq 
=> m|(a—r) > a=r (mod m). 
Theorem 4, If a=b (mcd m), then, for all xEZ, 
a-+-x=b+-x (mod m) and ax=bx (mod m). 
Proof. We have a=b (mod m) => m | (a—b) 
> m| {(a+x)—(b+x)} ¥ xEZ 
> @+x=b+x (mod m) ¥ xEZ. 
Similarly, a=6 (mod m) = m | (a—b) / 
=> m|x (a--b) for all xeZ 
> m|(ax—bx)¥xEZ — 
> ax=bx(modm)¥ xeZ. fn 2 a 
Theorem 5. If a=b (mod m) and c=d (mod m), then |! 
a+c=b-+d (mod m), a—c=b—d (mod m), ac=bd (mod m). 
Proof. Wehave a= (mod m) => m| (a—bd), 
and c=d (mod m) > 'm| (c—d). 


- 
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Now m | (a—b) and m | (c—d) 
> m| {(a—b) +(c—d)} > m| {(a+c)—(6+4)} 
=> a+c=b+d (mod m). 
Similarly m | (a—b) and m | (cd) 
=> m| {(a—b)—(c—d)} > m| {(a—c)—(6—4)} 
=> a—c=b—d (mod m). 
Finally m | (a—b) and m | (c—d) 
= m|{c (a—b)+b (c—d)} > m|(ac—bd) 
=> ac=bd (mod m). 
Theorem 6. /fa=5 (mod mya and m, is a positive divisor of m, 
then a=b (mod m,). 
Proof. If mm, is a positive divisor of m, then m= mig: for 
some qi © Zt. 
Now a=b (mod m) => m | (a—b) 
=> a—b=q2m for some g2 € Z 
=> a—b= qo (miqi)= m1 (9192) Where qig2 & Z 
=> m, | (a—b) > a=b (mod m). 
Theorem 7. If a=b (mod m,), a=b (mod m2) and m=[m, m2} 
i.e., mis the L.C.M. of m, and m2, then a=b (mod m). 
Proof. We have a <b (mod m;) = a—b=qim, for some EZ 
and a=:b (mod m2) > a—b=q2mz2 for some g2 & Z. 
a—b is a multiple of both m; and m2. 
Thus a—b is a common multiple of m and m2 and hence a 
multiple of m=[m,, m2). an 
‘, azb (mod m). 
Note. The vheorems 6 and 7 help us to change the modulus 
of a congruence. 
Theorem 8. ‘Jf a=b (mod m), then 
mn+a=b (mod m) ¥ n & Z. 
Conversely if mn-+-a=b (mod m) for some n e Z, then | 
| a=bh (mod m). 
Proof. Suppose a=b(mod m). Then m|(a—d). But 
_m|(mn) ¥ n © Z._ Therefore 
m | {(mn)+(a—b)} ¥ ne Z 
> m|{(mn+a)—b} ¥n eZ 
=> mn+a=h (mod m) for alln & Z. 
Conversely suppose that mn+a=b (mod m) for some integer . 
" " {(mn+-a)—b}. 7 
, (mn). : 
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m | [{(@mn-+a)—b}— mn} 
=> m|(a—b) > a=b (mod m). 

‘Theorem 9. Let d-be the G.C.D. of c and m i.e., (¢, m)=d and 
letm=md. Then prove that ca=cb (mod m) = a=b (mod m). - 
Also prove the converse ‘i.e., prove that if a=b (mod m), then 
ca=cb (mod m). : 

Proof. We have (c, m)=d and m=mid. Let je=erd. Since 
d is the greatest common divisor of ¢ and m, therefore the greatest 
common divisor of c; and m,; must be 1 i.é., (C1, 7m1)=1. Note 
_ that c; and my; are the integers obtained on dividing c and m’ res- 
pectively by their G.C.D. d._ - 


Now ca=cb (mod m) — 
=> m|(ca—cb) = m|c (a—d) . 
=> md | c,d (a—b) atc m=mid and c=¢,d] 
> mi|c(a—b) < [.  d340] - 
=> m | (a—b) ("my and c; are relatively prime]. 


=> a=b (mod m)). 
Converse. We have a=h (mod m) 
=> m, | (a—b) > m | 1 (a@—5) 
> mid | cd (a—b) 
=> m|c (a—b) 
=> m | (ca—cb) 
=> ca=cb (mod m). . 
Theorem 10. Jf.ca=cb (mod m) and (c, m)=1, then 
a=b (mod m). 
Proof. It is given that (c, m)=1 i.e., c and m are relatively 
prime. - . 
We have ca=cb (mod m) 
=> m | (ca—cb) > m| c (a—b) 
=> m | (a—b) Te © m=] 
‘=> a=b (mod m)._-* os 
Note. The above theorem gives a cancellation law in con- 
gruences, but it is valid only when (c, m)=1. For example 
18=14 (mod 4) i.e., 2.92.7 (mod 4) 
does not imply 9=7 (mod 4) because here 2 and 4 are not rela- 
tively prime i.e., (2, 4)41. : - 
§ 19. Residue classes. ; 


Definition. We know that if m is a fixed positive integer, then 
‘congruence modulo m’ is an equivalence relation on. the set of . 
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inager Z. Consequently it partitions Z into a collection of mutually 

. disjoint equivalence classes: These equivalence classes” are called 
‘residue classes modulo m’. 

We shall denote the set of all residue classes of integers 


modulo m by Zm or by Z/(m). It is also called the set of integers 
modulo m. a 
If a & Z, then the residue class d or [a] © Zm is given by 
a={x:x € Z and x=a (mod m)}={atkm : k © Z}. 
The residue class d is called the residue class generated by a 
or the a-residue class (mod m). 


Similarly if b-e Z, then the residue class b © Zp, is given by 
b={y: y © Z and y=b (mod m)}= (bEkmsk & e Z}. 
We know that two equivalence classes are ciher ‘disjoint or 


identical. Therefore if @ © Zn and b Se Zm, then either 4G=§ 
ora ) b=o. : 
Also d=j if and only ifa © Bi.e., iff ab (mod m) i.e., iff 
_m|(a—6). 
With the help of the following theorem we conclude that the 


set Z,, of all residue classes of integers modulo m contains exactly 


jedistinet elements 0, I, 2, ..,.m—I. 
Theorem. Let m be a fixed positive integer and 
S={0, 1, 2, ..,m—1}. 
Then no two integers of S are congruent modulo m to each other 
and every x & Z is congruent modulo m to one of the integers of S. 
Proof. Leti,j @ Sandj >i. — 


ThenO <i<mand0 <j <m. 
0 < j-i <m. . So m cannot be a divisor of j—i he, 


_ 8) (mod m). 
Hence no two integers of S are congruent modulo m to each 
other and consequently the m residue classes modulo m 
0, 1, 2,.. »m—l are all distinct. 
Top stave the second part of the theorem, let x © Zi.e., let x 
be any integer. 
By division algorithm, ‘hae exist two unique integers qr 


sate 
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x=mg+r, whereO<r<m:. # eats 
Then x—r=mg,r & S. 
2. m|(x—r) ie., x=r (mod m). 
Hence for x & Z there exists one and oaly one integer r & S 
such that x==r (mod m). Consequently the residue class ¥ is came 


to the residue class r. 
Thus the set Zm of residue classes modulo m contains exactly 


m distinct elements 0, 1, 2,..., m—1 and so . 
Zm={0, 1, 2,.... m— ane a 
if x & the residue class 4, then r=4. | 


Therefore if x) © 0, x1 € I,. Ae ee e m—l, 
then the set {%, X1,..., Im-1} also consists of all the m distinct 


residue classes modulo m, : 
Illustration. Let us take meat, ‘Then the residue classes: 


modulo 4 i.e., the elements of the set Z are 7 
={..., 12, —8, —4, 0, 4, 8; deta kez 

T=... “MH, —7, =3, 1, 5,9, Ti PGR EL tk Zp 
2={..., —10, —6, —2, 2, 6, 10, 14,.. Jak? : keZ} 
3={..., —9, —5, —1, 3, 7, i, 15; j= ={4k +3: k © Z}. 
It should be noted that 0 U T U 2 U 3=Z, 

We have 4 & 0 = 0=4, 9e1 eT, 

14 € => 2=14 and 15 & cy 23-5. 


.=(0, T, Z D=AS, 9,14, 15}. 
ee and multiplication of two residue classes. 
Definition. Let a, b be two residue classes. ‘modulo m. . Then 


the sum of & and B is defined as the residue: class a+b containing 
the integer a+-b and the product of. a and y is” ‘the residue class 


ab containing the integer ab. 


Thus a+b=a+tb ‘and a Bem: 
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_ Some Important Definitions. | 
1.. Definition. Let m be a fixed positive dees: ifx © Z, 
then an integer y is said to be a residue of x modm if y=x(mod m). 
The remainder r obtained on dividing x by m is called the least non- 
negative residue of x:mod m. The set of integers 
Zm={0, 1, 2, m— 1} | 
is called the set of least positive ‘residues modulo m. 
For example, if m=6, then the set of integers 
Ze={0, 1, 2, 3, 4, 5} 
- is the set of least positive residues modulo 6. These integers are 
such that each x © Zis congruent mod. 6 to one and oo one of 
them. 
«2. Definition. The complete set of residue classes modulo m 


is the collection Zm={0, 1, 2 ..., m—l}. A-set of integers 
S={X0, X15 «+05 Xn-t} i . 
is called a complete set of residues modulo m, if {Xp, Zi, veep Xm-1} 
is the complete set of residue classes modulo m. | 
Thus a set of integers S=={xo, X1, «++» Xm-1} is a complete set of 
residues modulo m iff each integer in Sis congruent modulo m to 
exactly one integer in the set Z,—{0, 1,2, ...,m—Il}. For 
example, if m=6, then the set S={6, —5, 14, 9, 10, 35} is a 


complete set of residues modulo 6. Here 6=0 because 62:0 
(mod 6), yeas | ‘because —5==1 (mod 6), 14=2, —9=3, 10=4 
and 35=:5. Thus 


{6, =3,14, —9, 10, 35}= OL233435 
is the complete set of residue classes modulo 6. 


3. Definition. If m is a@ fixed positive integer, then the 
residue class Tt modulo m is said to be prime to m if (r, m)=1. 


For example,. if m=6; then. the residue classes T, 5 modulo 
6 are prime to 6 because 1 and 6 are. relatively | prime and 5 and 6 


are also relatively. prime. The residue classes 0, 2, 3 and 4 4 modulo 
6 are not relatively prime to 6 because 


(0, 6)=6, (2, 6)=2, (3, 6)=3, (4, 6)=2. 


Thus I and 5 are the only two residue siaeaes modulo 6 
which are prime to 6. : 
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As already mentioned in definition 2 above a set of integers 
{Xp. X1, .-+, Xm-1} is called a complete set of residues modulo m, if 
each x;, i=0, 1, ..., m-—-1, belongs to one and only one residue class 
modulo m. . —— : 

4. Definition. A set of integers {r1, ra, .., rx} is calleda 
reduced set of residues modulo m, if exactly one of them lies in each 
residue class modulo m relatively prime.to m., (Nagarjuna 1989) . . 

For example, if m=6, then the set of integers {1, 5} isa 
reduced set of residues modulo 6. The set of integers {7, 11} is 
also a reduced set of residues modulo 6. Here {0, 1,-2, 3, 4, 5} or 
{6, 7, 8, 9, 10, 11} is a complete set of residues modulo 6, . 

| The nuimber of elements in eath reduced set of residues 

modulo m is the same and is equal to the number of positive 
integers less than m and relatively prime to m. 

§ 20. Linear Congruences. 


Consider the congruence 
ax=b (mod m) 
‘in which a, b, m are fixed integers with m> 0 and x is an un- 
known integer. This equation is called a linear congruence. 

Solution of a linear congruence. 

_ Definition. Jf there exists an integer Xo such that axo=b 
(mod m), then we say that Xo is a solution of the linear congruence 
ax=b (mod m). 

It can be easily seen that if x; isa solution of ax=b (mod mm), 
then:any other integer x2=x; (mod m) is also a solution. . 
_ For example a solution of the linear congruence 7x5 (mod 8) 
is the integer 3 because 7.3=5 (mod 8). _ 

Note that 8 | (21—5). 

Similarly a solution of the linear congruence 3x1 (mod 4) is 
the integer 3 or 7 or 11 etc. 

Incongruent solutions. Definition Suppose x; and x2 are two 
solutions of the congruence ax=b (mod m). If x134x2 (mod m), 
then x; ant x2 are called incongruent solutions of ax==b (mod m). 

For example consider the congruence 6x=2 (mod 4). We see 
that 1 and 3 are its solutions. Since 1543 (mod 4), therefore 1 and 
3 are incongruent solutions of 6x=2 (mod 4). On the other hand 
5 is also a solution of 6x==2 (mod 4). But 5:1 (mod 4). There- 
fore 5 and 1 are congruent solutions of this linear congruence. 
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Existence of solutions of ax=b (mod m). 
Theorem 1. |The congruence-ax=b (mod m) has a solution if 
and only if ihe greatest. common divisor of a and m i.e., (a, m) divi- 
des b. oat (Nagarjuna 1990) 
Proof, Let d=(a, m). 
Suppose ax=b (mod.-m) has a solution x=x,. Then 
ax,;=b (mod m) 
=> m|(ax;—b) > ax;—b=mk for some integer k 
=> b=ax,—mk. 
Now d|aandd|m. Let a=a,d and mad where a and 
m, are some integers. Then 
b=a,dx,—m,dk =d (a\x1;—m,k). 
' .“. d|. This shows that if a solution exists, then it is 
necessary that d | b. 
In other words we can say that if dis not a divisor of b, then 
ax=b (mod m) has no’ solution. 
Converse. Suppose d | 5. Then b=,;d where bi is some inte- 
ger. Since d=(a, m), therefore there exist integers u and v such 
that % 


=ua+ vn - 
=> dby=uab;+vmb, [multiplying by 5,] 
=> b=a (ub})+(vb,) m [te dby=6] 


=> a (ub;)—b=—(vb;) m 

=> m | {a (ub,)—}} 

=> @ (ub;)=b (mod m) 

=> x=ub, is a solution of ax==b (mod m). 
‘Thus we have shown that if d| b, then it is sufficient to say . 
’ that ax=b (mod m) has a solution. 

Examples. (i) Consider the congruence 207x=6 (mod 18). 
We have (207, 18)= =9 and 9 is not a _ divisor of 6. Therefore this. 
congruence has no solution. 

(ii) Consider the. congruence ‘222x=12 (mod 18). We have 
(222, 18)=6 and 6 | 12. Therefore this congruence must ‘Possess a 
solution. — 

" Theorem 2, Uf (a, m)=1, then the congruence axz=b (mod m) 
has a solution. Further if xo is a solution, then the set of all solu- 
tions is precisely the residue class % modulo m i.e., the congruence 
ax=b (mod m) has a unique incongruent solution modulo m. 

(Nagarjuna 1990) 
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| Proof. Existence of solution. Since (2, m)=1, therefore there 
exist integers u and v such that 
l=ua-+vm 
b=bua+bvm 
@ (bu)—b=— (by) m 
m | {a (bu)—b} > a (bu)=b6 (mod m) 
*=bu is a solution of ax=b (mod m). 
This shows the existence of solution. 
Now let xp be a solution of ax==5 (mod mm). 
Then axo=b (mod m). 


If y S Xo, then y= Xo (mod m) and basics ay=ax, (mod m). 
Now by transitive Property of the congruence relation, we 


YY Hy. 


~ have 
ay=axy (mod m) and axp=b (mod m) 
> ay=b (mod m). 
". Y © Xp is a solution of ax=b (mod m). 
Conversely, y is a solution of ax=b (mod m) 
=> ayz=b (mod m) 
=> @Y=aXxo (mod m) 
[".° a@xo=b (mod m) 
=> b=axo (mod m)] 
=> y=Xo (mod m) ig «@ m)=1] 
> ye Xp. , 
Thus if xp is a solution of ax=6 as m), then y is a solution 
of ax=b (mod m) iff y © Xp. 

- Hence if (a, m)=1, the linear congruence ax=b (mod m) has 
a unique solution modulo m. 

Theorem 3. Let d=(a, m) divide b and let a=a\d, b=bid, 
m=md. Then show that x, is a solution of the congruence 
ax=b (mod m) if and only if x; is a solution Of ax=b, (mod m). 

Proof. Suppose x; is a solution of ax=b (mod m). _ 

Then ax,;=b (mod m) 

=> a,dx,;=b,d (mod md) 

=> 21x15; (mod m) —_— [Applying theorem 9 of § 18. 
Note that (4 md)=d] 

=> x, is a solution of a;xz=b, (mod mm). ° 


Converse. | Suppose that x, jis a_ solution of 
@1x=b, (mod m)). 
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Then 4@,x;=5; (mod m) 
=> da,x;=db, (mod dm) _ [by theorem 9 of § 18] 
=> ax,;=b (mod m) 
=> x, is a solution of ax=b (mod m). 


‘Number of Incongruent solutions. 


Theorem 4. If d=(a, m) divides bh, then the congruence ax=b 
(mod m) has exactly d incongruent solutions which canbe expressed 
in the form xy+rm, for r=0, 1, ...,d—1, where Xo is an arbitrary 
solution and m=dm,. 


Proof. Let b=,d, a=ajd, m=omd where 51, a1, ™ are some 
integers. Since d is the greatest common divisor of a and m there- 
fore (a, m)=1- 


Since d | b, therefore ax=b (mod m) possesses a ‘solution. 
Let X9 be an arbitrary solution of this congruence. Let x; be any 
other solution of this congruence We know that x=y is a solution 
of ax=b (mod m) if. and only if y isa solution of a,x=6,; (mod m). 
Therefore x9 and x; are also solutions of a,;x=6; (mod m). But 
a,x=b, (mod m) has a unique incongruent solution modulo m 
because (a1, m)=1. Therefore 
| X1=Xo (mod m;) 

= m | (x%1—%o) 

=> X1—Xo=rm, for some integer r 

=> Xp=Xytrm,. | 


Hence every solution x; of the congruence ax=b (mod m) 
can be expressed in the form x,=x,+rm, for some integer r. 


Further for every integer *, we have xo-+-rm,==Xo (mod m)). 
Therefore for every integer r, Xotim, is a solution of ax=h; 
(mod m,) and so also ax=b (mod m). Hence all the solutions of 
ax=b (mod m) are found among the set of integers xo+rm,. Let 
us consider the following d integers in this set : 

Xo, Xo m1, Xo+2m, covey Xo+(A—1) m,. 


Now no two of these d integers are congruent to each other 
modulo m. For if O0<i<d and 0<j<d, then 
Xo in 2=Xx0-+-jm: (mod m) 
> m| {(Xo-+ im) (Xo +Jm1)} 
=> m|(i—j)m 
=> md | (i—/) ny [‘.. «m=m,d] 
=> d|(i-J) 
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=> i-~j=0 {' O<i-—j<d] 
>i=f | z= 
> Xobimy=xobjmy. 

Hence any two of these d integers are incongruent (mod m). 

Further if r is any integer, then we shall show that Xobrm is 
congruent to one of the d integers given above. 

.applying division algorithm for the integers r and d, we get 

=ds+q, 0<q<u. 

Then Xo-+rmy =Xx)+(ds+q) m 

=Xq+ dsm +m 
=(xo-+-gm;)+dsm. 

Now (x9-+r711)—(x0-+9m1)= SE ee are 

=dsm,=sm. 
m | {(xo-+-rm)— —(Xp-+4m)} 
=> Xo+rm=X_o+gm (mod m). 

Since 0 < g < d, therefore x)+-gm; is one of the above d 
integers. 

Hence ax=b ae m) has exactly d incongruent . solutions 
modulo m. 

Note. If we are to find the least positive incongruent solutions 
modulo m of ax=b (mod m), then we should first find the least 
positive integer, say xo, satisfying ajx==b, (mod 7m) where 
d=(a, m), m=md, b=b,d, a=a,d. Then Xo. Xo tm, Xo+2m1, bees 
Xot+(d—1) m, will give us d least positive incongruent, solutions 
modulo m of ax=b (mod m). 

.Theorem 5. If. (mt, m2)=1, then the. congruences 
X=b, (mod m), x=b2 (mod m2) have a common spiion: an two 
Solutions are congruent modulo mma. 

Proof. Since (1, m)=1, therefore the congruence 
*=6, (mod m) has a unique solution. 

The complete solution of the first congruence x=0, (mod mm) 
is given by. 

x=bit+tm, t © Z. ~ Mh 
Such a solution. x of the first congruence also satisfies the - 
second congruence x:=52 (mod mz) if and only if 
b, +: tm=b2 mod (m2) | 
he., if tm= bo—b, (mod m2). . w(1) 
Since (m1, m2)=1, this congruence can be solved for ¢. 
For the values of ¢ satisfying the eee (1), x=h1+-¢m 


eee ee. 
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is acommon solution of the two congruences, Hence the two 
congruences possess a common solution. 

Now let x1, x2 be two common olution: of the given 
congruences, 

Then x;=5,; (mod m), x2=0; (mod m) 

%1=b2 (mod mz), x2=b2 (mod m2). 
¥1— X2=0 (mod m;) and x;—x2=0 (mod m2) 

=> Mm | (x1—-X2) and m2 | (x1 — 2). 

Since (71, m2)=1, therefore mymz | (x}—x2). 

*1=%2 (mod mym2) and thus any two solutions are 
congruent modulo mymz. 

Hence if (7, m)=1, then the set of two congruences 
x=); (mod m) and x=b. (mod m) has a unique solution modulo 
mm. 

Note. If mm, ma, ..., m are relatively prime in pairs, then . 
the system of congruences x=, (mod mi), x=02 (mod 79), ... 
x=b, (mod m:) has a unique solution modulo m where 
M=MyM2...INk 

Definition. Jf abz=| (mod m), then a, b are said to bei inverses 
modulo m. 

For example, 3.5=1 amo 7) > 3 and 5 are inverses mo- 
dulo 7. 

Theorem 6. A number a has an inverse modulo m, if and only 
if, (a, m)=1. 4 

Proof. First suppose that é we: Then’ by theorem 2 
above, the linear congruence ax=1 (mod m) has a solution, say, Xo. 

“. G@Xg=I1 (mod m) 

=> Xq is an inverse modulo m of a. 

Conversely, suppose that a has an inverse } modulo m.:. Then 

ab=1 (mod m) > 
_ =» ab—1l=km for some k © Z 

=> ab—km=1 

> ab-+m (—H)=1, where 5, —k are some integers. 

“. (@,m=1, 


Solved Examples 


Ex.1. Solve the following congruences : 
(i) 3x=4 (mod 5) (ii) 235x=54 (mod 7) 
(iii) 13x=9 (mod 25). 
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Sol. (i) The given linear congruence is | 
3x==4 (mod 5). 7 ° wed) 
Since (3, 5)=1, therefore the Sone i) has a unique 
solution modulo 5. . 
We have 0=5 (mod 5). oo0(2) 


Adding the congruences (1) and (2), we have 
3x=9 (mod 5) 
or =3 (mod 5). {. (3, 5)=1) 


- Hence x=3(mod5) ie, x==3+5t, where t © Z is the 
required solution of the given congruence. 
_ ii) The given linear congruence is 235x=54 (mod 7). ...(1) 
Since (235, 7)=1, therefore the congruence (1) has a unique 
solution modulo 7. 


Here the numbers 235 and 54 are both large. So dividing each 

of them by the modulus of congruence 7, we have 
. 235=7.33+4=231+4, where 0<4<7 

and 54=7.7+5=49+5, where 0<5<7. 

“. 231x=49 (mod 7). von (2) 

From (1) and (2), we get , 

235x—231x=54—49 (mod 7) 

or 4x=5 (mod 7). | | «»(3) 

By trial we see that the least positive integer ‘satisfying the 
congruence (3) is 3. Note that 4.3=12 and 12=5(mod 7). 

Thus 3'is the least positive integer satisfying the given con-. 
_ gruence and the complete solution consists of the residue class 3 
(mod 7) and is given by 

3 ={1k+3- k © Z} 

={..., —18, —l1, —4, 3, 10,°17, 24,...}. 

(iii) The given linear congruence is 13x=9 (mod 25). _...(1): 

We have (13, 25)=1 and so the congruence (1) has a. ‘unique 
-solution modulo 25. Here the modulus of congruence 25 is. large. 
hence the G.C. D. process enables us to find the solution as 
follows : 

Since (13, 25)=1, therefore we can find. integers m and n 
such that 1=13m-+25n. 

By Euclidean algorithm, we have 

: 25=13.1412 
13=12.14+1 
12=1 . 12. 
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Substituting backwards, we have 
1=13~—12.1=13—(25—13.1).1 
=13.2+25.(—1). 
“. 9=13.18+25.(—9). 
Now 13x=9 (mod 25) is equivalent to 
13x=13.18+25.(—9) (mod 25). ««.(2) 
But 0=25.(—9) (mod 25). - “4. ~4e¢(3) 
Subtracting (3) from (2), we get | 
13x=13.18 (mod 25) 
showing that x=18.is a solution. 
' Obviously 18 is the least positive integer in the residue class 


18 (mod 25). Hence 18= (sea 18': k Se 2} is the required 
solution. 

Ex, 2. Solve the set of congruences : : 

Xx=1 (mod 4), x=0 (mod 3), x=5 (mod 7). 
(Osmania 1988) 

Sol. Since (4, 3)= (3, 7)=(7, 4)=1, therefore the given set 
of three congruences has a common solution. 

For the first congruence x=1 (mod 4), the complete solution is 
given by 

: Pon a i e€ Z. 


Subeaaitne x=1+4t, in ° the second congruence 
x=0 (mod 3), we have 
1+47,=0 (mod 3) 
——— 41;=—1 (mod 3), 
Adding with 0=9 (mod 3), we have 
4t,=8 (mod 3) — OO 
> ty=2 (mod 3) [. (4, 3)=1] 
. > t=2+3h,h & Z. » 9 = 
ae x=14+4 (24+342)=9+120, 22 EZ is the complete 
common solution of the first two congruences. 
‘Now substituting x= a as in the third congruence 
=5 (mod 7), we have ae oe 
- 9+412N=5 (aed 7) 
=> 12%2=—4 (mod 7). 
"Adding with ( 0528 (mod 7), we have 
°12t222:24 (mod 7) ° 
=> %=2 (mod 7) EM (12, 7)=2] 
> =:2+7,1te Z. 
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x=9-4-12 (24+-71)=33+841, t © Z 
is the complete common solution of the three congruences. 
Hence x=33 (mod 84) is the common solution of the given 
set of three congruences. os 
Ex. 3. Solve the following congruences : a 
i) 3x=1 (mod 125). oo - (Osmania 1991) 
(ii) 35x=14 (mod 21). 
(iii) 13x=10 (mod 28). 
(iv) 16x=25 (mod 19). --, 
Sol. (i) Comparing the given congruence with - 
ax=b (mod m), we have a=3, b=1, m=125. 
We have (a, m)==(3, 125)=1. Therefore the given congruence | 
has a unique solution modulo 125. . 
Now the given congruence is 


3x=1 (mod 125). 


Also 0=125 (mod 125). 
Adding, we have 3x=126 (mod 125) 
=> %x=42 (mod 125) [°.. \(3, 125)=1} 


Hence the required solution of the given congruence is 
x=42 (mod 125) i.e., x=42+125t, t © Z. 7 

(ii) Comparing the given congruence with ax=b (mod m), 
we have a=35, b=14, m=21. 

We have (a, m)=(35,21)=7 and7 is a divisor of b=14. 
Therefore 35x=14 (mod 21) has 7 incongruent solutions 
(mod 21). 

- Now 35x=14 (mod 21) is equivalent to 
7.5x=7.2 (mod'7.3) 
or 3x2 (mod 3). [See theorem 3 of § 20] 

But 0=3 (mod 3). 

Adding, we get 5x=5 (mod 3) 

| => X=1 (mod 3) [° (5, 3)=1] 

By substituting in the given congruence 35x=14 (mod 21) 
we can see that x=1 is a solution. . - 

By theorem 4 of § 20, the 7 incongruent solutions are given 
by x=1+-3¢ (mod 21) er: 
where t=0, 1, 2, 3, 4, 5,.6 o. 

‘hey x=1, 4, 7, 10, 13, 16, 19 (mod 21). 

(iii) The given congruence is 13x=10 (mod 28). 

Here a=13, b=10, m=28. 
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We have (a, m)=(13, 28)=1, so that the given congruence 
has a unique solution modulo 28. 

We have 13x=10 (mod 28). 

Also § 0=28x8 (mod 28) 
ie, 0=224 (mod 28). 

Adding the two congruences, we get 

13x=234 (mod 28) 

or x=18 (mod 28) cs (13, 28)= 1) 

Hence x=18 (mod 28) i.e., x=18+281, ¢ © Zis the required 
solution. 

(iv) The given congruence is 16x=25 (mod 19). 

Comparing with ax=b (mod m), we have 

a=16, b=25, m=19. 

Since (a, m)=(16, 19)=1, therefore the given congruence has 
a unique solution modulo 19. 

We have 16x=25 (mod 19). 

Also 0=247 (mod 19). 

_ Adding the two congruences, we have 
16x=272 (mod 19) 

or x=17 (mod 19) [°° (16, 19)=1] 

Hence x=17 (mod 19) i.e., x=17+192, where ¢ & Z is the 
required solution of the given congruence. 


Exercises 


1. If ab=0 (mod p) and p is prime, prove that a=0 (ace p) or 
b=0 (mod p). 
2. If ab=ac (mod p) and as<0 (mod p), where pis prime, then 
b=c (mod p). . | 
3. If a=b (mod m), then prove that a"=b" (mod m) ‘for every 
positive integer 7. 
4. List.all integers x in the range 1 <x < 100 that satisfy 
=7 (mod 17). What is the single congruence equivalent to 
_the pair of congruences x=1 (mod 4), x=2 (mod 3) ? 
(Osmania 1989) 
5, Solve the following congruences : | 
(i) 8x=3 (mod 27). 
(ii) 259x=5 (mod !1). - (Osmania 1990) 
(iii) 11x==2 (mod 317). 
_ (iv) 15x=12 (mod 21). 
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6. Solve the simultaneous congruences x=2 (mod 5) and 
2x=1 (mod 8). 
7. Find the integers that give remainders 1, 2, 3 when divided 
by 3, 4, 5 respectively. 
' [Hint. Solve the simultaneous congruences x= (mod 3), 
x=2 (mod 4), x=3 (mod 5)]. 
Answers 
4, 7, 24, 41, 58, 75, 92; x=5 (mod 12). . 
5. (i) x=24 (mod 27) i.e., x=24427k, k © Z. 
(ii) x=10 (mods11) i.e.,. x=10+11k, k & Z. 
(iii) x=29 (mod 317) ie , x=294+-317k, k = Z. 
(iv) x=5+4t (mod 21) where t=0, 1, 2. 
6. No solution. 7. 60t—2 where t € Z. 
-§ 21. Euler’s ¢-function. 
Definition. The Euler ¢-function is the function ¢:Z* > Zt 
defined as follows : 
(i) $(1)=I1 and 
(ii) for n (>1) & Zt, d(m)=the number of positive integers 
less than n and relatively prime ton. (Osmania 1988, $0) 
- Illustrations, . 
1. Let n=2. The only positive integer less than 2 and relatively 
prime to2is 1. So ¢(2)=1. 
2. Let n=3. The only positive integers less than 3. and relatively 
_ prime to3 are 1 and 2. Their number is 2. and so ¢(3)=2. 
3. Letn=8 The only positive integers less than 8 and rela- 
tively prime to 8 are 1,3, 5 and 7. Their number is 4 and 
so $(8)=4. . 
4. Ifpisa positive prime, then obviously ¢(p)=p—1 because 


each of the integers 1, 2, ..., p—1 is relatively prime to p. 
Thus for each positive integer m, ¢(m)=the number of inte-- 


gers in the set Z,,—{0, 1, ..., m—1} that are relatively prime to m. 


In other words ¢(mm) is equal to the number of residue classes 


modulo m that are prime to m So for each positive integer m, 
the number of elements in the reduced set of residues’ modulo m is 
equal to ¢(m). Also we know that an integer. has an inverse 
modulo m iff (a, m)=1. Therefore the number of least positive 
residues modulo m that have inverses modulo m js equal to ¢(?). 


For example, take m=12. 
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- Then Zi2={0, 1, 2, 3,...,11} is the ‘complete set of residues 


' -modulo 12. 
The positive integers less than 12 and relatively. prime to 12 


are 1, 5,7 and 11. Their number is 4 and so 4(12)=4. 
The set S={1, 5, 7; 11} is a reduced set of residues modulo 12 
and the number of elements in this set is equal to ¢(12). 
Theorem 1. Jf (a, m)=1 and the numbers a, See 3a,...,(m—I1)a 
are divided by m, then the remainders are | 2, 3,...,.m—1, though not 
necessarily in the same order. 
: Proof. Let S={a, 2a, 3a,...,(m—1) a}. ‘First we shall show 
that no two distinct members of Scan leave the same remainder 
when divided by m. 
Suppose kya, ka © S leave the same remainder r when divi- 
— ded by m. Herel. < ky < m—1,1 < kp < m—1 and say ky>k. 
Then kya=qum-+r and k,a=qom-+r where qi, q2G Z and 
O<r<m. 
“. kya—kz,a=qyn—qumn 
> (ki—k2) a=(q1—92) m 
> m| (ki—k2) a | 
=> m| (ki—k2). [."" (a, m)=1] 
But this is not possible because 1<k;<m—1, 1 <k2<m—1 
and ky>kz > 0<k,—ko<m and so m cannot be a divisor. of 
ki—k2. 
*. the remainders are all different. 
Also’ since (a2, m)=1, m is nota divisor of any member of S 
and hence no remainder is 0. 
| Therefore the remainders are 1, 2,...,m—1 though not nece- 
. ssarily i in the same order. 
* Corollary. If (a, m)=1,c © Z and the m numbers of the 
- _€+@, c+2a,...,c+(m—1) @ are divided by m, then the 
dets are 0, 1, 2,...,2— A, though not necessarily in the same 
order 


Theorem 2. ifm and n are relatively pi prime positive integers i.e., 

(m, n)=1, then 
¢(mn) =¢(m). gn). (Andhra 1989; Osmania 88) — 
Proof. In order to find the number ‘of positive integers less 
than mn and relatively prime to mn, we arrange the integers 
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-1, 2, 3,...,2 ina rectangular array having n rows and m mei 
in the following manner : 


ga . 2 ove ko re 
m+1 m42. ... m+k “des 2m 
Wm+1  -—  am42 mk kk, 3m 
(2—1)m+1 / (n—1)m+2 - (n- neers a “ams 


Ia the above arrangement of integers, we have to find: the . 
integers a such that 1 < a < mn and (a, mn)=1. 


But we know that if~a © Z, then (a, mn)=1 iff (2, m)=1 and | 


_ (a, n)=1. 


”. in the disic arrangement of i integers, we have to find the 

integers a such that 
1 <@<mn and (a, m)=t | as well as (a, n)=1. 
For, this, we first consider the m columns that begin with — 
Ry Serre epee 2 ; 
. If b is any integer, then we know that 
(m, k)=1 iff (m, bm+k)=1. 

. if the first term of a column is relatively prime.to m, then 
every other term of that column jis also relatively prime to m. 

But the number of integers among 1, 2,...,7 that are relatively 
prime to m is ¢(m). Therefore there are 6(m) columns in each of 
which every integer is relatively prime to m. 


Now we have to find the number of. integers i in shiese dm) 
columns that are also relatively prim¢ to n. 
' Out of these ¢(m) columns let us consider the oe that | 
begins with k. The terms in this column are 
k, m+k, Im+k,...,(n—1) m-+k 
which are n in number. These n integers when divided by 1 n yield — 
 gemainders 0, 1, 2,...,2—-1, though not necessarily in this order. © 
If r is the remainder when bm +k is divided by n, then 
bm+k=nq-+-r, where g & Z and O<r<n. 
Now (bm+k, n)= (nq+r, n)=(r, n). 
(bm+k, n)=1 iff (r, n)=1. 
But the. number of positive integers among then remainders 
0, 1, 2,...,2—1 that are relatively prime to n.is 4(n). Therefore © 
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the number of integers in thie Ath column that are relatively prime | 
to nis ¢(n). 

This is true for each of the ¢(mm) columns. Hence each of the 
¢(m) columns in which every term is relatively prime to m contains 
¢(n) integers which are also relatively prime to n. 

Thus in the whole arrangement there are ¢(m).9(n) integers 
_ that are relatively prime to m as well as to n and consequently rela- 
’ tively prime to mn. 

p(mn)=¢4(m) o(n). 

Corollary. If mj, mo,...,m, are r. positive ee which are 

relatively prime to each other in pairs, then 
f(my . rz. ...m,)=G(Im). P(tMa). Gt) 

Note. The formula ¢(mn)=¢(m).¢(n) is -applicable only 
when ‘(m, n)=1. 

For example, we have ¢(20)=8 because 1, 3;7, 9; il, 13, 17. 
19 are the only eight positive integers which are less than 20 and 
relatively prime to 20. 

Now 20=10.2 and 10 and 2 are not relatively prime. We 
have $(10)=4 and ¢(2)=1. Thus we see that © 

$(20)=4(10.2) (10). 4(2). . 

Also we can write 20=4.5 and 4 and.5 are relatively prime. 
We have 4(4)=2 and ¢(5)=4. Thus we see that ¢(20)—¢(4.5) 
=¢(4).4(5) is true. 

Theorem 3. If p is a positive prime, then 


$(p)=p"— —p""'=p (13) 

for every positive integer n. 

Proof. “To find ¢(p") we have to find the number of positive 
integers that are less ‘than p" and relatively prime to p”. 

‘Ihe set S of positive integers less than p” contains p"—1 
elements. : 

Since for.every integer a,  —— 

(4, p")=1_<> (a, p)=1 or (a, p)#1 = (a, nel, 

therefore the” positive integers in S that are not relatively prime to 
p” are only those which are multiples of p. | 

Now the integers in S which are multiples of p are 


Py 2p, (P—1) P, PPs (P+1) By: (p?*'—1) Pp. 
_the number of positive ae in S that are not relatively 
prime to p” ia 
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Hence 4(p*)=(p"—1)—(p""'— —1)=p"=p""! oo 


a(i=1 
=r ('-4) — 
Illustration. Since 2 is a prime, therefore by the above 
theorem 
f(2") =29— Qn-1—Da-l (2— l= Sect. 
As a particular case, ¢(16)=¢(24)=24—23=23 (2—1)=8. 
Corollary. If p is a positive prime and n is any positive inte-— 
ger, then 
$4400) +6009 +... 600") 6(P =P 
Proof. We have ¢(1)=1, 
$(p)=p'—p’=p—1, [ o(p)=p"—p*"")] 
-P(p*)=p?—p, S ee = 
$(p?)=p> — p*, 


: f(p®-!)=p"! — pr-2 
and $(p")=p"—p"-!. 
Adding the above relations, we get — 
$(1)+4(p)+$(p?)+...+.4¢(p")=p". 
Theorem 4. ifn > 1 and p;, p2,.:., Pm are the distinct prime 
factors of n, then 


. g(a=n (—A)(1-2)..(1- 4 


Proof. By fundamental theorem of arithmetic, we have 


{ 


n==p,! p2*2...Dm*™, where o1,..., %m are positive integers. 
Since p1, P2,..., Pm are relatively prime to each other in pairs, 
therefore 


n= $( 1%"). 6(p2%).. Men?) 
nn (paee(fpontm(i-h) 
crsinmntmlia\i-B)a(i-f) 
-»(-AY-2)-(-2 7 


Example. Find the number .of positive integers < 3600 that 
are relatively prime to 3600. : ‘(Osman‘a 1990) 
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i 
Sol. We have to find $(3600). | 
- We shall first express 3600 i in canonical form. 
: We have 3600=24 x 32 x 52, 
903600) =4(24 X 3? x 52)=4(2*).6(3?).4(52) 
~ 5326 (1—4).3? (1 —4).5? (1—2) | 
“== 24,32, 52, {l —$) (I—3) (1-4) 
=3600.3.2. -#=960. 
Theorem 5, If dj, do,..., a, be the distinct positive divisors of 
@ positive integer n, then - 
$(d1)+-4(d2) +... +6(d,oon. 
Proof. If n=1, then 1 is the only positive divisor of 1 and we- 
have — ¢(1)=1. 
Thus the result is true for n=1. 
Now let n>1. Then by fundamental theorem of arithmetic, on 


being expressed in canonical form, we have | 
n=p,"! p2*2 2oeDm Sm 
Any positive givisor d of n is of the form pif p,P2 ooeDm™ 
where as 
0<A; <a, 0 B2<e2, toes 0<8m<am. 
Consider the/ product 
P=[I +8(P1) + 9p?) +. -+6(P17")] [1-+-4(p2)-+6(p2 A) bene | 
+$(p2"2)) 
«--[1-+4(Dm) + $( Pm?) +...+ $(Pm™)], 
General term in the product P 


=$(piP! ).b( pF? )...6(paPm) 


=$(p,Pt .p,Pe.. PmP™) = =4(d). 


‘Thus if d is any positive divisor of n, then 4(@) is equal to the 
value of one and only one term in the product P. 


. fd, da,..., d, be the positive distinct diviaors of n, then 
2 $(d)= $(d1)+$(d2) +. -+9(4;) : 

=sum of all the terms in the product P 

=P, 
But by corollary to theorem 3, 


1+4(p1)+-4(p:2)-+... +(p:*!)=p, “1, ete. 
2¢(d)=P=p,"1p."2,, p,m 
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Theorem 6. Ifn>1, the sum of all positive integers mniche are 
less than n and prime to n is 4nd(n). 
Proof. . Let x be any positive integer less than n and prime to 
n i.e., 1<x<n and (x, n)=1. 
Then 1<n—x<n and (n—x; n)=1. 
[Note that (a, 5)=1 => (b—a;3)= 1} 
Let 1, a1, a2, 3,...,m—1 be the (m) positive integers which 
are less than nand pritne to n and S be their sum. - . 
We have — 
— S=1+4a)+4@2+43+...+("—@2)+(n— a1) +(n—1). --(1) 
Writing the terms in the sum S in the reverse order, we have , 
S=(n—1)+(n—ay)+(n—42)+...+@2+a14+1.. . ..(2) 
-Adding (1) and (2), we have _—_ 
(2s =o +(a—1))+la +Q—aNlHat(n—a)) . 
+...upto ¢(m) terms 
rere ‘upto’ ‘4(n) terms 
=n.g(n).  * 
S=43n.g(n).. : 
Theorem 7., Fermat’s theorem. “Jf p is a positive prime anda — 
is ay integer such that p is not a divisor of a so that (a, p)=1, then 
a?’-!=] (mod p). — 
. (Nagarjuna 1989, 90; Osmania 91) 
Proof. Since (a, p)=1, therefore if the numbers a, ee 3a,.. ang 
(p—l)a are divided by p, the remainders are 1, 2, 3,..,p—1, 
‘though not necessarily in this order. : 
Let ri, r2,...,7p-1 be the remainders obtained on dividing 
a, 2a,...,(p—l)a respectively by p. Then as mentioned above 
Pty Tazs0+y Pp=t AFe precisely 1,2,...,p—1 placed in some order so 
that 
_ the product r; r2.. srp-i=the product 1.2.3.. (p—}). »(1) 
Now a=r (mod p), - 
2a=r2 (mod p), 
(p—1) a=r,-1 (mod p). 
. “Multiplying these congruence relations, we have 
a.2a.3a...(p = l)a=rir2rs...rp-; (mod p) 4 
or 1.2.3...(p—1) a?-!=1.2.3...(p—1) (mod p), using (1) 
or (p—1) ! a?-!=(p—1)! (med p). | ose(2) 
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Since p is prime, therefore ey 
(p, 1)=1, (p, 2)=1,.. +» (Pp, p—1)=1, 
‘and hence (p, (p—1) !)=1. Therefore cancelling (p—1) ! from’ both 
sides of the congruence relation (2), we have 
a?-1=1 (mod p) 
or P | (a?-!—1) or aP-!—1 = M(p). aaaee 
Corollary. Jf p is a positive prime anda is any integer,-then 
a?=a (mod p) i.e., a’—a is a multiple of p. - 
| - (O.U.A. 88) 
Proof. CaselI. Let (a, p)1. 
Then p | a and so p | a’. 
. p | (@?—a) or a’—a is a multiple of p. 
Hence a’?=a (mod p). 
Case II. Let (a, p)=1. Then by Fermat’s theorem, 
?-1=1 (mod p). 
a’=a (mod p) or a°—a is a multiple of p. 

This completes the proof. 

As mentioned earlier, if m is a fixed positive integer, then the 
number of elements in every reduced set of residues modulo m is 
— equal to d(m). | 

Therefore a set of integers ri, 12,++-)e(m)} is @ reduced set of 
residues modulo m if exactly one of them lies in each residue class 
relatively prime to m. : 

_ Theorem 8. If {rj, ro,..., ratm} is a reliced set of residues 
_ modulo m, and (a, m)=1, then {ar;, ara,..., ar sim} is also a reduced 
set of residues modulo m. - 

Proof. The number of elements in the set 

~ S=={ary, ara,..., argim)} iS $m). 

Since {r1, r2,..., Pim} is a reduced set of residues modulo m, 
therefore each r; ee 2,---5 $(mm)) is relatively prime to m i.e., 
(r:, m)=1 for i=1, 2,..., d@m). 

Now (a, m)=1. aid (", m)=1 => (ar;, m)=1 for each 

i=1, 2,..., p(m). 
Thus each ar;, i=1, 2,..., $(m), is relatively prime to m. Therefore 
the set S={ary, arz,...; > 4F4(m} Will be a reduced set of residues mo- 
dulo m if no two of its distinct elements are congruent modulo m. 

If possible let ar; and ar, be two distinct elements of the set S 
such that | : 

ar;=ar,; (mod m).~ 
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Then r;=r,; (mod m), because (a, m)=1. But this is not 
possible because r;, rj are two distinct members of a ‘reduced set of 
residues modulo m. 

no two distinct elements ar;, ar, of the set S are congruent 
modulo m. . 

Hence the set S={ar;, ar2,..., AF sim} is also a reduced set of 
residues modulo m. 

Theorem 9. Euler’s theorem. If m isa positive integer and a 
is any integér such that (a, m)=1, then a#")=] (mod m). — 

(Nagarjuna 1989, Andhra 89, 90) 

Proof. Let {rj, ra, ..., ¢(m} be a reduced set of residues 
modulo m.. ge | 

Since (a, m)=1, therefore {ar1, ar2,..., @s(m)} is also a reduced 
‘set of residues modulo m and consequently each ar; is congruent 
modulo m to one and only one r;. . . 

Let ar,;==x, (mod m), 

ar2=x2 (mod m), — 


Or ste = ae (mod m). . 

Then x1, X2,..., Xs(m) are precisely r1, r2,..., sqm) Placed in 
some order so that : 
the product x1X2...Xgim)=the product ryr2...rg¢m)- wes) 

Multiplying the above congruences, we have 

OF). AP2...QP 3(m)=X1-X2.--X¢(m) (Mod m). 
or PYF 2..-F etm) Q4M=ryro...rgim) (mod m), using (1). ...(2) 

Since each r; (i=1, 2,..., ¢(m)) is relatively prime to m, there- 
fore their product rir2...r4(m) is also relatively prime to m. So can- 
celling ryr2...rgim) from both sides of the congruence relation (2), 
we get I og 

a+(™)=1 (mod.m). 

Corollary. Fermat’s theorem as a Sealey of Euler’ s theorem. 

If in Euler’s theorem, we take m=p where p is a prime, a 
$(m)=9(p)=p—1. | . aay 

the result ase) =] (mod m) takes the form - 
qP1=1 (mod p), which is Fermat's theorem. . 
: Some examples to illustrate the use of Euler’ s -and Fermat's 
theorems. 
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1. If m=12, then ¢(m)=¢(12)=4.. Since each of 1, 5,7 and 11° 
' is relatively prime to 12, therefore by Euler’s theorem 
1=14=54=74=114 (mod 12). | 
2. Suppose we are required to determine the remainder if 8'3 is 
divided by 103. 
Since 103 is a prime, therefore by Fermat’s theorem 
§'03=8 (mod 103). 
Hence if we divide 8' by 103, the remarate will Be 8. 
‘Theorem 10. Wilson’s Theorem. 
If pisa positive prime, then 
(p—1) 1+1=0 (mod p) i.e., (p—1) !+1 is a multiple of p. 
(Kakatiya 1989; Osmania 89; Nagarjuna 90) 
Proof. Case 1. If p=2, then (p—1)!=1 and so the statement 
1+1 i.e., 2=0 (mod 2) is true. 
. Case ll. Let p > 2. 
Let a be a positive integer such that l<a¢p-l. 


Since p is a prime, therefore a and p are ae Prime he, 
(@, p)=1. 


Since (a, p)=1, therefore the linear congruence ax=1 (niod P) 
has a unique solution modulo p i.e., there exists a unique integer 
"say 5, such that 1 < 6 < p—1 gad 

ab=1 (mod p). 
{Note that 50 because 0 does not satisfy ax = =1 (mod p)}. 
These integers a and 5 are inverses modulo p of each other. 
Suppose that b=a i.e., inverse modulo p of a is'a itself. 
Then a?=1 (mod p) 
= pi(@-l)opl@—I@tl 
<> p| (a—1) or p | (a+1). [°. pis a prime} 
Since 1 < a < p—1, therefore p | (a—1) is poner iff a=1. 
- and p | (@+-1) is possible iff a=p—1. 
Thus b=a (i e., inverse modulo p of a is a inst) iff 
_ @=1 or a=p—1,” 
if axl and a~p—1, then ba . 
and also 5 cannot be | or p-1 because iaverses modulo 1) of: land 


'* p=1 are 1 and p—1-themselves. - 


Thus for each a © the set S=(2,3,. “PB there exists a 
unique.b & S such that 
ab=1 (mod p) and b#a, 
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. the p—3 elements in the set S form $ (p—3) pairs of dis- 
tinct elements of S such that the product of each pair is congruent | 
modulo p to 1. 

‘Multiplying the } (p—3) congruences thus obtained, we get 
2.3......(—2)=I1 (mod p). ee 

ae 1.2.3...(p—2) (p—1)=p—1 (mod p) 

or (p—1).!=p—1 (mod p) 
or = (p—1) !+1=p (mod p) - 
or, (p—1) !+ 1=0 (mod p) 
(" p=0 (mod p)]_ | 
or . pis a divisor of (p~1) !+1 
or (p—1)!+1 is a multiple of p. 
This completes the proof of Wilson’s theorem. 
Note. The converse of Wilson's theorem is also true he, if 
(p—1) !+-1=0 (mod p), then p must be a prime. (Osmania 1990) 
Proof. Let a positive integer d < p be a divisor of p. 
Then d & the set {1, 2, 3,...,p—1}. 
d|(p—1)!. (1) 
But (p—1) !+1=0 (mod p) - (given) ‘ | | 
=> pl {(p—1)!+1}. = 
Now d| pandp|(p—I) 141 =d[/(p—- 141. gy 
' From (1) and (2), we have @| 1 and hence d=1. 
Thus 1! is the only positive integer less than P which isa divi- 
sor of p. Therefore p must be a prime. : fis 
- Theorem 11. Lagrange’s theorem. | 
If p is a positive prime and a is @ positive integer < P—1, then 
the sum of the products of the numbers 1, 2, 3,....p—1, taken a ata 
time, is divisible by p. 
Proof.. Let f(x)=(x+1) (x-+2) (x+3)...(x+p—1). (1) 
Then F(x) =x?1 + SyxP-2+- Sox?-34. 4 Soo X+Sp-1, — ...(2) 
where 5S, is the sum of the products of the numbers 1, 2, 3,...,.p—1 
taken r at a time.: > 


From (1), replacing x by x+1, we have | 
IR+N=(%+2) (X+3)...(e+P—1) (x47). 


Sh GED SGEN=O+1 (42) (¥-+3)...¢+p—1) (x+:p) 
; =(x+p) s(x), | «+-(3) 
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Substituting for f(x) and f(x+1) from (2) in (3), we have the 
following identity inx: 
(x1) (4+ 1)?-!+S1 (x-+1)"72 +. + Sp-2 (x+1)+Sp-1] 
=(x+p) [xe-! + Syx?-2-+... + Sp-2 x+S,-1] 
fey (Cet IPE Sree LP! + Spa (ENP Sp FDI 
=(x+p) [x?-! + S,x?-2-+-...+Sp-2 x+ Sp-1]. .(4) 
Equating the coefficients of x?-?, x°-%,...,.% on both sides of 
the identity (4), we get . 
Poot Sy. P-1e, + S2= pS + S2 ie; Peg +S1.Pey=pS1 «o0(5) 
Pe3-+S;.?-!c2+So. p-2¢,;=>pS2 »-.(6) 


Pep 1+ S1.PMep-a+--» + Sp-2.2C1=PSp-2- 
Now p | pSi, p | ?c2 > p| Si-?-'c1, - using (5) 
: => p| Si, since (?-'c, p)=1. 
Again p| pS2, p | "3, p | Si.?-'c2 > p| S2.?-7e, using (6) 
=> p| S2, because °-2c, and p are relatively 
prime. 
Proceeding in the same way, we can show that p | S3,-p | Sa,... 
P| Sp-2- 
*. ifa=l1, 2,...,p—2, then p divides S,, where S, denotes 
the sum of the products of the numbers 1, 2,..., p—1 taken @ ata 
time. 
This completes the proof of the theorem. 
Note. An alternative proof of Wilson’s theorem. 
Equating the constant terms on both sides of the identity (4) 
above, we have 
1+-S1+S2+...+Sp-1=PSp-1 
Le, ps —1— Spt = 14+ Si +S24+...+Sp-2 
ie@, . (p- 1) Sp1=1+Si+S2t+...+Sp-2 
i.e. (p-~-1) Sp-1—1=S1+S2+...+Sp-2. 
But as shown in the proof of Lagrange’s theorem, we have 
P| S1, p | Say---5 Pp | Sp-2 and hence p | (Si+S2+...+Sp-2). 
“ P| (e—}) Spi-}} ~*. 
=> p| (pS;-1—Sp-1— 1) 


=> p|—(Sp-1+1) [*”  p | PSp-1] 

> p| Spit 

=> Sp-1+1=0 (mod p) . s 

=> (p—1)!+1=0(modp), .  [%  Sp-1=(p—1) 1) 


which is Wilson’s theorem. 
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Solved Examples _ 
Ex. 1. If p is a prime and a, b & Z, then prove that 
(a+b)P=ar+bPe = (mod p). - 
Sol. Since p is a prime, therefore by Fermat’s theorem, 


a’=a (mod p) (1) 
beP=b (mod p) - ne «+(2) 
and - (a-+-b)e=a+b (mod p). ...(3) 


Adding the congruences (1) and (2), we have 
a?+-b?=a-+b (mod p) we 
-=> a+b=a’+b? (mod p), »+(4) 
by the symmetric property of the congruence relation. 
Now by the transitive property of the congruence relation, .we 
have from (3) and (4), 
(a+6)?=a?’ + b? (mod p) 
ie, — p | {(a+b)>—(a°+5")} . 
ie., (a+b)°—(a?+b?)=M(p). 
‘Ex, 2. Prove that n5—n is divisible by 30. (O.U.A, 1988) 
Sol. Since 5 is a prime, therefore by Fermat’s theorem, 
we have 
m=n (mod 5) 
Les, 5 | (5—n). .(1) 
Also n3—n=n (n'—1)=n (n?—1) (+1) 
=(n—1) n (n+1) (n?+ 1). 
Now (n—1) 2 (n+1) is a product of three consecutive integers 
and so it is divisible by 3 ! i.e., 6. 
Thus 6 | (n5—n). ; .+.(2) 
Since (5, 6)=1 i.e., 5 and 6 ‘are relatively prime, therefore 
from (1) and (2), we have 
(5.6) | (#°—n) 
30 | Ge. 
Note that if a| m, b | mand (a, 5)=1, then ab | m. 
Ex. 3. Prove that the 8" power of any number is of the form 
17n or 17n+-1, where n is an integer. (O.U.A. 4988) 
Sol. Let x be any integer. 
If 17 is a divisor of x, then x=17q where g © Z and hence 
x8=17n for somen © Z. 
If 17 is not a divisor of x, then since 17 is a prime, we have 
(17, x)=1. Therefore by Fermat’s theorem, 
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x'7-1=1 (mod 17) 
=> x!6—1=0 (mod 17) ; I 
=> (x8—1) (x8-+1)=0 (mod 17) 
> 17] @=1) (x81) 
=> 17 | (x8—1) or 17 | (x®+1), since 17 is a prime. 
Now 17 | (x8=1) > x8—1 is a multiple of 17. _ 
=> x§—1=17n, where n is some integer 
=> x8=17n+1. 
Again 17 | (x8+1) => x5+1 is a multiple of 17 
=> x°+1=—17n, where n is some integer 
=> x8=17n—1. 
_ Thus ifx € Z, then x8 is of the form 17m or 17n+1, where n 
_ is an integer. 
Ex. 4. If m, n are primes, then show that m’-!+n™-!—-1 is a 
multiple of mn. (Nagarjuna 1988) 
Sol. We have m | m*-!, .(1) 
Since m and n are a therefore (m, n)=1. So by Fer- 
‘ mat’s theorem 


n™-1=] (mod m) i. e., m | (et, «ee(2) 
From (1) and (2), we have — 
m | (m°-"+-nn-l—1), »«.(3) 


Again n|n™-'. Also by Fermat’s theorem 
m-'=1 (mod n) i.e, n | (m*-!—1). 
fe Al (et +m'!—1). ..-(4) 
From (3) and (4), m"-!+-n7-!—1=0 (mod m) 
and = m-'4n™-1—1=0 (mod n). 
m-'4-ym-l— 1=0 (mod L.C.M. of m and a) 
=0 (mod mn). 
Thus min | (mrt net —1). Hence m-!4-n™-1_} is a multi- 
ple of mn. . 
Ex. 5. Show that 16 1+86 3 is divisible by 323. 
(Osmania 1988) _ 
Sol. We have 323=17x19 where both 17 and 19 are 
primes. 
Since 17 is a prime, therefore by Wilson's theorem 
(17—1) !+1=(mod 17) 
~ => 16 14+86—85=0 (mod 17) | 
=> 16 !4+86=0 (mod 17). (1) 
. = [°.. 8520 (mod 17)]} 
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Again 19 is a prime, so by Wilson’s theorem 
(19—1) !+1=0 (mod 19) 
=> 18 !+1=20.(mod 19) 
> {(19—1) (19—2)].16 1+1=0 (mod 19) 
=> (192—-3 x 19-+2).16 !+1=0 (mod 19) _. 
=>. (192—3 x 19).16 142 (16 !)+1=0 (mod 19) 


> 2 (16 !1)+1=0 (mod 19). -o(2) 
[tt (192—3 x 19).16 120 (mod 19)) 
Also “1710 (mod 19). | (3) 


Adding the congruences (2) and (3), we have | 
. 2 (16 1) +172=0 (mod 19) . 
= 16 ppeeee (mod 19), ..(4) 
; cancelling 2 because (2, 19) =1. 
Thus from (1) and (4), we hae 
16 !+86=0 (mod 17) and 16 !-+86=0 (mod 19) 

=> 16 !+86=0 (mod L.C.M. of 17 and 19) . 

=> 16 !+86=0 (mod 17X19) , 

=> 16 !4+86=0 (mod 323). 


 Ex.6. Ifpisa Pine then prove that n?zn (mod p) for every 
integer n. ' (O.U.A. 1988) 
» Sal. This sétution will provide as an independent proof of 
Fermat’s theorem. 
Case 1. Let n bea positive integer. 


' We shall prove ‘by mathematical induction that n?=n (mod P) 
for every +ive integer 7. 

First we see that the result is true for n=1 because 

P=1l= =1 (mod p) because p | (1— 1) i.e, p| 9. | 
| Now suppose the result istrue for any n © Ni.e., for any 

n &'N; n?=n (mod p). (1) 

+ Then we shail show that it is also true for n+l e N, 
By binomial. theorem, 
-(ntlpsnrtrey. ee nh mies ntl 


ie Ba z Pc,wn n?-", . "3 ee 


. 


i 


Since p is prime aa r <p, therefore ’c, is a multiple. of p, 
for real, 2,005 Dl. {For proof see theorem 1 of § 17 
very CP). where ‘M (p} stands for multipk 

; of p 


or 
or 
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(n+-1)?—n?=1+M (p) 


(n+1)°—n=1 (mod p). ++(2) 
Adding the congruences (1) and (2), we have 
(n+-1)P=n+1 (mod p), 
showing that the result is also true for n+l. : 


Hence by mathematical induction 


_ nen (mod p) for every n & Zt. 
a 2. Ifn=0, the result is obviously true because 
=0 (mod p). : 
Cas 3. Let n ‘be a negative integer. Then there exists a 


positive integer \ such that 


of p. 


. => 2(p—3) +150 (mod p). 


Az=n (mod p). +-0(3) 
Now by case 1, A?=A (mod p). (4) 
\P=n (mod p), from (4) and (3).. 
But A=n (mod p) > A’7=n? (mod p) 
=> nP=)? (med p). | a )) 
Finally from (4) and (5), n?=)? (mod p) and ran (mod Oe 
+> n=n (mod p). 
‘Hence if p isa prime, n’=h (mod p) ¥ n & Z. 
Ex. 7. "If p is a prime, show that 2 (p—3)1+1 is a multiple 
, (Nagarjuna 1990) 
Sol. Since p is prime, by Wilson’s theorem, we have’ 
(p—1) !4+1=0 (mod p) 
=> (p—1) (p—2) (p—3) !4+-1=0 (mod p) 
=> (p*—3p+2) (p—3) !+1=0 (mod p) 
=> 2 (p—3) !-+1+(p?—3p) (p—3) !=0 (mod p) * 
=> 2 (p—3) !+1+p (p—3) (p—3) !=30 (mod p) 


[- p (p—3) (p~3) !=20 (mod p)] 
Ex. 8. If (n, 7T)=1, prove that n'2—1 is divisible by 7. 
Sol. Since 7 is prime eng @ H=1,: therefor ou Fermat’s 


_ theorem, we have 


n’-!=1 (mod 7) 
=> ni=1 (mod 7) 
= 7 | (n6—1) 


"7 | —1) (W841). 


= 7 | (n'2—1). = 
Ex. 9, Show that nan is ane ar 42. 
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2 Sol. Since 7 is prime, therefore by Fermat’s theorem, we 
' have. | 
nl=n aod 7) a ay 
ie., 7 | (n7—n). a oo «(1) 
Also n7?—n=n (nS— =n wap, (+1) ; 
= (n= 1) (nn (#1) (—n+1) 
=(n—1) n (n+1) (n?-hn+ 1) (@—n+1). 
| Now (n—1) n(n+1) isa product - of three consecutive inte: 
gers and so it is divisible by3!ie.,6. | 
Thus 6 | (n’—n). (2) 
- Since (6, 7)=1 ie. -» 6andi 7 are relatively prinse: ‘therefore 
from (1) and (2), we have 
(6.7) | (n7—n) 
=> 42 | (n7—n). 
Note that if a | m, b | mand (a, 6)=1, then ab 7 m. 
Ex. 10. If pis an odd prime and (a, b)=1, then prove that 


either a(P— 1/2 (mod p) or aiP—1)/2=_ | (mod p). 


Sol. Since p is odd, therefore p—1 is even and so (p—1) is 
a positive integer. 


Now a?— ot o- ay —12 
_[g-1/2_, P1124. | eT 


Since P is prime and (a, pP)=1, therefore by Fermat’s deren 
we have 
aP~t=1 (mod p) 
=> p|(aP-1—1) 


>>l[e P12 [eo-Pe4], by (1) 


an >.| [4-121] ee >| [ate- 1/244 ]. 
C3 p is prime and so p| be = P| bor pic) 
=> alP—W/2=1 (mod p) or alP—N)/2— “1 (me 
Ex. 11. Ifpisa prime anda,be Z, then pFove that 
: oe a? —br=a—b+ M(p). ; eAcpa 
Sol. Since p is prime and @, 5 are any integers, therefore 


f 


“1. 
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heer (mod p) | (1) 
and  — br=b (mod p) oO +0s(2)_ 
From a and (2), we have . 
aP—br=a—b (mod P) 
=> . p|[(ar—b7)—(a—5)] 
=> (ar—br)—(a—b)=M (p) 
> gr—bP=a—b+M (p). — 
Ex, 12. Apply Wilson’s theorem to show that 
(i) 18 1+1=0 (mod 19) 
(ii) 18 !+-1=0 (mod 23). 
Then show that 18 !+1=0 (mod 437). 
Sol. Since 19 is prime, therefore by Wilson’s theorem, we 
have 
(19—1) !4+120 (mod 19) 
=> 1814120 (mod 19). 
This proves (i). 
‘ Again 23 is prime, therefore by Wilson’s theorem, we have 
(23—1) !4+.1=0 (mod 23). | 
=> 22 !+1=0 (mod 23) 
=> 22.21.20.19.18 !4-1=0 (mod 23) 
=> (23—1) (23 —2) (23-3) (23—4)-18 14+1=0 (mod 23) 
=> (—1) (—2) (—3) (—4). 18! -+1=0 (mod 23) | 
=> 24.18 !4+120 (mod 23) 
=> (23+1).18 !4+4=0 (mod 23) 
> 23.18 1418 !-+1=0 (mod 23) 
=> 18 14+ 1=0 (mod 23). 
This. ‘proves (ii). 
Now 18 !-+-1=0 (mod 19) and 18 1410 (mod 23) 
> 1814120 (mod L.C M of 19 and 23) , 
=> 18 !-+1=0 (mod 19x 23) . 
=> 18 !-+1=0 (mod 437). 
Ex. 13. Apply Wilson’s theorem to show that 
(i)' 10!—32=0 (mod 11) 
(ii) 10 {— —32=0 (mod 13). é 
Then show that 10 !—32=0 (mod 143). (Kakatiya 1989) 
Sol. Since 11 is Baie: therefore by Wilson’ s theorem, we 
have - 
™1—1) 1+1=0 (med 11) 
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=> 10 !+1=0 (mod 11) 
=> 10 !+1—33=0 (mod 11) 
=> 10 !—32=0 (mod 11). 
Again 13 is prime, therefore by Wilson’s theorem, we have 
12 !+1=0 (mod 13) > 12.11.10 !+1=0 (mod 13) 
=> (13—1) (13—2) 10 !4+1=20 (med 13) 
=> (1) (—2) 10 !+10 (mod 13) 
=> 210 !)+1=0 (mod 13) 
=> 2 (10 !)—65+1=0 (mod 13) . 
=> 2 (10 !)—64=0 (mod 13) . 
=> 10 !—32=0 (mod 13) (. (2, 13)=1] 
Now 10 !—32=0 (mod 11) and 10 !—32=0 (mod 13) 
=> 10 !—32=0 (mod L.C.M. of 13 and 11) 
=> 10 !—32=0 (mod -i43). ; 
Ex. 14. Prove that 28 !+233=0 (mod 899). (Andhra 7989) 
Sol. We have 899=29 x31, where both 29 and 31 are prime. 


Since 29 is prime, therefore by Wilson’s theorem, we have 
(29—1) !-+1==0 (mod 29) > 28 !+1=0 (mod 29) 
=> 28 !+1-+4+8.29=0 (mod 29) > 28 !+1+4+232=0 (mod 29) 
=> 28 !+233=0 (mod 29). 
Again 31 is prime, therefore by Wilson’s theorem, we have 
(31—1) !+1=0 (mod 31) > 30 !+1=0 (mod 31) 
=> 30.29.28 !+1=0 (mod 31) 
=> (31—1) (31—2).28 !+1=0 (mod 33) 
=> (—1) (—2).28 14+-1=0 (mod 31) 
=>. 2.28 !4+1=0 (mod 31) 
=> 2.28 !+31.15+1=0 (mod se 
=> 2.28 !1+465+1=0 (mod 31) © 
=> 2.28 !+466=0 (mod 31) ’ 
=> 28 !4+-233=0 (mod 31) [. (2, 3D=1] 
Now 28 !-+233=0 (mod 29) and 28 1+-233=0 (mod 31)’ 
=> 28 !4+233=0)(mod L.C. M. of 29 and on. 
> 28 !4+233= 0 (mod 899). . 
Ex. 15. If p is a prime greater than 7, ‘then “show that p®=1 
(mod 504). (Nagarjuna oad, 
"Gol. Since pis a prime greater than 7, we have 
(p, 7)=1. 
_ by Fermat's theorem, p= ‘(mod n- 
=> po—1=M (7). — S 


~ 
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Again p°—1=(p?—1) (p*+-p?-+1)=(P—J) (p+1) (p*+p?+1). 
Since p is an odd number greater than 7, therefore 


: (p—1) (p+1) is a product of two consecutive positive even. 
integers one of which must be divisible by 4. 


. 8 | (po—1). | : 

Again p is a prime greater than 7, therefore p is an odd _ 
number not divisible by 3.. Hence p must be of the form 3q+1 
or 3g—1. If p is of the form 3g+1 or 3q—1, an easy computation 
leads to show-that p4-+p?-+1 is divisible by 3. Also then one of 
the two numbers p—1 and p+1 is divisible by 3. "3 


9 |(po—1). | . | 

Thus p®—1 is divisible by each of the numbers 7,8 and). . 

Since the G.C.D. of 7,8 and 9 is 1, therefore pS—1 is divisible 
by 7.8.9 i.e., by 504. | 


Hence pS=1 (mod 504). 
.. Ex. 16. State Fermat’s theorem in number theory. Thus 
prove that n'3--n is divisible ky 2, 3, 5,7 and 13 for any ‘integer-n. 

| . | (Osmania 1988) 
Sol. For statement ‘of Fermat’s theorem, refer theorem 
7 of § 21. 


Now from Fermat’s theorem, if p is a positive prime and n is ce 


any integer, then 
n?’=n (mod p) i.e., n”—n is divisible by p. - 
Since 13 is prime, therefore n'3 —n is divisible by-13. 
Now we can write n!3—n=n (n2—-1) 
=n (n'—1) (n6+1)=(n7—n) (n®+1). 
Since 7 is prime, therefore n?—n is divisible by 7 and conse- 
quently n3—n is also divisible by 7. — . 
Also we can write . 
n'3—n=n (n2—1)=n [(n4)3—13] 
=n (n4—1) (n8-+nt+1)=(8—n) (n8-+nf+)). 
| Since 5 is prime, therefore n5—n is divisible by 5 and hence 
n'3—n is also divisible by 5. - 7 
Again we can write 
n3—n=n (nt—1) (n8+n4+1) 
=n (n2—1) (n?-+1) (n8+-nt+1) 
=(ni—n) (n?+-1) (n?--at+1). 
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Since 3 is prime, therefore n3—n is divisible by 3 and hence 
n3—n is also divisible by 3. 
Finally, we can write 
ni3—n=n (n?—1) (n2+1) (8+ 04 +1) 
=n (n—1) (01) (+1) (08 +141) 
| =(n?—n) (n+1) +1) (n8 +-n$+ 1). 
Since 2 is prime, therefore n?—n is divisible by 2 and hence 
n'3—n is also divisible by 2. ge 
‘Ex. 17. i p isa prime, prove that - 
1e-1-4- 20-14. 30-1... + (p— 1PM (p). 
Sol. Since p is prime, therefore from Fermat’s theorem ‘for 
any integer a, we have 
aP71=1 (mod p). a 
Taking a=1, 2,..., p—1, ‘we have oe a 
1e-==1 (mod p), 2°11 (mod p),... (p—1)P-#=1 (mod p) 
> [p-14-29-14. 39414... +(p—l)ts 1+ 1+... --+1 (mod p) 
_— (p—1) times . 
o> 1e-1-¢-27-14-30-14.,., 4 (p—1)e-1==p—1 (mod p) ° 
© > PAE 20c1 430-1... + (p= 11+ 1—p=0 (mod p) 
= P4214 30-14... 4(p— 11+ 10 (mod 7), 
> lf 2e-t4 Beth. + (p— let 1M (p): 
Ex. 18. Ifa, 6 are prime te 1365, prove that 
. qi2— §12= M.(1365). 
Sol.. We have 1365=3 x 5x7x 13. 


Since a, b are prime to 1365, therefore a, b are rime to each, t 
of 3,5,7 and 13. 


Since 13 is prime and (a, 13) 21, (b, 13)=1, therefore 
a!3-1=1 (mod 13), b!3-!=1 (mod 13) 
=> git=1 (mod 13), oval (mod 13) 
=> @i2—)!12=0 (mod 13) - | 
=> @l2—b2=M (13), we) 
Again 7 is prime. and (a, N= 1, (5, = 1, therefore 
aS=1 (mod 7), b6=1 (mod 7) « 
=> (a6)2z=12 (mod 7), (65)?=1 (mod ” 
- = al2=1 (mod 7), 5!2=1 (mod 7) . 
=> gi2— b2=0 (mod7) ~—-: | 
= Qi2. jl2=M (7). ; ee et «o(2) 
Now 5 is prime and das Seat, (b, 5)= 1. 
at=1 (mod 5), b4=1 (mod 5) 
=> (a4=13 (mod 5), (4F=1> (mod 5) 
=> al2=1 (mod 5), b!2=1 (mod 5) 
=> @!2—5'2=0 (mod 5) 
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git} =M (5). | (3) 


Finally 3 #3 Se and (a, a= ‘, 1,6 3)=1. 
’.. @=1 (mod 3), 6?=1 (mod 3) 
=> (a?)8=165 (mod 3), (67)5=16 ia 3) 
=> gi2=1 (mod 3), 6!2=1 (mod 3) 
> @i2—b12=0 (mod 3)! © ; 
=> gi2—hl2= M(3). . »(4) 


Since 3, 5, 7, 13 are primes, therefore 


L.C.M. ‘of 3, 5, 7, 13=3x5x7x 13=1365. 


Hence from (1), 2), Q), and (4), we conclude that 
gi2—b2=M (3x5xX7x13) 


he. qi2_ pl2— MF (1365). 


Exercises : 
1. Find the alus of ¢ (126). i --(O.U.A, 1988) 
2. on rye ~ of ‘ » $1490) th 
. Gi) ¢ (6125). (Andhra 1990) 
3. Ca : that a!2—5!2 is divisible by 13 ifa and b are prime 

to 
4. Ifn is a prime and (a, n) 1, (0, n=l, then prove that 
_ @t-1—5r-! is a multiple of n. Ay 
5. hae oi q'8— 518 is divisible y 133 ifa and -: are prime 


to 133 


. If p is an odd prime, prove that ¢ (2p)= é (p)- 
. Prove that the square of every’ integer is of the. form Sn or 


5n+1, where n is an integer. 


. Prove that n&*—1 is ‘divisible by 7 if cn, N= 1, Ps being any | 
' positive integer. ( Osmania 1989) ' 
. Show tha = the 9th power of any integer. is of the form 19m 


or 19m (Nagarjuna 1990) 


10. Show that the 4th power of any integer is of the form 5m or 

5m+1, where mis an integer. 
41. Prove that 16% 1 (mod 437), == =; (Andhra 1990) 
12 


. Prove that ¢ (n)=n—1 if and only if 2 is prime.| ; 
. Find the smallest integer nso thatd(n)=6. ~*~: 
. Prove that for every integer # the number nn is divisible 


by 2730. 


. Prove that 22°=4 (mod 7). 
. Find the least positive number x satisfying 2=x (ihod 7). 
| ' (Andhra 


1990) 


: Answers a 


. 48. ° 2.- (i) 256 é 168 (iii) 4200. 
"2. 62° . 
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